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PREDICTION OF TURBULENT FLOWS

The prediction of turbulent flows is of paramount importance in the development
of complex engineering systems involving flow, heat and mass transfer, and chem-
ical reactions. Arising from a programme held at the Isaac Newton Institute in
Cambridge, England, this volume reviews the current situation regarding the pre-
diction of such flows through the use of modern computational fluid dynamics
techniques, and attempts to address the inherent problem of modelling turbulence.
In particular, the current physical understanding of such flows is summarised and the
resulting implications for simulation discussed. The volume continues by survey-
ing current approximation methods whilst discussing their applicability to industrial
problems. This major work concludes by providing a specific set of guidelines for
selecting the most appropriate model for a given problem. Unique in its breadth and
critical approach, the book will be of immense value to experienced practitioners
and researchers, continuing the UK’s strong tradition in fluid dynamics.
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Introduction

G. F. Hewitt and J. C. Vassilicos

1 Background

In 1999, a major programme on turbulence was held at the Isaac Newton Institute
(INT) at Cambridge, England, which was aimed at taking an overview of the current
situation on turbulent flows with particular reference to the prediction of such
flows in engineering systems. Though the programme spanned the range from the
very fundamental to the applied, a very important feature was the involvement
and support (through the UK Royal Academy of Engineering) of key players from
industry. This volume, which has evolved from the INI programme, aims to address
the needs of people in industry and academia who carry out calculations on turbulent
systems.

It should be recognised that the prediction of turbulent flows is now of paramount
importance in the development of complex engineering systems involving flow,
heat and mass transfer and chemical reactions (including combustion). Whereas,
in the past, the developer had to rely on experimental studies, based usually on
small scale model systems, more and more emphasis is being placed nowadays on
the use of computation, often through the use of commercial computational fluid
dynamics (CFD) codes. Superficially, the use of such computational methods seems
ideal; they allow painless extension to large scale and can often give information
on fine details of the flow that are not economically accessible to experimental
measurement. Furthermore, the results can be presented in an easily accessible and
attractive form using the sophisticated computer graphics now generally available.
Such methods have become big business!

Unfortunately, there is a major problem in the application of CFD techniques
in predicting industrial turbulent flow systems, namely the inherent modelling of
the turbulence itself. Though low Reynolds number turbulent flows (close to the

Prediction of Turbulent Flows, eds. G. F. Hewitt and J. C. Vassilicos.
Published by Cambridge University Press. © Cambridge University Press 2005.



2 G. FE. Hewitt and J. C. Vassilicos

transition from laminar flow) can be modelled in a reasonably fundamental way
using the techniques of direct numerical simulation (DNS), such methods are of little
direct relevance to industry. Firstly, the Reynolds numbers for which such calcula-
tions can be performed are very limited, and certainly well below those of prime
interest to industry. Secondly, the computing resources required are enormous;
whilst it is true that computing is getting ever faster and cheaper, it seems unlikely
that the usual industrial range of Reynolds numbers will be accessible to DNS-type
methods in the near future.

In order to achieve closure of turbulent flow predictions, therefore, it is neces-
sary to invoke some form of furbulence model. There are a bewildering variety
of such models available in the literature, with the two main classes being the
Reynolds averaged Navier—Stokes (RANS) models and the large eddy simulation
(LES) models. The first (and most numerous) class has its origin in the classical aver-
aging of the Navier—Stokes equations due to Osborne Reynolds; here, no attempt
is made to deal with the detailed structure of the turbulence. Rather, statistical
quantities are obtained and models derived for their prediction based on modelling
hypotheses that often have several (sometimes many!) adjustable constants that are
optimised by comparison with experimental data. A number of distinct types of
RANS model have been developed; perhaps the most widely used are based on
the assumption of an effective, isotropic, turbulent viscosity whose value can be
determined from the local averaged turbulence quantities. Archetypal amongst this
sub-class is the k—¢ model in which the turbulent viscosity is related to the turbu-
lent kinetic energy (k) and the turbulence dissipation rate (g). Despite the fact that
the k—¢ model is contradicted by a wide range of experimental data (for instance
by the fact that the planes of zero shear and maximum velocity are different in
channels with one rough and one smooth wall), it is still used almost universally
(and perhaps often unthinkingly) in industrial CFD predictions. More advanced
(though more complex) RANS models (such as the Reynolds stress transport
models, RSTM) are available which are not limited by the assumption of small scale
isotropy.

The second general class of models is the large eddy simulation (LES) models.
Here, whilstitis recognised that the prediction of the fine details of the turbulent flow
is infeasible, an attempt is made to model the temporal and spatial characteristics
of the larger eddies. The smaller eddies are dealt with using sub-grid models.
This class of models is beginning to be used in prediction of industrial systems,
particularly where an understanding of the local fluctuating behaviour is important.
However, the computational requirements are very large compared to the RANS
models. A problem with LES models is the representation of the region near the
wall.
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2 Objectives

The above brief background will give an indication of the importance and difficulties
of modelling turbulent systems. As a result of the intensive interactions between
industrial practitioners and academic specialists which were brought about by the
INI programme, the idea emerged of generating an overview of turbulent flow
prediction methods and the project to produce the present volume was launched.
The objectives were:

(1) To summarise current understanding of the physics of turbulent flow and implications
for modelling.

(2) To review prediction methods and their applicability to various industrial prediction
problems.

(3) To provide a specific set of guidelines (a ‘route map’) for the choice of model for a
given problem.

3 Structure of the volume

The volume is structured into eight chapters (including this present one). The
remaining chapters are as follows:

Chapter 2: Developments in the understanding and modelling of turbulence. This
chapter essentially provides a summary of what is known about the nature of turbu-
lent flows, particularly in the light of the work of the INI programme. The features
common to all turbulent systems are discussed and those features specific to particular
manifestations of turbulence are reviewed.

Chapter 3: RANS modelling of turbulent flows affected by buoyancy or stratification.
Flows driven wholly or partly by buoyancy (arising from density variations caused by
temperature or concentration gradients) are common in practice. Stratification aris-
ing from density gradients is also important in many systems. These effects present
significant challenges in turbulence modelling and these challenges are specifically
addressed in this chapter. Moreover, this chapter presents generic material on turbu-
lence models (for instance the k—¢ and second order closures for the RANS models)
which can also be applied in the more general case where buoyancy is less significant.

Chapter 4: Turbulent flames. In modelling turbulent flames, it is necessary not only to
model the turbulence but also to represent the interaction between the turbulent fluc-
tuations and the chemical reaction. This provides a particular challenge since mixing
by small scale turbulence has a strong effect on local chemical reaction. This chapter
begins with a discussion of the two main types of combustion (non-premixed and pre-
mixed respectively). The various approaches are summarised (chemical equilibrium,
flamelets, pdf methods and models, eddy breakup models etc.). Not all combustion
systems fall into premixed and non-premixed types; the premixing can be partial.
These cases are discussed.
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Chapter 5: Boundary layers under strong distortion: an experimentalist’s view. Turbu-
lent boundary layers represent a severe challenge to prediction methods. Not only are
they regions of strong distortion and change, but their interactions with shocks and
vortices give rise to additional problems. This chapter reviews prediction methods,
observations and measurements available for boundary layers under strong distortion
and attempts to identify areas in which future research should be concentrated.

Chapter 6: Turbulence simulation. As was mentioned above, LES is being increasingly
used to address industrial problems. This chapter reviews the current situation on this
type of modelling, evaluating the barriers to its more widespread use. The chapter
also discusses direct numerical simulation (DNS); DNS can provide useful physical
insights into turbulence processes which can be used to develop closures applicable
at the higher Reynolds numbers.

Chapter 7: Computational modelling of multi-phase flows. Multi-phase flows (i.e. flows
involving two or more phases — gas, liquid and solid) are not only usually turbulent
but also have the additional complication of having moving interfaces within the
flow. In the case of flows having two or more fluid phases, these interfaces may
be deformable. Nevertheless, computational modelling is playing an increasing role
in the prediction of multi-phase systems. For instance, industrial systems involving
dispersed flows (sewage treatment plant, agitated vessel reactors, etc.) are now widely
predicted using the commercial CFD codes. This chapter reviews the background
to the prediction of such dispersed flows. For flows in which interface distortion
is significant, predictions are more difficult; however, there is a growing range of
methods for modelling the interfacial behaviour and these are reviewed and examples
of their application presented.

Chapter 8: Guidelines and criteria for the use of turbulence models in complex
flows. As was stated above, the practitioner is faced with a bewildering array of
turbulence models. When applied to a given system, the models can give different
(and sometimes very different) results. Which is the correct model to use? Though,
because of the basic limitations discussed above, there is no truly ‘correct’ model for
most engineering turbulent systems, it is undoubtedly true that some models perform
better than others for particular classes of problem. Recognising this fact, this chapter
attempts to provide a reference guide to the choice of model to be used in particular
circumstances.
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Developments in the understanding and
modelling of turbulence

J. C. R. Hunt, N. D. Sandham, J. C. Vassilicos, B. E. Launder,
P. A. Monkewitz and G. F. Hewitt

Abstract

Recent research is making progress in framing more precisely the basic dynami-
cal and statistical questions about turbulence and in answering them. It is helping
both to define the likely limits to current methods for modelling industrial and
environmental turbulent flows, and to suggest new approaches to overcome these
limitations. This chapter had its basis in the new results that emerged from more
than 300 presentations during the programme held in 1999 at the Isaac Newton
Institute, Cambridge, UK, and on research reported elsewhere. The objective of
including this material (which is a revised form of an article which appeared in the
Journal of Fluid Mechanics — Hunt et al., 2001) in the present volume is to give a
background to the current state of the art. The emphasis is on the physics of turbu-
lence and on how this relates to modelling. A general conclusion is that, although
turbulence is not a universal state of nature, there are certain statistical measures and
kinematic features of the small-scale flow field that occur in most turbulent flows,
while the large-scale eddy motions have qualitative similarities within particular
types of turbulence defined by the mean flow, initial or boundary conditions, and
in some cases, the range of Reynolds numbers involved. The forced transition to
turbulence of laminar flows caused by strong external disturbances was shown to
be highly dependent on their amplitude, location, and the type of flow. Global and
elliptical instabilities explain much of the three-dimensional and sudden nature of
the transition phenomena. A review of experimental results shows how the structure
of turbulence, especially in shear flows, continues to change as the Reynolds num-
ber of the turbulence increases well above about 10* in ways that current numerical
simulations cannot reproduce. Studies of the dynamics of small eddy structures and
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their mutual interactions indicate that there is a set of characteristic mechanisms
in which vortices develop (vortex stretching, roll-up of instability sheets, forma-
tion of vortex tubes) and another set in which they break up (through instabilities
and self-destructive interactions). Numerical simulations and theoretical arguments
suggest that these often occur sequentially in randomly occurring cycles. The fac-
tors that determine the overall spectrum of turbulence are reviewed. For a narrow
distribution of eddy scales, the form of the spectrum can be defined by characteris-
tic forms of individual eddies. Howeyver, if the distribution covers a wide range of
scales (as in elongated eddies in the ‘wall’ layer of turbulent boundary layers), they
collectively determine the spectra (as assumed in classical theory). Mathematical
analyses of the Navier—Stokes and Euler equations applied to eddy structures lead to
certain limits being defined regarding the tendencies of the vorticity field to become
infinitely large locally. Approximate solutions for eigen modes and Fourier compo-
nents reveal striking features of the temporal, near-wall structure such as bursting,
and of the very elongated, spatial spectra of sheared inhomogeneous turbulence;
but other kinds of eddy concepts are needed in less structured parts of the turbu-
lence. Renormalized perturbation methods can now calculate consistently, and in
good agreement with experiment, the evolution of second- and third-order spec-
tra of homogeneous and isotropic turbulence. The fact that these calculations do
not explicitly include high-order moments and extreme events suggests that they
may play a minor role in some aspects of the basic dynamics. New methods of
approximate numerical simulations of the larger scales of turbulence or ‘very large
eddy simulation” (VLES) based on using statistical models for the smaller scales
(as is common in meteorological modelling) enable some turbulent flows with a
non-local and non-equilibrium structure, such as impinging or convective flows,
to be calculated more efficiently than by using large eddy simulation (LES), and
more accurately than by using ‘engineering’ models for statistics at a single point.
Generally it is shown that where the turbulence in a fluid volume is changing rapidly
and is very inhomogeneous there are flows where even the most complex ‘engi-
neering’ Reynolds stress transport models are only satisfactory with some special
adaptation; this may entail the use of transport equations for the third moments or
non-universal modelling methods designed explicitly for particular types of flow.
LES methods may also need flow-specific corrections for accurate modelling of dif-
ferent types of very high Reynolds number turbulent flow including those near rigid
surfaces.

This chapter is dedicated to the memory of George Batchelor who was the inspi-
ration of so much research in turbulence and who died on 30th March 2000. These
results were presented at the last fluid mechanics seminar in DAMTP Cambridge
that he attended in November 1999.
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1 Introduction

‘The problem of turbulence’ has been seen as one of the great challenges of math-
ematics, physics and engineering for more than 100 years, by Lamb, Einstein,
Sommerfeld, Ishlinski and others. Much of the interest in meeting this challenge is
because of its practical value; the solution of many technical, industrial and envi-
ronmental problems increasingly requires improvements, both in our fundamental
understanding of turbulence, and in the utilization of advances in computation to
calculate, at appropriate levels of accuracy and speed, the characteristic features and
statistical properties of these flows (e.g. Hunt 1995; Holmes, Lumley & Berkooz
1996).

Major centres for mathematical science and theoretical physics are holding
intensive programmes on turbulence (examples being at Ascona, Monte Verita 2nd
Symposium on Turbulence, Switzerland (Gyr, Kinzelbach & Tsinober 1999) and
the Institute for Theoretical Physics, Santa Barbara in 2000) to complement regular
summer schools and conferences, such as the European Turbulence Conference
and Turbulent Shear Flow Symposia. In this chapter we draw some general con-
clusions about current questions and developments in research on turbulence and
its practical applications, resulting from the programme at the Isaac Newton Insti-
tute at Cambridge (UK) between January and June 1999. This involved more than
400 participants, visiting for various periods, and about 300 presentations by aca-
demic and governmental researchers, and those working on problems in indus-
trial and environmental organizations, some of which combined with the Royal
Academy of Engineering to provide generous support for the programme. All three
disciplines of mathematics, physics and engineering were well represented. We also
refer here to other recent research developments reported in the scientific literature
and at the International Congress on Industrial and Applied Mathematics held at
Edinburgh in July 1999. Detailed reports on various aspects of the programme have
been published by Voke, Sandham & Kleiser (1999); Launder & Sandham (2001);
Vassilicos (2000b); Hunt & Vassilicos (2000).

This chapter is aimed at a broad fluid mechanical readership. It focuses, inevitably
somewhat selectively and subjectively, on progress in research towards the major
questions of the subject and certain practical objectives, both of which provided
a framework for the programme. Although these were formulated well before the
programme began, they evolved by progressive adjustment and addition during the
six-month period. They essentially finally became the following.

(i) To consider broadly and in depth whether fluid turbulence in its different manifestations
has some common features (in some defined statistical sense) that are universal to all
kinds of fully turbulent flow, or whether any commonality only exists within certain
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types of turbulence (such as those driven by mean shear, or natural convection). In
other words is there one ‘problem of turbulence’ or several?

(i1) To explore the promising directions for tackling the fundamental problems of turbu-
lence dynamics, some of which go back to the 1930s (see Constantin 2000; Frisch
1995). Within this fell the following specific questions.

(a)

(b)

(©)

Is Taylor’s (1938) conjecture about turbulence correct? It is that the normal-
ized mean rate of energy dissipation, & = ¢/(uj/L,) (where ¢ is the dimensional
dissipation rate, ug is a typical r.m.s. velocity, and L, is a typical integral length
scale) of a turbulent flow field (away from a boundary) is independent of the
turbulent Reynolds number Re = ugL, /v, if the Reynolds number is sufficiently
large, i.e.

& — const as Re — oo. 2.1

If this is true (as is generally assumed in statistical models), what are the impli-
cations for the structure of the velocity field? If it is not, as some investigations
suggest, what is the asymptotic relation between the rate of energy dissipation
and the Reynolds number? These questions are central to turbulence theory and
modelling: for example, Taylor’s conjecture is part and parcel of such turbulence
modelling, such as k—¢.

Turbulence forces on mean flows are due to Reynolds stresses and arise from
correlation between vorticity and velocity components. A fundamental under-
standing of Reynolds stresses requires, therefore, an understanding of the tur-
bulent velocity fluctuation field. What is the nature of the ‘wiggliness’ and
‘smoothness’ of the velocity field as Re—00, a question first raised by Richardson
(1926) who wondered whether the velocity, even though its magnitude is finite,
might be so ‘wiggly’ that it is not effectively differentiable anywhere (as with
a Weierstrass function or some other fields with a non-integral Hausdorff
fractal dimension). Without this wiggliness, the velocity field would not have
the gradients necessary for energy dissipation to remain finite as Re — oo,
Eq. (2.1). An alternative concept is that as Re — oo, turbulence is funda-
mentally intermittent with a finite number of distinct points where the deriva-
tives are singular, separated by smooth regions in between. Some combinations
of such distributions of near-singularities (defined as singularities in the limit as
the Reynolds number tends to infinity) are necessary if Taylor’s conjecture (2.1) is
to be valid. Furthermore, how are such distributions consistent with the idea that
velocity fields at the small scales may be self-similar over an increasing range of
length scales as Re increases, a concept essential to large eddy simulations? How
can deviations from self-similarity be considered in the context of multiple-scale
velocity fields?

Can even stronger singularities occur in which the velocity and vorticity at points
in the flow tend to infinitely large values in a finite time ¢", after a finite-amplitude
turbulent flow field has been initiated at t = 0? Although this phenomenon has
never been observed, some special mathematical solutions to the Euler and the
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Navier—Stokes equations suggest that it may be possible (Leray 1933; Kerr 1999;
Moffatt 1999; Ohkitani & Gibbon 2000; Doering & Gibbon 2000). Are near-
singularities of Navier—Stokes turbulence the remnants of finite-time singularities
of the Euler equations? Does the tendency for such singular events to occur deter-
mine the ‘tail’ of the probability distribution of the turbulent flows and if so, how?

(d) What is the nature of the eddy transfer or ‘cascade’ process, in which when
Re > 1 (if (2.1) is correct) the velocity fluctuations right down to the smallest
scales reach a quasi-equilibrium state in the ‘Lagrangian’ or ‘turn-over’ time scale
of order L, /uy? Also, to what extent are small-scale processes (depending on the
precise definition) independent of the large-scale motions? Some physical models
have suggested an infinite cascade involving vortical events at each ‘eddy’ scale
(Tennekes & Lumley 1971; Frisch 1995), whereas others have suggested that rel-
atively few complex events are needed (e.g. Lundgren 1982). The upscale energy
transfer equally needs better understanding through study of the large-scale dynam-
ics, which depends on how these eddy motions are correlated over large distances
(Davidson 2004).

(e) To what extent do the large-scale motions of the turbulence tend to become inde-
pendent of initial and boundary conditions, or, if the flow was initially laminar, of
the particular process of transition to turbulence (George 1999): is this by means
of internal self-organization or by chaotic interactions or both? Landau & Lifshitz
(1959): “We have seen that, whatever the initial phases §;, over a sufficiently long
interval of time the fluid passes through states arbitrarily close to any given state,
defined by any possible choice of simultaneous values of the phase ¢;. Hence
it follows that, in the consideration of turbulent flow, the actual initial conditions
cease to have any effect after sufficiently long intervals of time. This shows that the
theory of turbulent flows must be a statistical theory.” Batchelor’s (1953) view was
more conditional: ‘. . . we put our faith in the tendency for dynamic systems with
a large number of degrees of freedom, and with coupling between these degrees
of freedom, to approach a statistical state which is independent (partially, if not
wholly) of the initial conditions. With this general property of dynamical systems
in mind, rather than investigate the motion consequent upon a particular set of
initial conditions, we explore the existence of solutions which are asymptotic in
the sense that the further passage of time changes them in some simple way only.’
This and the other fundamental questions provide a context for considering the
appropriate future directions for the statistical computational models of turbulence
needed for practical purposes.

(f) How are fully developed turbulent velocity fields related to their sources of energy,
whether from initial conditions, continuing instabilities within a flow, or from
boundary conditions such as a rigid wall?

(iii) Are certain statistical properties of fully developed inhomogeneous turbulence near
plane rigid surfaces independent of the upstream or outer flow conditions and what
is their form? This question refers to flows with and without a significant velocity U
greater than the typical fluctuating velocity u,; firstly, what is the mean velocity profile
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U(x3u,/v), whose mathematical form may be determined by the dependence on the
Reynolds number of the outer flow (Barenblatt & Chorin 1998)? Secondly, under what
conditions are the velocity spectra ® (k) and ®,,(k;) along the streamwise direction
given by

@11 (ky), Poa(ky) oc uk;, 2.2)

when A™! < k; < X3 ! for x3 <« h, where h is the thickness of the boundary layer/pipe
and A is an outer length scale much greater than 4 (MaruSi¢ & Perry 1995)? Thirdly,
for turbulent flows with or without a mean velocity component, how general is the
self-similar form of the two-point velocity correlation of the normal components

Ry3(x3, x5) = u3(x3)u3(x§)/U—§(x3) = f(xz/x3) for x3 <xj (2.3)

(Hunt et al. 1989)?

(iv) To what extent do the asymptotic forms as Re — oo for the statistics and characteristic

eddy structures differ from those found when Re is finite? Are there distinct sub-classes
of turbulence corresponding to different ranges of Re (or of Rayleigh number for natural
convection (cf. Castaing et al. 1989))?

(v) To consider how fundamental research on turbulence might lead to improvements in

turbulence-simulation methods and statistical models. The deficiencies of current mod-
els, as pointed out by industrial participants, tend to become apparent when they are
applied to turbulent flows that are highly inhomogeneous and rapidly changing (over
the length and time scales of the large eddies), which is to be expected since these
‘non-conforming’ situations do not correspond with the assumptions that underpin
the models, e.g. Launder & Spalding (1972), Lumley (1978). Because industry is now
familiar with the use of such models, it was requested that their rationale and limitations
should be defined and explained using recent research, such as that on inhomogeneous
turbulence. Since the models are often applied to ‘non-conforming’ flows, interest was
expressed in interpreting the often puzzling results of the computations in these situ-
ations. Moreover, significant modifications are being proposed to existing modelling
methods and these need to be evaluated and understood.

Questions (reviewed by Geurts 1999; see also Geurts & Leonard 1999) about the
limitations of large eddy simulation methods are closely linked to those on the fun-
damental dynamics and statistics, since the methods involve computing the ‘resolved’
velocity field above a certain ‘filter’ scale I; that is greater than that of the small-
est ‘Kolmogorov’ eddies of the turbulence /. (Only if the Reynolds number of the
turbulence is small enough, typically Re < 10°, is it possible to avoid this approxima-
tion and compute the turbulence directly, e.g. Moin & Mahesh 1999.) Discussions were
mainly focused on constant-density flows, though the importance of turbulence in two-
phase flows (Hewitt 1999; Reeks 1999), buoyancy-dominated flows (Banerjee 1999;
Launder 1999), and compressible flows (Bonnet 1999; Gatski 1999) was reviewed.
There are many detailed questions about this filtering approximation; for example what
happens when very small-scale, highly anisotropic and often non-Gaussian motions
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are generated near boundaries, or how is the predictability of a simulated flow affected
by randomness of the unresolved small scales, a problem of interest for forecasting
environmental flows and controlling engineering flows (Lesieur 1999).

2 Origins

Turbulent flows are generated in different ways. Laminar flows (i.e. flows that in
any one realization in a fluid with simple boundaries are exactly predictable for
all time given a finite amount of data about the flow) can become unstable when
small fluctuations are caused by boundaries with complex (fractal) shapes (Queiros-
Conde & Vassilicos 2000) and complex movements (Warhaft 2000) or by the effects
of body forces, e.g. electromagnetic forces. A fully developed turbulence is reached
when one or more of these processes has generated velocity fields that are chaotic in
space and time, having smooth spectra and smooth probability distributions. Once
this state is reached, which requires that the Reynolds number is large enough,
these general qualitative properties are observed not to change even when quite
substantial perturbations are introduced, say in relation to u( and L,, such as mean-
flow distortions or damping via body forces or suspended particles. In flows with
certain interaction body forces (e.g. electromagnetic or gravitational) the turbulence
can generate resonances with local singularities (Kerr 1999; McGrath, Fernando &
Hunt 1997). A significant mechanism, discussed later, for increasing the level of
chaotic behaviour in turbulence at high values of Re is the continuous growth of
instabilities from infinitesimal initial amplitudes even when the turbulence is fully
developed.

A key question of recent research has been to identify and describe the different
mechanisms affecting the evolution of unstable fluctuations from perturbations on
laminar flow into fully developed turbulence. The first of two types of transition
proposed by C. C. Lin (Ffowcs Williams, Roseblat & Stuart 1969) was a ‘slow’
evolution (as in wakes, jets and curved shear flows) when the initial shear flow is
unstable to a single mode and there are distinct bifurcations as subsequent modes
develop by nonlinear interaction. The second type is a fast evolution (as in pipe
flow) when nonlinear growth of a single transition rapidly produces a spectrum of
velocity fluctuations comparable in width to that of fully developed turbulence. In
this case there is a ‘fast’ transition or breakdown and a sudden change from smooth
laminar flow to turbulence or patches of turbulence.

These categories can be understood physically by considering how these insta-
bilities develop in particular flows. For example, in boundary layers, disturbances
grow in the streamwise direction via a ‘slow’ transition process with distinct modes,
typically evolving from linear to three-dimensional weakly nonlinear form (Smith
1999). Depending on whether the streamwise extent of the boundary layer flow is
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short or long, the disturbances may or may not develop into turbulence for a given
value of Re. In other flows, for example with recirculation, such as Taylor—Couette
or certain wake flows, the disturbances stay at the same amplitude everywhere in
the flow and do not necessarily generate turbulence, so that the slow evolution of
nonlinearities implies slow transition. As Huerre & Monkewitz (1990) first clari-
fied, in the former case of the boundary layer the ‘slowly’ evolving instabilities are
‘convective’, and may or may not lead to transition anywhere in the flow. In the
latter type of flow absolute instabilities fill the domain, and are slowly evolving. In
most cases where there is a fast evolution of nonlinear disturbances, whether the
instabilities are convective or absolute, there is fast transition to turbulence.

Recent research has provided some insights into the questions raised by this
framework, but the framework itself has not seriously been questioned. Whereas
many features of slow instabilities have been analysed, the key fundamental ques-
tion is to understand the breakdown process, which can also reappear in a fully
turbulent flow as a ‘transition” from one form of turbulence structure to another —
see below. The most thoroughly studied case is that of global instability of rotational
flows with locally closed elliptical streamlines (and particle paths), whose general
significance for turbulence was pointed out by Gledzer et al. (1975), Malkus &
Waleffe (1991) and others, and whose theoretical understanding was developed by
Bayly (1986). The discussions showed that both global (referring to a non-local
classical linear analysis in terms of normal modes) and local (referring to WKB
short-wave asymptotics along individual trajectories — see Lifschitz & Hameiri
1991) solutions along streamlines (see Cambon & Scott 1999; Leonard 1999) lead
to the exponential growth of three-dimensional, wave-like disturbances. Distur-
bances grow over times that scale on the inverse of the strain rate and not on the
inverse of vorticity. These two time scales can be comparable but they can also be
very different, as in the vortex interaction experiments of Leweke & Williamson
(1998). Nonlinear interactions develop over a period of the order of the rotation
time (and not significantly less), leading to a fully developed, multi-length-scale,
turbulent flow, i.e. a breakdown. Recent laboratory experiments on a laminar vortex
distorted by an adjacent vortex by Leweke & Williamson (1998) and on a fully tur-
bulent vortex undergoing compression by Borée et al. (1999) demonstrate how this
basic inviscid instability (Lundgren & Mansour 1997) causes rapid transition of
laminar flows and a rapid change in the structure of a turbulent flow. This is consis-
tent with the integral of helicity, H = ['u - w dV, being conserved for these isolated
structures or contained flows. Note that the local helicity &7 = u - @ increases from
zero in the base flow to positive and negative values of order u% /L, showing that
increasing |4] is not necessarily an indicator of a slower cascade of vorticity.

With an analysis employing global instability methods, Le Dizes (1999) showed
that the mechanisms involved in the elliptic instability are essentially equivalent to
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the growth of three-dimensional perturbations within vortices explained as ‘vortex
core dynamics’ by Hussain (1999).

New qualitative evidence presented by Durbin (1999) from the numerical sim-
ulations of Wu et al. (1999) was consistent with the analysis of Malkus & Waleffe
(1991), in that these global or elliptical instabilities are the cause of the rapid evo-
lution of boundary layer instabilities when the imposed disturbances (whether at
the wall or from external velocity fluctuations) have a significant amplitude .
These produce sufficiently large closed streamline regions around the critical layer
for rapid three-dimensional instabilities to grow locally in the form of the very
low amplitude disturbances. ‘Bottom up’ (i.e. forward pointing) triangular spots
are generated at the wall while ‘top down’ (backward pointing) spots are generally
formed from very low amplitude disturbances imposed at the top of the boundary
layer. Typically, the former rapid evolution and transition occurs if u. is compara-
ble to the fluctuations in the fully turbulent boundary layer, i.e. u,, where u, is the
friction velocity, typically Uy/20, where Uy is the mean velocity outside the layer.

A qualitative understanding of this spot transition is currently applied in the
design of turbomachinery blades. As it passes downstream, the entrainment flow
into the growing spot affects the mean velocity profile, so as to reduce the deficit
in the momentum flux of the boundary layer profile and its tendency to thicken in
the adverse pressure gradient towards the trailing edge of the aerofoils (Hodson
1999).

The effects of different kinds of external turbulence on the transition to turbulence
of laminar boundary layers on isolated bodies can only be analysed theoretically
in the initial stages of transition for the idealized case of a very thin flat plate and
when the external fluctuations have a vanishingly small amplitude (e.g. Wundrow &
Goldstein 2001). For practical situations, various approximate theoretical methods
have been developed for different types of laminar flow and external turbulence
(Atkin 1999). Some concepts were presented about how velocity fluctuations of
free-stream turbulence outside a boundary layer affect fluctuations within it and
cause ‘bypass’ of the transition process via a sequence of instabilities. The first
mechanism is that fluctuations are ‘convected’ along the streamlines and enter the
growing boundary layer where its velocity gradient amplifies the small-scale fluc-
tuations algebraically (Voke 1999; see also Trefethen et al. 1993) and where larger-
scale fluctuations may amplify the eigen modes of the layer. Different methods for
calculating the amplification of disturbances in shear flows where the streamlines
are slightly non-parallel were discussed (Lingwood 1999), in particular the relative
merits of the widely used parabolized stability equations (PSE) and the rigorous
triple-deck asymptotic theory (Lucchini 1999; Healey 1999). The second mecha-
nism is caused by the action of external fluctuations travelling over the layer as
a localized disturbance, such as a moving wake. Numerical simulations confirm
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the theory that if they travel at the same speed as the free-stream speed U, the
fluctuations they induce tend to be maximal at the top of the layer because the flow
within the layer is ‘sheltered’ from the larger scales of the external turbulence; the
smaller scales can induce fluctuations and diffuse downwards. However, the upper
fluctuations rapidly grow as Kelvin—Helmholtz billows and spread the resulting
small-scale turbulence downwards. Both effects can cause transition. In engineer-
ing models they are usually represented as a diffusion-like transport process in
one-point statistical models (Savill 1999, 2002). Durbin (1999) argued that such
approximations might be incorrect because they imply that the external turbulence
would have a greater effect on the boundary layer when its length scale is increased.

The third major area of controversy about the initiation and persistence of turbu-
lence concerns the cycle of growth and decay of fluctuations in turbulent boundary
layers near arigid surface (or ‘wall’). There are minor differences between the mech-
anisms proposed for the lower range of the turbulent Reynolds number (Re), but
a major difference in the proposed self-generation mechanisms when Re becomes

very large. When Re < 10*, as many numerical simulation and laboratory measure-
ments have demonstrated, instabilities in initially laminar boundary layers become

nonlinear, and then develop into longitudinal vortices. These deflect upwards and
downwards the mean spanwise vorticity of the boundary layer, causing low-speed
and higher-speed strips with associated elongated vorticity fields. These become
unstable, grow, and disrupt the local flow structure; significant velocity fluctua-
tions are generated that may extend into the outer layer; following their decay,
the streamwise vortical regions re-form once more (Jiménez 1999; Sandham 1999;
Hussain 1999). In order to describe the possible mechanisms, elements of the flow
field have been studied in isolation, e.g. by conditional sampling (Hussain 1986),
or by proper orthogonal decomposition of the measured two-point velocity corre-
lations (Holmes et al. 1996). Different techniques have then been used to analyse
these fields, for example by local stability analysis or by calculating the temporal
evolution of a few low-order modes.

While the main picture, as described above, is common to all investigations,
there are some significant differences among the models, particularly regarding
whether the near-wall dynamics is a pure instability mechanism quite independent
of the fluctuation velocity field in the outer part of the boundary layer (or channel
flow) (Schoppa & Hussain 2002), or whether random fluctuations in this outer field
stimulate resonant modes near the wall. This interaction may be essential to sustain
the cycle of growth and decay of the ‘near wall’ vortical structures (Sandham 1999).
Apparently no experimental evidence yet exists that leads to a clear distinction
between the validity of these concepts.

In turbulent boundary layers the continual generation of small-scale instabilities
or resonances near the wall at moderate Re means that the flow is susceptible to
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being controlled, for example by adjusting small panels up and down to modify
the growth of instabilities (Hussain 1999; Holmes et al. 1996; Carpenter 1999).
If the eddy structure undergoes substantial change at very high Reynolds number,
as indicated by experiments, will the effectiveness of such wall techniques be
reduced? Another turbulence-control technique is the introduction of long-chain
molecules which reduce the frictional drag of liquid flows in large pipelines; since
the mechanism here is through ‘damping’ of eddy straining, it should not change
qualitatively at high Reynolds number, as is observed (Sreenivasan 1999, Ptasinski
et al. 2003).

In most turbulent free shear flows, the effect of instabilities on the mean flow
and turbulence is surprisingly not generally considered to be so significant, because
they occur on the edges of the free shear layer. In these flows the energy of the
turbulence is mostly generated in the interior of the flow where there is a strong
local interaction between the gradient of the mean velocity VU and the Reynolds
stresses u;u ;. The role of instabilities may be particularly significant on the edges
of clouds and plumes when influenced by body forces and external turbulence
(e.g. Baht & Narasimha 1996).

3 New measurements and simulations

The most universal and fundamental aspects of turbulence, namely the small-scale
statistical structure when Re is large enough for a significant inertial, spectral sub-
range to exist, can still only be studied in detail through measurements, because
numerical simulations and theoretical models are only approximate. Furthermore,
no facilities yet exist in which it is possible to mount controlled experiments with a
well-designed velocity field at very high Reynolds numbers (Nieuwstadt 1999); the
measurements still have to be made in artificial turbulent flows constructed for other
purposes, such as in one part of an aeronautical wind tunnel where Re ~ 10*-10°
(Arneodo et al. 1999; Saddoughi & Veeravalli 1994), or in strong jets (Van Atta
1991), or else in the atmospheric boundary layer where Re > 10°.

Recently, large wind tunnel and atmospheric measurements have related the
small-scale motions to the velocity field as a whole, u(x, t) for example, by cal-
culating the conditional nth-order moments of components of Au(r) at each value
of |u|, denoted by (Au"; |u|) (Praskovsky et al. 1993; Tsinober 2000; Sreenivasan
1999). These results showed some dependence of the amplitude and even the struc-
ture of small-scale eddy motion on the large-scale eddy motion. In this context we
note that Nie & Tanveer (1999) rigorously derived, from the Navier—Stokes equa-
tion, Kolmogorov’s four-fifths law for the third-order structure function without
Kolmogorov’s assumption of local isotropy. Hence, some elements of the small-
scale structure can persist even in the presence of large-scale effects. We conclude
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that the mechanisms for direct connections between large and small scales in dif-
ferent types of turbulence will only be better understood with more detailed and
different types of statistical measurements.

These new experimental and theoretical results are nevertheless consistent with
earlier studies showing significant amplitudes of the non-isotropic component of
the second- and higher-order moments of small-scale turbulence that were depen-
dent on the large-scale mean shearing motion or the non-isotropic, non-Gaussian
eddies of natural convection (Saddoughi & Veeravalli 1994; Hunt, Kaimal & Gaynor
1988). Other kinds of local conditional statistics taken effectively at two points were
reported that were designed to elucidate the detailed structures of small-scale eddies
at high Re. Wavelet analysis of these measurements is a natural generalization of
the structure-function analysis of these measurements providing increased infor-
mation both in physical and scale spaces (Arneodo et al. 1999; Brasseur 1999).
For example, the wavelet transform was applied to the study of the dynamics of
the Burgers equation leading to a clear demonstration of how a single localized
characteristic flow structure in the field (in this case in the form of a shock) can, all
by itself, determine the high-wavenumber energy spectrum, and how energy trans-
fer can be studied concurrently in both scale and physical spaces (Brasseur 1999).
Furthermore, by applying wavelet methods to experimental, one-point turbulence
velocity data, Arneodo et al. (1999) were able to show that if the turbulence is
a multiplicative cascading process (which it may well not be), then this process
is not self-similar. From their atmospheric measurements of low-order and higher
statistics, Kholmyansky & Tsinober (2000) and Sreenivasan (1999) deduced that
small-scale turbulence may not be completely self-similar at the Reynolds numbers
currently attainable. However, flow visualization studies in the laboratory (Schwarz
1990; Douady, Couder & Brachet 1991), casual observations in the environment
of dust, bubbles, clouds etc., and numerical simulations at lower Re (Passot et al.
1995; Jiménez et al. 1993; Ohkitani 1999) have shown that characteristic structures
exist in the form of rolled up vortical layers and elongated vortices. However, there
is still no conditioned experimental data for these structures that are sufficiently
detailed for their precise analysis.

Although flow visualization provides multi-point qualitative information this can
only be provided systematically by making measurements at three or more points
simultaneously. Warhaft (2000) showed how three-point velocity and temperature
measurements in active grid turbulence (which produces enough energy to simulate
many features of high-Re turbulence) could demonstrate quite clearly the existence
of ‘scalar/vortical fronts’ on thin surfaces across which there are intense scalar
gradients (see Mydlarski & Warhaft 1998; Chertkov, Pumir & Shraiman 2000).
This is consistent with numerical simulations and theoretical concepts about the
first stage of intense scalar mixing, the second stage being the rolling up of these
fronts leading to intense local mixing (Nieuwstadt 1999).
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A complementary approach to understanding turbulence structure is to consider
how the relative velocity Au(t) and the distance A between pairs of fluid particles
vary with time 7 (and the initial spacing Ag at ¢t = 0). Richardson’s (1926) atmo-
spheric measurements, that helped stimulate the Obukhov—Kolmogorov theory,
suggest that

A? = G pet’, (2.4)

where A is smaller than the turbulence length scale L. This statistical relation, which
has great practical value for estimating concentration fluctuations (Derbyshire,
Thomson & Woods 1999), can now be understood better in terms of the eddy
motions in the turbulence: an approach of practical value on the scale of synoptic
storms. (A collaboration between industrialists and academics was initiated during
the programme to use this approach for establishing the limitations of Richardson’s
law.) Laboratory experiments (albeit at quite low Re < 10?) of Tabeling (1999) using
the new techniques of simultaneously measuring A and the pattern of the flow field
(with particle imaging), showed how A? increases mostly because of sudden sep-
aration events between a minority of particle trajectories, the majority of them
remaining close to each other for a very long time. This is consistent with simula-
tion results and the approximate theory of Fung et al. (1992) who argued that these
rare, sudden and intense separation events occuring in saddle-point regions where
streamlines converge and diverge most rapidly (where the ‘scalar fronts’ described
above tend to form). It may be because of the scarcity of these particle separation
bursts that, in some flow fields, the Richardson constant G, in Eq. (2.4) is of the
order 0.1 or smaller (see also Section 4.2). There remains much uncertainty about
this fundamental constant that can only be settled by experiments at high enough
Re for there to be a wide self-similar ‘inertial range’ (see Voth, Satyanarayan &
Bodenschatz 1998).

Turbulent flows in practice are inhomogeneous and bounded either by arigid wall
or by a region of non-turbulent flow in which there might be some kind of laminar
motion or none at all. In the latter case, there is a transition between the turbulent
and laminar flow, with a randomly moving ‘interface’ separating the rotational
velocity fluctuations of the turbulence from irrotational motions, which decay to
zero over a distance L, from the interface. Recent experiments and simulations for
both these types of boundary are more detailed than earlier studies and suggest
that new concepts and models are necessary for these critical boundary regions of
turbulent flows.

Although the structure of turbulence near a ‘wall’ in the absence of mean flow
has only been studied in detail over the past 20 years, its main features (for convec-
tive turbulence or mechanically generated turbulence) have now been established
through similar findings in experiments, e.g. Kit, Strang & Fernando (1997), numer-
ical simulations, e.g. Perot & Moin (19954, b), Banerjee (1999), and approximate
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models, e.g. Craft & Launder (1996): namely that the length scales of eddy motions
parallel to the wall, are largely determined by the length scales of eddy motion away
from the wall, L, (e.g. as in thermal convection, Castaing et al. 1989), while the
length scales normal to the wall are determined by the distance (x3) to the wall.
The normal velocity decreases towards the wall and parallel components increase
(by up to 30%) until they are within a fluctuating shear layer of thickness £ < L,.
For Re below about 103, the surface shear layer produced by the energy-containing
eddies is laminar and its thickness is of order Re~!/2. As Re increases above about
10%, this overall structure, including the form of the spectra, does not change, but
the shear layer at the wall changes character and its thickness £ becomes approx-
imately proportional to (log Re)~* as opposed to Re~!/2. For a smooth wall there
is a very thin inner viscous layer of thickness 4, ~ v/u,, where u, is the friction
velocity of the energy-containing eddies. (See reviews in Plate ez al. 1998.)

By contrast, when there is a mean shear flow parallel to the wall the eddy structure
is quite different and has a greater qualitative change as Re increases, especially in its
relation to the eddy structure far above the wall. Measurements have been recently
reported of the spectra ®;(k;), Py (k) of the streamwise and spanwise velocity
fluctuations in turbulent pipe flows of radius / for Re up to 10* (Kim & Adrian 1999)
and in the atmospheric boundary layer of thickness / for (Re > 10°) (e.g. Hoxey
& Richards 1992; Fuehrer & Friehe 1999). These confirmed over different ranges
of x3 the main result of the earlier studies of Maru$i¢ & Perry (1995) and others;
in pipes the range was close to the ‘wall’ (i.e. h, < x3 < hy ~ 0.2h), while in the
atmosphere the range was very close to the ground (zp < x3 < hs ~ 0.01h), where
hy/h~ 1073 and zo/h ~ 10~*. In both cases the large-scale spectra had an invariant
self-similar structure for eddy scales (k;~!) greater than the distance (x3) from the
wall, but less than a long streamwise length scale (A) i.e. 2w /A) > k; > (2w /x3).
It was found that the spectra (®;(k;), ©ra(k1)) = (Ci11, C*zz)ug6 kl_l, where u, is
the surface friction velocity, and C,11, C2y are approximately independent of x3 /h.

Not only is the depth &g of the surface layer, where these self-similar spectra are
observed, sensitive to the value of Re, but so is the value of A/A. In both cases the
maximum value of A is significantly greater than both 4 and the scale of the eddy
structures in the outer part of the flow (which can be explained in terms of the forma-
tion of ‘streaks’ by vertical fluctuations interacting with the mean shear, Jiménez
1999). At lower Re, A varies with x3/h quite rapidly in a pipe (Kim & Adrian
1999) and less so in a boundary layer, but in both cases reaches about 184 when
x3/h ~ 0.2h, whereas in the very high-Re range of the atmospheric boundary layer
A is approximately equal to 3#—5h and does not vary significantly with z. (This for-
mula, proposed by Davenport (1961), has been used by wind engineers ever since!)
These experiments confirm the theoretical model of Townsend (1976) and Perry
(1999) that at very high Re the variances of the parallel components u3, u3, obtained
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from integrating the spectra, vary in proportion to u2[In(A /z) + const]. Most mea-
surements now agree that in this range of wavenumber the spectra for the normal
velocity component ®33(k;) and the co-spectra of the shear stress ®13(k1) are con-
stant with wavenumber, i.e. @33, 13 = (C,33, Cy13) uﬁ. So on integration these vari-
ances are proportional to u2. This is consistent with the definition u? = —uus and
with the general result for high-Re shear flows that u%/(—u1u3) is of order unity.

These statistical results are also broadly consistent with the main features of
the eddy structure, namely the elongated contours of instantaneous high and low
streamwise velocity, found in numerical simulation (Jiménez 1999) and atmo-
spheric observations of elongated streamwise vortices, and with the sloping eddy
structures expanding in diameter as the distance from the wall increases, as seen in
laboratory experiments (Perry 1999).

The difference between the magnitude of A /A and its variation with the normal
distance (x3/h) as Re increases much above 10* is consistent with the possible
change of the eddy structure. A more vigorous vertical exchange of large eddies
from the outer region of boundary layers towards the wall is seen in the atmosphere
in the form of moving ‘cat’s paws’ on water surfaces or cornfields, an increased
value of the cross-correlation R33(x3, x3), defined in (2.3) (Brown & Thomas 1977,
Hunt & Morrison 2000), and an increase in the vertical turbulence (u%) with height
(z) in the surface layer (Hogstrom 1990).

The turbulence in the outer regions of a boundary layer and throughout the whole
thickness of free shear flows is dominated by the interface with the exterior non-
turbulent flow. An industrial participant regretted that despite its importance for
aeronautical applications this aspect of inhomogeneous turbulence has received far
less research attention than that near the wall. As Lumley (1999) remarked, the
dynamics of these interfaces also determine how local regions of intense vortical
motions evolve within a general turbulent flow when Re is very large. Recent
analysis by Bisset et al. (1998) of previously published numerical simulations of
wakes (Moser, Rogers & Ewing, 1998), has shown that turbulence statistics have
a local structure when expressed in terms of the normal distance n; from such
interfaces. Even though the Reynolds numbers of these simulations were not large
(Re ~ 10?) it was found that the conditional profiles of the variables as a function
of ny vary sharply near n; = 0 because of the very active small-scale motions at the
interface; the vorticity variance @?(n1) and dissipation &(ny) were approximately
constant for n;/h < —0.01, and vanished for n;/h > —0.01h, showing that the
interface is even thinner than the expected scale of order Re~>/*. Even the large-
scale variables such as the conditional mean velocity U and temperature 7" also have
sharp jumps at the interface. The computed flow fields show how large scales bring
‘fresh’ fluid from the interior of the region to the interface where it is mixed both at
saddle-point regions (defined with respect to the moving surface) and at engulfing
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nodal regions at the back of the large folds in accordance with the experimental
results of Ferré et al. (1990) and Gartshore (1966).

These results should help explain and improve some of the ad hoc steps taken in
numerical calculations of interface processes which largely ignore the intermittency
of the turbulence. The rate of boundary entrainment E}, or slow movement outward
of the mean interface position, i.e. E, = dx3;/d¢, is approximated by a diffusion-
like process in the models (Turner 1986). But since the eddy viscosity v, outside
the interface is zero, this would mean E}, = 0. Therefore, as explained by modellers
(Leszchiner 1999), a small non-zero value of v, has to be assumed, although its
magnitude has only a small effect on Ej, (cf. Cazalbou, Spalart & Bradshaw 1994).
Further studies are needed to resolve the uncertainty in the value of E, for turbulent
layers, which experimenters and modellers find is of the order of u,, the rm.s.
velocity fluctuation. George (1999) on the other hand argued that E}, is determined
by a weak diffusive process and is much smaller, being of the order u,(u./Up)
(George & Castillo 1997).

These discussions about the structure of the fluctuating velocity field at the wall
and at the outer interface in turbulent boundary layers are related to the current
controversies about the form of the mean velocity profile normalized on the sur-
face friction velocity, U(n,)/u., where n, = x3u,/v,. Since its discovery by von
Karmén (1930) the profile has generally been accepted as having a logarithmic
form, i.e.

U/u, = Aln(n,) + B, (2.5)

where A = 2.5 and B = 5.6 are experimental coefficients that were assumed to

be effectively invariant with Reynolds number for Re < 10°. There is a similar
log profile over rough surfaces. The form (2.5) is now questioned, firstly by close

examination of new measurements in high-Re turbulent boundary layers (e.g. those
of Zagarola & Smits 1998), and secondly by reconsidering similarity theory, which
leads Barenblatt & Chorin (1998) to propose that the data are better described by a
‘power law’ profile of the form

Uu,=An® + B, (2.6)

where « is a function of Re. The largest differences between (2.5) and (2.6) (which
are of the order of 10-20%) appear at locations where n, < 10%. Perry (1999)
and other experimenters have commented that this is where the measurements are
most uncertain because, at very high values of Re, the measurement points are
so close to the wall that the accuracy of the measurement is not great enough to
distinguish between the formulae. However, these differences matter because even
small changes of, say, 3% in the pressure drop along pipes or in the skin fric-
tion of aircraft are economically significant. Establishing the form of this universal
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near-wall profile is also considered essential as a boundary condition for many
widely used statistical models applied to this kind of turbulent flow (see
Section 5).

4 Eddy structures
4.1 Dynamics

We review here and in the following section the various ways in which progress
in dynamical and statistical calculations are contributing to the basic problems
of turbulence, set out in Section 1. Because the full flow field at high Re can
neither be calculated analytically nor simulated numerically, various idealizations
and approximations are made in constructing theoretical models. Note that even
where complete simulations are possible (as they are for Re < 10°), theoretical
models are still being actively developed to understand the flow, to extend the
statistical results to higher values of Re and to provide methods for faster practical
calculations.

There are two main theoretical approaches. One, described in this section, is to
focus on the internal dynamics and external interactions of typical observed forms
of eddy structure. In some studies the eddy flow fields are idealized in order to
simplify the analysis. The other approach, described in Section 5, is to calculate in
some simplified way the dynamics of an approximation of the overall flow field,
usually in terms of its representation by a set of defined functions, e.g. its Fourier
coefficients. The objective of either type of calculation is usually to derive or explain
certain statistics of the whole flow, e.g. spectra, dissipation and transfer of energy
and the probability distribution of the velocity field.

Studies of eddy structures are assisted by experiments and numerical simulations
of the interactions between particular isolated vortical motions and surrounding
flow fields that are characteristic of larger-scale structures within a turbulent flow
(e.g. Couder 1999). The intrinsic assumptions involved in overall dynamic models
(see Section 5), can be examined by studying how the turbulence responds to a
narrow band of forcing frequencies or step perturbations (i.e. the relaxation process).
Revealing experiments of this kind were conducted by Kellog & Corrsin (1980) and
are now recommended as an essential element in improving models of turbulence
spectra (Adrian & Moser 2000).

Much research continues to be based on the analysis of how small perturbations
with random velocity and vorticity fields, u(x, ), w(x, t), with an integral scale /
develop with time (¢) in a more energetic velocity and vorticity field U, €2 with
length L > [ (Hunt 1999; Cambon 1999; Leonard 1999). Initially, the strain rate
of the large-scale fields is greater than that of the small-scale field u, i.e. (u/l)/S =
u < 1, where S = U/L and p is a small parameter. Studies along these lines show
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firstly how structures in the small-scale field evolve, secondly how they may react
back on the large-scale field and thirdly how they affect the overall dynamics and
statistics of turbulence (e.g. Cambon & Scott 1999).

These stages can be explained in terms of the contributions of the large- and
small-scale fields in the vorticity equation. The linear terms, caused by the direct
interaction of the fields, whose magnitude can be characterized as y uS?, are VA(U
A o+ u A 2), and the nonlinear term caused by self-interaction of the small-scale
fields, whose magnitude is yaLuS?,is VA A @ —(u A o)), where the average
operation is denoted by () as it must be taken over the large scale L. Here y 1 and
ynL are coefficients of order unity that depend on the nature of the interaction.

The basic form of the large-scale straining may be characterized by its second-
order invariant /I, where I is normalized on the squares of the symmetric strain
ratio and the vorticity, i.e.
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Consider the case where /I has a significant component, i.e. /I + 1 > u, then it is
found that (except if dU;/dx; is perfectly axisymmetric) the linear amplification
of the non-uniform vorticity o of the small scales leads to the formation of distinct
thin layers, or sheets, parallel to w and aligned in the direction of the strain, which
rotate if €2 7 0 (e.g. Betchov 1956). This increases the magnitude of the nonlinear
term and in general y ., increases faster with y. Since ‘sheets’ of small thickness
tend to have a finite width, they begin to roll up and distort in other ways by self-
induction (through the term (# - V)w) (Kida & Tanaka 1994; Passot et al. 1995;
Kevlahan & Hunt 1997). Scalar fields are distorted by these motions into similar
patterns of planar and rolled-up sheets (Brethouwer et al. 2002).

The straining produced by the rolling-up weakens the part of the sheet that
is feeding into the roll-up, which therefore tends to become an isolated vortex
structure (e.g. Pullin & Saffman 1998). In some circumstances if the initial small-
scale velocity field is a coherent structure with a particular orientation and symmetry
with respect to the axis of an irrotational strain, the nonlinear term does not grow as
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fast as the linear term (Gibbon 1999; see also Lundgren 1982) (i.e. ynL < yL), for
example if wide vortex sheets or tubes are formed. In this general case the vorticity
cannot grow without limit because the form of the small-scale flow is generally
unstable to even smaller-scale levels of fluctuation which can grow exponentially on
this distorted but slowly changing structure, e.g. as Kelvin—Helmholtz-like billows,
provided viscous effects are small enough locally (Passot ef al. 1995). Both these
types of nonlinearity, operating on the time scale S~!, tend to limit the growth of
®? and to amplify those components of the velocity fluctuations which the linear
distortion tends to suppress (e.g. normal to the mean velocity in a shear flow). The
reduction of anisotropy by direct nonlinear mechanisms in straining flows leads
to different results than statistical modelling based on the ‘scrambling’ process of
Rotta (1951). For example, the components amplified by the linear process are not
correspondingly reduced by the nonlinear process.

The growth of @2 can also be limited by another mechanism: when the stretching
of the vorticity extends beyond the scale L over which the large-scale strain is
correlated, then the effective strain is weaker because it has a random orientation
and magnitude (Leonard 1999). This limiting process also takes place on the strain
time scale S~!. The numerical study of Ohkitani (1998) shows that the mean-
square growth of vorticity is less than that of the length of fluid elements 12, which
is consistent with the existence of these self-limiting mechanisms.

The growth of the small-scale turbulence affects the non-uniformity of the large-
scale strain field (i.e. VVU). This provides another mechanism for the limitation
of the growth of small scales. The nonlinear self-induced terms V A(u Aw) at the
large scale L affect the vorticity on this scale, which can grow until a significant
perturbation in the large structure U develops, such as a set of closed streamlines.
This greatly limits the straining of the small scales (Kerr & Dold 1994; Nazarenko,
Kevlahan & Dubrulle 1999). This example of an upscale process, which has been
verified experimentally (Couder 1999), requires a stable large-scale flow with a
significant amplitude for the large-scale perturbation to develop driven by the small-
scale turbulence. (See also Sulem et al. 1989.)

Where the large-scale straining is purely rotational, e.g. with vorticity €23, then
Il = —1. This motion has no direct stretching effect on the vorticity of the small-
scale turbulence on a time scale S~'; it merely rotates the vorticity and velocity
fields which, for example, leads to oscillations in the ratios of the moments (u% / u%)
if the turbulence is initially anisotropic. On a longer time scale T = L,/uy, the
small-scale turbulence increases the separation of fluid elements by a distance A3
in the direction of €2. Since this nonlinear process amplifies the vorticity component
w3, in the direction of €2, in regions where A3 > 0 and reduces w3 in regions where
A3z < 0, vortical structures emerge parallel to €2. Furthermore, those having the
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same sense of vorticity as {2 are stabilized against small fluctuations by the large-
scale rotation, while those with the other sense do not tend to form and are unstable
(Cambon 1999). Where these structures are formed very close to each other, they
tend to rotate around each other and to merge into large structures (e.g. Hopfinger,
Browand & Gagne 1982). This is one of several examples of where, as certain eddy
structures form, they tend to merge with others nearby and suppress other types,
both effects tending to amplify the local gradients of vorticity at the edges of the
structures.

In simulations of the development of an initial distribution of vortices at
Re = 150, Ohkitani (1999) showed how the vorticity was amplified in the form
of sheets which then rolled up quite rapidly and, through viscous diffusion, turned
into a distribution of elongated vortices or ‘worms’. These persisted until the tur-
bulence finally decayed. Despite the relative brevity of the sheet-roll-up phase, his
calculations showed that this mechanism provided more of the transfer of energy
to small scales than the longer lasting ‘worm’-like phase. Perhaps this explains
why the rolled-up vortex sheet in an extended straining flow (recently reviewed by
Pullin & Saffman 1998) can only persist and be continually regenerated at very
high values of Re (such as seen by traces in atmospheric and oceanic turbulence)
and not at the lower values of Re that can be directly simulated numerically.

Recent theory supported by numerical simulations and experiments has revealed
more about the dynamics of these small but mature vortices, especially how they
contribute locally to the role of dissipation of energy ¢ and how, outside them,
they induce helical streamlines and straining fields which affect other vortices (e.g.
Ohkitani 1999; Kida, Miura & Adachi 2000; Douady et al. 1991; Vassilicos 2000a).
Itis found that these vortices have a finite length (which can be as large as the integral
scale at low Re), are not very curved, and have a finite lifetime; these effects may be
caused more by the growth of instabilities within the vortices stimulated by the ran-
dom fluctuations in the surrounding flow than by strong mutual interactions between
vortices (Verzicco & Jiménez 1999; Melander & Hussain 1993; Miyazaki &
Hunt 2000). At high enough values of Re, this breakup stage could presumably
be followed by a new cycle of sheet formation-roll-up-vortices-breakup; this could
occur everywhere and at random places through the flow. The role of ‘background’
fluctuations outside the structure can be significant during all these stages (Hunt
1999; Tsinober 2000). Chertkov et al. (2000) and Ooi et al. (1999) have shown
how different stages of this cycle can be mapped on to a graph of invariants of
the velocity strain field (‘O-R’ or II-III plots) from numerical simulations (see
also Tsinober 2000). Hunt (1999) suggested that this provides a semi-deterministic
model for the natural time scale of the small-scale eddy motions.

Understanding how large or intense the structures grow and the different time
scales at which they break-up affects how they contribute to the overall dynamics
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and statistics of the turbulence. Some investigators have suggested on theoretical
grounds (Hunt 1999), others on the basis of studying vortices in two-dimensional
flows (Kiya, Ohyama & Hunt 1986) and low-order model behaviour of boundary
layer eddies (Holmes ef al. 1996), that most vortical structures move round each
other, so that their interactions are long range and on average not very strong (see
Section 5). On the other hand Pradeep & Hussain (2002) and Moffatt (2004) suggest
that strong interactions (when the helicity integral of the structure changes) might
occur sufficiently often to affect the dynamics and especially the extreme values in
the probability distribution. A new analysis (see Moffatt (2004)) of flow vortices
grouped in two anti-parallel pairs and orientated so that they collide with each other
at right angles showed how, even when viscosity is included in the calculation, the
velocity and vorticity tend locally to an infinitely large value at a finite time 7,
that is independent of viscosity even when Re is finite. This specific calculation
of a realizable flow (assuming it remains stable and the critical symmetry of the
vortices is exact) is consistent with some earlier theory that such singularities could
exist (Leray 1933; Pumir & Siggia 1990). Numerical simulations conducted during
the programme by Ohkitani & Gibbon (2000) showed that a class of stretched
solutions identified by Gibbon, Fokas & Doering (1999) leads to a finite-time
singularity.

Mathematical studies are helping to define bounds and general properties of such
singularities that form in a finite time. Doering & Gibbon (2000) proved during their
stay at the INI that there cannot be a finite-time singularity of the Navier—Stokes
equation if the ratios between a set of statistically defined microscales, all smaller
than the Taylor microscale, are increasing fast enough with time. Constantin (2000)
obtained results on the inviscid Euler equations using the Cauchy—Weber relations
(for the vorticity and velocity of distorted fluid line elements) which may point to the
absence of finite-time, geometrically regular, self-similar singularities. The study
of singularities and near-singularities is inherently linked to the pivotal dependence
of dissipation on Reynolds number (Taylor’s conjectured equation (2.1)) and to
the way that this dependence is determined by the flow geometry of the underlying
velocity field (see Doering & Constantin 1998; Flohr & Vassilicos 1997; Angilella &
Vassilicos 1999; Kerswell 1999).

The mechanisms for the growth and interaction of the largest-scale eddy struc-
tures are necessarily studied in the context of particular types of turbulent flows
because these structures always retain some influence or ‘memory’ from initial or
boundary conditions (see Section 5). Nevertheless, where the large-scale eddies are
free to move and interact with each other, and whether produced homogeneously
at some initial time or in some local region (as in a boundary layer), it is found that
they have some general features in common. In both two- and three-dimensional
turbulence there is a greater tendency for large vortical eddies to grow by the
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mechanism of boundary entrainment (discussed in Section 3) and by engulfing
small eddies, than to be diminished by breakup caused by occasional collisions
with other large eddies. There are stronger tendencies for three-dimensional as
compared to two-dimensional vortices to become unstable and to interact (even
at a distance) with other structures. The net growth rates of these structures is
much less than for two-dimensional vortices, which is consistent with statistical
results (e.g. Lesieur 1990). These mechanisms shed some light on the unresolved
questions (Herring 1999; Davidson 2004) about the nature of long-range eftects
in two- and three-dimensional turbulence and the convergence of volume integrals
I, = fooo r* R(r)dr of the cross-correlations R(r) = u(x)u(x + r). Davidson (2004)
considers the angular momentum of large but finite volumes of isotropic turbulence,
whose large eddies have small enough initial momentum that their energy spectrum
E ) is much less than O(k?) — Saffman (1967). He gives a new argument for why
Loitsyanskii’s (1939) integral /4 is finite, and approximately constant. This integral
plays a critical role in statistical models discussed in Section 5.

4.2 Kinematics and statistics of eddy structures

The objective identification of these ‘structures’ and the assessment of their contri-
butions to the overall statistics of a flow are as important as their dynamics. There
are three main approaches to the identification problem, according to the sampling
method used and the type of eddy being analysed (Bonnet & Glauser 1993). The
first uses statistics, such as two-point Eulerian correlations, to extract the forms of
modes defined in fixed coordinate systems (e.g. Devenport’s 1999 study of eddies
in the near wake). The second is based on measurements available at high Re, well-
focused identification methods using conditionally sampled data are necessary;
new developments in the measurement and analysis of the multiple-scale proper-
ties and individual events using wavelet analysis were reported by Arneodo et al.
(1999) and Nicolleau & Vassilicos (1999) (see also Silverman & Vassilicos 1999).
When complete data of flow fields are available (which are only obtainable from
numerical simulations and therefore at moderate values of Re), the forms of eddy
structures can be evaluated in terms of tensorial invariants of the velocity gradient
field (Section 4.1). For example, vortices near the wall in boundary layers have
been identified using as the threshold criteria various combinations of /1, 32 Q2
(Hussain 1999; Perry 1999; Lesieur 1990). Small-scale vortices in homogeneous
turbulence were identified, for example as regions of low pressure, by Kida et al.
(2000).

The third ‘optimal’ type of approach is to combine the first two, for example by
using data at a point from a single realization, in combination with correlations from
an ensemble, to infer the local eddy structure. To test the conjecture by Tabeling
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(1999) that many vortices may exist close to each other, kinematic criteria would be
needed. He linked this to Novikov’s recent concept of a ‘complex vortex’ derived
from conditionally averaged analysis of the Navier—Stokes equations.

Comparing different types of analysis, it appears that the ‘modal” approach based
on statistical data is most suitable for large eddies in inhomogeneous flows whose
position in the flow is relatively fixed (e.g. close to the wall, or relative to the centre
of a wake), and for analysing their temporal evolution (Holmes et al. 1996). Other
approaches are needed where the eddies move randomly and interact with others
(Fung et al. 1992). In meteorology, where Lagrangian forecasts of the evolution and
position of low-pressure vortical motion is one of the main objectives of modelling,
variations in eddy structures have been identified in terms of changes in the capacity,
or ‘fractal’ dimension (Methven & Hoskins 1997) and to simple measures of the
random movement of the structures in terms of their departure from straight-line
trajectories over various periods of time.

Theoretical models, flow visualization experiments, wavelet analysis of mea-
surements, and some numerical simulations, have all indicated how, for a scale less
than the integral scale of turbulence L., eddies have various characteristic structures.
Although there are differences between the mathematical representation of eddies,
all methods tend to agree about their broad aspects such as the size and energy of the
structure. However, at a detailed level, each method emphasizes different features;
for example Fourier and wavelet transforms or spectra are sensitive to discontinu-
ities and accumulation regions (Lundgren 1999; Leonard 1999), while multi-point
cross-correlations describe the inhomogeneous structure and its dynamics (using
proper orthogonal decompositions and model dynamics). Hausdorff fractal dimen-
sions, Holder exponents (Eyinck 1999) and capacity dimensions (Vassilicos 1999)
may be used to reveal scaling laws for ‘wiggly’ variables that are fractal and/or
have accumulation regions with self-similar structures.

In some cases the exponent p of the full spectrum E(k) for all eddy scales is
determined by the characteristic eddy spectrum, E ©(k), i.e. E(k) o E® (k). This
is consistent with measurements in turbulent shear flows (at moderate Re) where
p = 5/3 (Moffatt 1984; Lundgren 1982). However, if the typical eddy structures
for a range of scales are statistically independent (Perry 1999; Townsend 1976)
and if the spatial and temporal distribution can be assumed or derived from study-
ing their generation (cf. Belcher & Vassilicos 1997) the spectrum may be largely
determined by the distribution of eddies. In general this occurs when the distri-
bution is quite flat and the singularities of the eddy spectrum are relatively weak.
Perry (1999) and Hunt (1999) showed how ‘space-filling’ elongated wall vortices
in a turbulent boundary layer imply that E(k) oc k!, for a self-similar range of
eddy scales larger than those in the inertial range. These questions are not settled;
Hatakeyama & Kambe (1992) have proposed a statistical model based on the
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independence of elemental line vortices, which is not consistent with studies indi-
cating dynamical interactions of structures in the inertial subrange (e.g. Tsinober
2000).

It remains an open question whether, for the small scales, the full Lagrangian
spectra are also determined by the eddy spectra, i.e. ®L(w) = ®E(w) o ew ™2
(Fung et al. 1992; Malik & Vassilicos 1996). Such spectra are predicted by two-point
closure models based on the Lagrangian renormalization approximation (Kaneda
1993; Kaneda 1999). Thomson (1999) pointed out that the precise nature of these
time-dependent processes at the eddy scale greatly affects G, the normalized rate
of separation of particles in the inertial range of turbulent flow, in particular the
greater the degree of coherence the smaller the Ga.

5 Simulations and models of the full flow field

We review here developments in the calculation of various approximations for indi-
vidual realizations and statistics of the full flow field u, especially for very high-Re
flows. Approximations #(x, ) to the full flow field u(x, £), with error Su(x, t), are
calculated either in order to simulate individual realizations for particular initial
boundary conditions, as for example in environmental forecasting, or in order to
derive from the realizations, whether analytically or by summation, statistics of the
flow. This latter indirect approach is necessary when the statistics cannot be derived
from ‘statistical’ models that derive these quantities directly. There is growing inter-
est in different kinds of approximate models and simulations, including those based
on governing equations other than those of Euler or Navier—Stokes. Furthermore,
fast approximate simulation methods are of great practical use (e.g. Hanjali¢ 1999;
Holm 1999; Rodi 1999). The basic dynamical statistical studies of eddy structure of
the previous section can partly explain, and in some cases predict, the applicability
of different approximate methods for various types of flow.

Some guiding principles, to help researchers and users alike, have been proposed
based on the following set of non-dimensional parameters (Savill 1999; Hunt &
Savill 2005).

(1) When calculating a turbulent flow, like any other fluid flow, it is necessary to state the
temporal and spatial domain. The dependence of the turbulence on the initial conditions,
or upstream boundary conditions if the turbulence is advected into the domain, is
defined by the residence time parameter TL=T. /Tp, where the time a fluid particle
has spent in the domain is 7 and the natural time scale of energy-containing eddies is
Ty, = L./up. (Note that o, may vary across the domain.)

(i1) The degree of non-equilibrium of the turbulence defined in a Lagrangian frame moving
with mean velocity isA/T; = |P/e — 1| = T/ Tp, where P and ¢ are the rates of
production and dissipation of energy respectively. Here T is the time scale of any
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imposed distortion of the turbulence, such as the time for elements to leave a turbulent
boundary layer and enter the wake behind an obstacle, or be compressed in a shock
wave — both being examples of aeronautical turbulent flows that are considered to be
unsatisfactorily calculated by the present generation of practical models (Hills & Gould
1999).

(iii) Turbulence dynamics are intrinsically inhomogeneous when the integral scale L, is of
the order of or greater than the scale Ay over which the turbulence structure or mean
strain rate S varies (e.g. A = (|u|?/V|u|?> or $/VS) (Durbin 1999). The degree of
this non-locality is defined by —L, = L,/A.

(iv) In large eddy simulations (LES) of the flow field it is usual to filter out the eddies with
scales smaller than ¢, a measure of this approximation being oy = (¢¢/L,).

(v) In some models of the full flow field and stochastic simulations, small-scale dynamics
are represented by random processes (Mason & Thomson 1992) with a time scale t,
a measure of this approximation being oy = (75/ T1).

Note that these measures (i—v) are based on integral-scale quantities of turbulence
because it is assumed that the models and simulations are being used primarily
to calculate the mean flow and energy-containing eddies. To some extent these
quantities also determine the smallest-scale motions even though the computations
may not describe them exactly (e.g. on the Kolmogorov microscale /x and time
scale ty).

(vi) Most calculations are numerical and involve making approximations over spatial scales
and temporal discretization scales Ax, At, a measure of the errors involved being
Ax" = Ax/Ay. Current research indicates how, although many earlier model calcula-
tions were greatly affected by numerical approximations, it is now possible to reduce
Ax" and At” to sufficiently small values, thanks to greater computer power now avail-
able, and that most approximations or errors are caused by the model assumptions
rather than their numerical approximations (Hills & Gould 1999). Studies of the errors
of the filtering and discretization approximations have shown that for large-eddy and
stochastic simulations it is generally necessary that the discretization scales are smaller
than the filtering and stochastic time scales (i.e. Ax* < %(Xf; At* > %as) (e.g. Mason &
Callen 1986; Guerts 1999).

There are three main areas of development in modelling the full flow field:

(a) answering some of the basic statistical questions about turbulence (such as those in
Section 1) by reducing the number of assumptions made to calculate, at some defined
level of accuracy, key statistical quantities;

(b) calculating low-order statistics for non-stationary, non-local turbulent flows near rigid
boundaries and near interfaces with non-turbulent or other kinds of turbulent or fluctu-
ating flows;
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(c) approximate simulations, especially reducing the errors in the resolved scales and
improving the statistical or stochastic modelling of the subgrid-scale motions and its
conditional dependence on the larger resolved scales.

Since turbulence has different physical and functional forms (e.g. in the relations
between statistical properties) depending on the type of the flow (e.g. Lumley 1999),
we now consider models in the context of these types, classified in terms of the
parameters just introduced. General models and simulation methods need to be
assessed over a range of turbulent flows, whereas those that are designed to be
applicable in a narrow range should be assessed accordingly.

(a) Short time and rapidly changing turbulence (Ty > 1, |A|T, ~ 1, Lx ~ 1). For a short
time 7 > 1, after turbulence is generated within a domain or is advected into it (i.e. 7, >> 1)
the nonlinear terms have only a small influence on the velocity field, while distortions
by linear effects, such as by gradients of the mean velocity, impact on boundaries or
body forces, may have a large effect. Note that, because of the linearity, the turbulence
is mostly sensitive to the initial conditions, though for some types of distortion (such
as mean shear) certain of the resulting turbulence statistics are quite insensitive to their
initial state. The linearity enables many features of the turbulence to be calculated ana-
lytically, including even the first-order corrections in the nonlinear terms. Research into
these rapidly changing flows is progressing in two main directions. First, increasingly
complex forms of linear distortion are being analysed, particularly where the scale of the
turbulence L, is larger than the distance At over which mean strain is varying (Leonard
1999; Hunt & Durbin 1999) (i.e. Ly > 1), or where combinations of distortion are
being applied (e.g. mean shear and stable stratification) (Hanazaki 1999).

Second, several complex nonlinear effects can be studied because, when 7> 1, they
are weak enough to be calculated by expansion methods, starting with the non-stationary
inhomogeneous linear solutions. This enables the growth of the back-reaction of the
turbulence on the mean or larger scale flow to be estimated, including the growth of
instabilities and waves, the development of large-scale flows driven by Reynolds stresses
of distorted turbulent flow fields, and the effects of the distortion on the nonlinear vortex
stretching and advection (see Section 4). The effects of these terms may remain quite
small for a large enough time (or distance) such that 7; ~ 1, and the linear processes can
effectively determine the flow structure even in fully developed flows. This is why these
studies provide insights into fundamental mechanisms. They also have more practical
objectives such as to provide an exact limiting case as a comparator for general statistical
models or to calculate in detail the effects of distortion on particular flows with given
upstream conditions.

(b) Statistical models for small-scale fully developed turbulence. There continues to
be incremental progress in constructing ‘theoretical-physics’ models for calculating
moments of the small-scale velocity field, from the Navier—Stokes equation, by making
the fewest possible assumptions about the mechanisms and no explicit assumptions
about numerical coefficients (McComb 1990). Although the ultimate aim is to describe
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the statistics completely, at present the systematic renormalization and perturbation
methods are limited to computing spectra in the Kolmogorov inertial and viscous ranges.

Earlier calculations in a fixed Eulerian frame using the direct interaction approxima-
tions (see Kraichnan 1959) needed to be modified to apply in a Lagrangian frame
in order to agree with the observed form of the inertial-range spectrum, in which
E(k) = axek™?, where p >~ 5/3. However, in recent RNG calculations of McComb
(1999), in which different initial assumptions are made, this modification is not nec-
essary. Although the amplitude oy agrees well with the measurements to within the
10% accuracy of the experiments, there is no prediction about the small correction of p
dependent on the intermittency of the energy dissipation rate. Perhaps this is consistent
with Kida’s (1998) conclusion that these methods provide satisfactory approximations
for second- (and presumably other low-) order moments because they only depend on
a subset of all the possible nonlinear interactions between Fourier modes or ‘eddies’.
These are not the most locally intense, such as those which lead to large fluctuations in
the dissipation rate and the small corrections to p.

There is still an active stream of turbulence research that is mainly based on the
methods of statistical physics because of the difficulties of developing reductionist
theories based on the equations of motion. One observational justification is that joint
probability distributions for particular combinations of variables have similar forms
in different types of turbulence (e.g. Chatwin 1999). The theoretical basis essentially
follows from the arguments of Landau & Lifshitz (1959) and Batchelor (1953), quoted
in Section 1.

(c) Statistical models for the overall structure — two-point moments. Increasingly, the solu-
tions of engineering and environmental problems involving turbulent flows require
calculations of the spectra (or two-point moments) of the velocity. Also needed is some
knowledge of the sensitivity of calculations of one-point moments (such as Reynolds
stresses) to the variations in the spectra, anisotropy and inhomogeneity of the turbu-
lence (a possible source of error emphasized in the account of one-point methods by
Launder & Spalding 1972). The most extensively developed model for spectra is the
eddy damped quasi-normal Markovian (EDQNM) coupled differential equation model
for the second- and third-order moments. The basic theory (e.g. Lesieur 1990) includes
some ideas from statistical physics, for example the relaxation time scale for relating sec-
ond and third moments. For the case of isotropic turbulence, an alternative approach is to
use renormalization methods, which avoids the assumption of this time scale (McComb
1990). EDQNM has been extended to uniformly distorted turbulent flows, such as large-
scale compression, shear or stable stratification, etc. The method is consistent with linear
theory for large strain rates and has been extensively verified (Cambon & Scott 1999).
In our notation the conditions for this locally homogeneous theory are 7, ~ 1, AT, ~ 1,
Ly < 1. Bertoglio (1999) and Cambon (1999) described how the method can be
extended with the aid of further approximations to weakly inhomogeneous turbulence
(i.e. |A|7~"L§ 1) (when it is still possible to define three-dimensional spectra). It was
shown how in some cases of strong deformation rate, such as during compression in
an engine, one-point moments derived by integrating these spectra give more accurate
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calculations than those based on simpler equations for one-point models. This is because,
except by adjustment of their empirical coefficients, such one-point models allow for
similar variations in the turbulence structure (Launder & Spalding 1972).

Where the turbulence is highly non-local or non-stationary, such as near rigid or
flexible interfaces (i.e. |A|T, > 1, Lx >1) the above methods do not apply. However,
linear methods can be used in some of these flows even though, formally, they are
only valid when 7} < 1. In some cases the nonlinear effects are suppressed and the
turbulence is changing slowly with time. In other cases, a correction to the linear model
can be estimated using a relaxation time that varies with the eddy scale (Mann 1994).
Banerjee (1999) reviewed recent work showing how these methods largely predicted the
turbulence structure near density interfaces, verified by experiments and direct numerical
simulation.

(d) One-point closures for flows in engineering and the environment. In the majority of
practical turbulent flow problems the main objective is still to calculate the mean velocity
U(x, 1), temperature 6(x, ), or some other mean scalar such as mass fraction, and
some approximate measures of the amplitude and scale of the turbulence (e.g. ug =

u?, and L,). From the mean momentum equation it follows that the gradients of the
Reynolds stresses #;u; should be calculated as accurately as the required gradients of
U, while other measures of turbulence may be derived less accurately (e.g. L,). While
u;uj(x, t) are moments at one point, L, is formally a measure of two-point moments.
But it is often assumed to be a quantity defined at a point (assuming local homogeneity,
i.e. anL < 1) or estimated from the local value of mean dissipation &(=~ ug /Ly).

Practical models devised to predict these quantities have tended to be Eulerian and
have not changed fundamentally over the past 25 years (Lumley 1999; Pope 2000).
Research into their rationale and limitations has led on to incremental modifications,
usually designed for different types of turbulent flows. The numerous workshops
for testing the models against experiments and systematic comparisons of all the
elements of the models with direct numerical simulations have all contributed to
these advances. Following Prandtl’s (1925) physical arguments based on his flow
visualization studies of eddies in a shear flow, in the simplest statistical models, the
Reynolds stresses (—u;u ;) are assumed to be proportional to the gradients of mean
velocity 0U;/dx; and to the ‘bremsweg’ (later ‘mischungsweg’) length scale £,.
This depends on the type of flow and the location within it. Such relations, which
are assumed to be independent of initial and boundary conditions of turbulence,
and any non-local and non-stationary effects (i.e. T, < 1,|JAIT, < 1, Ly < 1),
are still widely applied for calculating nearly unidirectional flow because of their
computational efficiency and convenience, for example over turbomachinery blades
and in certain environmental flows. In many such cases the largest errors are caused
by the ‘wall-layer’ approximations (e.g. Eq. (2.5)) in the boundary conditions for U
near smooth or rough rigid surfaces, which can only be derived by local analyses for
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the viscous processes in the former case or for the flow through the roughness ele-
ments in the latter case. In unidirectional shear flows the Reynolds stress —uu3 par-
allel to the mean shear d U} /dx3 is sometimes used to estimate the stresses in other
directions and the total turbulence kinetic energy K = %m or the components
of the Reynolds stress u;u;. The factors considered are the gradients of the mean
velocity, the fluctuating pressure gradients, the eddy-induced transport of turbulence
across the shear flow, and the mean rate of dissipation € by viscous processes. The
last three terms have to be approximated in terms of the same second-order moments
and the mean flow or by the use of additional equations. For general-purpose cal-
culations of industrial and some environmental flows with a mean velocity that is
large relative to the turbulent fluctuations (so that uy/U <« 1) but which may vary
in direction, only two coupled differential equations for K and € are used, and often
the Reynolds stresses are estimated by the local eddy viscosity approximation

1
(ukukg&j — Ltﬂlj) = CM(KZ/E‘)(aU[/a)Cj + an/axi), (29)

where C,, is a coefficient determined by comparison with experiments.

For turbulent flows that are far from equilibrium, such as turbulence in a strongly
diverging flow approaching a stagnation point (i.e. |A|T; > 1), the turbulence struc-
ture changes rapidly, and the form of its anisotropy differs significantly from that in
shear flows. Then the local relation (2.9) is incorrect and the k—¢ equations give quite
misleading information about the turbulence. However, in using the full Reynolds
stress transport equations (RSTE) (Hanjali¢ 1999; Craft 1999), —u;u; develops as
a result of the history of the mean strain dU;/0x;. Some industries are making use
of models based on these RSTEs (Laurence 1999), while others consider that the
possibility of extra accuracy does not compensate for the extra complexity. In flows
that are highly inhomogeneous (i.e. Lx > 1) the higher relative contribution of the
eddy transport, such as occurs in natural convection with low mean velocity (so that
up/Uy < 1), can be estimated more accurately by calculating explicitly transport
equations for the third moments that are otherwise approximated in the RSTE in
terms of second moments (André et al. 1976; Ilyushin 1999; Launder 1999).

The k—e and RSTE model equations have been formulated quite generally so
that all the tensors satisfy invariance properties and the dimensionless coefficients
are the same in different types of flow and different ranges of Re. It is implicitly
assumed that the effects of non-locality and non-equilibrium are small (i.e. Lx < I,
|A|T; < 1), and therefore that (see Launder & Spalding 1972) any changes in the
turbulence structure (e.g. spectra, anisotropy, etc.) only have a small effect on the
second moments. However, in most recent developments, these assumptions about
the universal and localized nature of second-order turbulence dynamics are being
relaxed in various ways.
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(1) The variations in the eddy structure of turbulent flow resulting from initial anisotropy
of the moments u;u; (Townsend 1976), from their spectra or from various types of
straining (see Cambon 1999), can be large enough to diminish the tendency of the
pressure-strain term pdu; /dx; to reduce the anisotropy of the turbulence. This is now
well understood in terms of the eddy dynamics (see Section 3), and can be succinctly
described in an anisotropy diagram of the second and third variants I, III, of the
anisotropy tensor b;; = ((u;u;/uxuy) — %8,- i) (Lumley 1978) or of the anisotropy of
the spectra (cf. Kassinos, Reynolds & Rogers 2001).

This sensitivity is now allowed for in some models so that effectively the isotropic
tendencies of the pressure-strain terms are assumed to be negligible if /11, < O (Launder
1999).

(i1) Another way in which variations in the turbulence structure are being modelled within
the same general methodology is (following Hanjali¢, Launder & Schiestel 1980;
Schiestel 1987) to split the energy (K) equation into two parts, one for calculating
the large scales which are dependent on the production of energy by the mean shear
and buoyancy and the transfer of energy to the small scales, and the other calculating
the smaller scales. The differences in the development times of these two parts of
the spectrum approximately model the effects of changes in the form of the energy
spectrum on the large-scale turbulence and the mean flow (Laurence 1999; Hanjali¢
1999).

(iii) Where there are local gradients of the mean velocity 0 U;/dx; the second ‘fast” compo-
nent of the pressure-strain terms is usually approximated as KG, where G is a tensor
proportional to the local value of (dU;/9dx;) (which naturally follows from the Poisson
equation for the fluctuating pressure). However, where these mean gradients vary
rapidly over the length scale of the turbulence (i.e. ony, > 1), the assumptions of the
modelling of these terms are invalidated. This causes errors, for example in the ratios of
Reynolds stress u% / u% etc. in high Reynolds number turbulence near a ‘wall’ and thence
in calculations of heat transfer. One way of modelling this non-local effect is to allow
quadratic and cubic products of Reynolds stress to appear in the linear rapid part of
the pressure-strain term. This effectively accounts for the fact that mean strain distorts
the shape of the two-point velocity correlation surfaces (which modify the pressure
fluctuations). In this way one can formally arrange to satisfy the two-component limit
to which turbulence reduces at a wall (Lumley 1978; Shih, Lumley & Janicka 1987;
Launder & Li 1994; Craft & Launder 1996; Craft 1999). To extend such calculations
into the buffer layer, one approach is to introduce higher derivatives of the mean veloc-
ity gradients (92U, /9x3 etc.) into the approximation for the pressure strain (Launder &
Li 1994; Craft 1999). Another approach is to introduce an auxiliary inhomogeneous
differential equation for the variable G(x3) with the right-hand side being proportional
to U, /dx3. This robust numerical approximation for the pressure Poisson equation is
being applied in several engineering applications (Durbin 1999; Laurence 1999). It is
consistent with the normal velocity eddies being blocked by the wall, which becomes
an increasingly significant process at high Re (see Sections 2 and 3). Similar non-
local effects of blocking in stably stratified inversion layers (Banerjee 1999) have been
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handled by the two-component limit approach noted above (Craft & Launder 1996;
Launder 1999). It has alternatively been modelled in some atmosphere and ocean calcu-
lations by expressing the length scale (needed for momentum or scalar flux calculations
such as (2.9)) as integral expressions which have to be evaluated implicitly (Bougeault
& Lacarrere 1989).

(iv) The relation (2.9) between Reynolds stress and mean velocity gradients, used in con-
junction with the k—¢ pair of equations, is not only local, but also linear in these gradi-
ents. Calculations using linearized theory for rapidly changing turbulence (Townsend
1976) show that this approximation is also in doubt if the gradients change significantly
on a time scale of the order of that of turbulence T (i.e. |A|T; > 1), which commonly
occurs, for example, in aeronautical boundary layer flows. The errors are such that
‘nonlinear eddy viscosity’ formulations for (2.9) are being introduced in which —u;u;
is expressed as an expansion, up to third order, in ||0U;/9x;|| (Gatski 1999). However,
even these steps are insufficient to represent correctly the sensitivity to streamline
curvature. One proposal is that (2.9) be augmented by cubic-level products of mean
strain and vorticity in ways that cannot simply be interpreted as modifying C,, (Craft,
Launder & Suga 1997).

(e) Approximate simulations and derived statistics. There have also been interesting devel-
opments in the application of approximate calculations of individual realizations of tur-
bulent flows. These methods are used mainly to derive statistics from their ensembles.
Most of the research is focused on approximating the small scales, especially those
close to boundaries, but because all simulations are limited by the size of the domain
and the period of the computation, there continues to be some uncertainty about the
approximations involved in simulating the largest scales of turbulence comparable to
those of the space-time domain and in estimating the effects on these scales of the
errors at the smaller scales.

For example, what is the effect on the statistical properties of boundary layer simu-
lations if the domain is not large enough to model the eddy structures, which can be 18
times larger than the boundary layer thickness (see Section 3), which have not so far
been observed in large-eddy simulations? However in some ‘low-order’ simulations
such structures are postulated in the basic assumptions of the simulation (Holmes et al.
1996) and consequently are represented. If numerical simulations are used to calculate
the space-time development of individual realizations of turbulent flow, then specific
initial data are required. But they are incomplete in most applications such as envi-
ronmental forecasting or for control of turbulent flows. Kreiss (1999) posed the bold
hypothesis that only the large-scale velocity field (with scale of order of L,) need be
specified (but at frequent time intervals much less than 7y, = L,/up) in order for the
velocity field at small scales to adjust dynamically to the same form whatever its initial
form, given the same large-scale field. He largely verified this conjecture in numerical
simulations of two- and three-dimensional homogeneous turbulence forced at the large
scale. The moderate Reynolds number, Re ~ 200, of the simulation may explain why
no obvious small-scale instabilities were observed. This result is consistent with other
studies, which show that large-scale eddy structures can dominate the evolution of the
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flow field and provide a rational basis for flow control (Holmes ef al. 1996), at least
in this range of Re. It may also be in accordance with the greatly reduced estimates
for error growth in high-Re flow systems. When eddy structures are free to move, any
‘error’ in their position eventually grows algebraically, and not exponentially; this leads
to lower growth in the errors of simulation of environmental flows than was originally
estimated by Lorenz (1963). Indeed Kreiss went so far as to argue that a much smaller
amount of data is required for environmental real time prediction than is usually being
supplied! (But see Hunt 1999.)

Large-eddy simulations, which are reviewed by Sandham (2003), have for more
than 30 years been producing striking new insights into turbulence, particularly the
structure of the energy-containing eddies. Active research is still needed to calculate
reliably the errors in the resolved motions on the scale of the filter /z. Some new correc-
tions have been proposed based on the assumption of similarity of eddy motion over a
range of length scales (e.g. Geurts 1999). Although such filtering has some effect on the
larger scales (so that the simulation cannot be a prediction for a particular realization
far into the future), many tests show that because of the downscale cascade in three-
dimensional turbulence, the structure and statistics of the large-scale eddy motion is
insensitive to these small-scale modelling assumptions (Jiménez 1999). (The upscale
cascade in two-dimensional turbulence makes the structures sensitive to smaller-scale
processes, e.g. Dritschel 1993.) The interactions between large and small eddy motions
are more critical near rigid boundaries within a surface layer of thickness hg; shear
layers and coherent eddy structures form which extend over distances parallel to the wall
that greatly exceed 4, and often exceed L,. These affect the level of the turbulent fluctu-
ations near the wall and the large-scale motions in the interior of the flows, especially in
thermal convection. It is now realized that the earlier approach for modifying LES near
a wall by damping the velocity components is quite incorrect at very high Re (> 10%)
because the wall amplifies the small-scale turbulence. A replacement by a local,
quasi-steady, boundary-layer velocity profile with associated small-scale turbulence
(Thomson 1999; Moin 1999) at least provides a reasonable first-order correction. But
this does not completely model the structure of the surface-layer eddies, which is sig-
nificant for calculating the transition between the turbulence in the boundary layer at
the trailing edge of an aerofoil and in the wake. Currently, various attempts are being
made to model the layer with local boundary layer equations so that the solutions match
with the resolved motions above the surface (Moin 1999).

Because LES methods use grids that are much smaller than the integral scale (at
least 1/10) they require enormous computation time. Yet many studies show that for
unsteady, non-local, turbulent flows, where Lx > 1 and |A|T;, > 1, such as thermal con-
vection with alow mean velocity or unsteady wake flows, the k—e or RSTE equations are
too inaccurate to be used as statistical models (since they require Ly < 1, |A|T; < 1).
However, these can be used as unsteady equations to calculate a very large-eddy sim-
ulation (VLES) approximation to the realization of the unsteady velocities of the large
eddies. The ‘turbulence’ in the statistical equations is assumed to represent the small-
scale turbulence in the VLES unsteady calculations. Thus the method involves an
assumption about the independence of large- and small-scale motions. This assumption
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is similar to that made in LES about the resolved and ‘subgrid’ scale eddies. But in
the case of VLES, because more of the dynamics at the resolved scale are ‘modelled’
(e.g. eddy transport), the discretization scales and (implicit) separation scale are both
much greater than for LES. This speed-up in computations more than compensates
for any loss in accuracy for some flows (Hanjali¢ 1999), though others at the meeting
disagreed.

As with other statistical models, appropriate approximations are made for specific
flows to simplify the calculations sufficiently for particular features to be explored in
more depth, for example by analytical solutions or using dynamical systems theory
to study how the solutions evolve in time (Holmes et al. 1996). Research using these
analytical solutions is showing how, below each large eddy, the surface layers of the
interior flow have a complex internal structure at very high Re that would need an
unrealistically small grid size and large computational time to be completely resolved
(see Plate et al. 1998).

The ways in which small scales affect calculations of the large-eddy structure are
quite sensitive to the assumptions about the surface boundary conditions and the small-
scale statistical models; for example it depends on whether mean streamwise vortical
eddies or other secondary flows exist, driven by normal stresses of large-scale turbu-
lence. It remains to relate these calculations (e.g. Townsend 1976) to LES and other
direct simulations of the large-scale eddy structure.

All the previous approximate simulations were based on filtering, averaging and
approximating the Navier—Stokes equation. However, by analogy with statistical mod-
els that resemble the stochastic phenomena of turbulence, there are also methods based
on phenomenological arguments for simulating the random or mean velocity fields
without solving or approximating the Navier—Stokes equations. These may provide
the full field or partial elements of it, such as the random fluctuations smaller than
the resolved scales of large-eddy simulations. (For a review of Monte Carlo or kine-
matic simulations see Elliott & Majda (1996).) A novel approach for calculating the
mean velocity in shear flows as Re varies from 10? to 10° by heuristically adapting the
Navier—Stokes equations to reflect the motion of large eddies conveying momentum
across the shear flow has been proposed by Holm (1999). Its solution agrees to within
5% with measured profiles of the mean velocity over this range of Re.

6 Concluding remarks

Can we conclude that current research is making progress towards answering the
main questions, about turbulence? The evidence of this review suggests that the
answer is yes, but that we are still some way off finding complete answers. Some
particular advances are summarized in the abstract.

The main question, on which hang many others, is to what degree fluid turbulence
is a universal phenomenon. On the one hand, research continues to provide more
evidence (Section 4) and better dynamical explanations (Section 3), though still
no complete theory, for the occurrence of similar qualitative features at the smaller
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scales in all types of three-dimensional turbulent flows; namely random, intermittent
motions on wide ranges of length and time scales, where the very smallest scales are
determined in part by molecular processes, a net cascade of energy to these scales,
and a mean rate of dissipation &, that, when normalized on large-scale motions,
is approximately independent of the Reynolds number. On the other hand, there
are many non-universal aspects; not only are there qualitative differences in the
structure of the large-scale eddy motions, but there is also increasing evidence
(Section 3) that in quantitative terms (e.g. statistical two-point, Eulerian measures)
the above small-scale phenomena depend to some degree on the particular types
of large-scale flow. The dependence of the eddy’s structure and statistics on the
flow type is also found (both theoretically and experimentally) in the underlying
dynamics that determines the eddy motions. This is reflected in the sensitivity to
the type of flow of the space-time development of the moments, as for example in
Reynolds stress transport equations (Section 5).

A consequence of this increasing evidence and understanding of non-universality
is a change in the direction of research. There is now more emphasis on studying
various types of turbulence within distinct parameter ranges, leading to a variety
of statistical models and approximate simulations that typically depend on the
characteristic forms of the large-eddy structures in each type.

At the same time, some models that have been formulated on the assumption
of great generality are being adapted to particular types of flow, for example by
allowing for significant non-local and non-equilibrium effects (Section 5). Some
industrial users of statistical models have called for their systematic classification in
terms of their assumptions and ranges of validity, so as to provide initial guidance
to those applying such models to any particular type of flow. It was suggested
that research along these lines may be at least as useful as conducting further
comparisons among very general models applied to test case flows, which inevitably
are quite idealized in terms of the geometry of the flow and the types of initial and
boundary conditions.

Nevertheless, the search for some kind of universality is the goal of much exper-
imental research in high Reynolds number turbulence; it tends to be restricted to
studies of whether statistics of the relative velocity Au (when suitably normalized
and corrected for large-scale motions), are approximately the same in all types of
fully developed turbulence at very high Re (> 10*). Consequently much theoretical
research is still directed towards establishing a dynamically based, universal sta-
tistical theory for motions in the inertial and viscous microscale ranges. Accurate
Lagrangian and multi-point Eulerian measurements, which will require the new
facilities now being proposed (e.g. Nieuwstadt 1999), could provide the critical
tests for any such theory, especially if (see Section 4) it is based on an analysis of
the velocity field around moving fluid elements.
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Our review shows that although, regrettably, there are rather few innovative
experimental research projects, there is certainly a diversity of theoretical and com-
putational methods in turbulence. Most of them contribute some insight into the
varied manifestations of turbulence. It is noticeable that some authors explicitly
estimate the range of validity of their methods and results, but many others still
leave this task to the reader or, worse, the person applying the method in practice.
Another reason for the variety of methods, and for the focus of research on statistical
models and approximate simulations, is that (Section 5) the scientific and practical
applications vary greatly. Not only do the nonlinear interactions between turbu-
lence and other processes vary, but also the level of complexity that is appropriate
changes depending on the availability of computing capacity (for the turbulence
part of the total calculation) and of sufficiently detailed or accurate input data.

Currently this diversity of methods and assumptions is not sufficiently under-
stood or valued by those engaged in turbulence research and its applications. Some
interesting combinations of different and hitherto competing approaches are now
being tried, such as integrating the statistical and dynamical analyses of eddies by
using Reynolds stress transport models in large-eddy simulations. At the same time,
new hypotheses and general questions still have to be rigorously and competitively
examined, such as those that emerged this year about the transition of very high
Reynolds number eddy structure and the mathematical properties of singularities.
Clearly this field of research is flourishing!
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RANS modelling of turbulent flows affected
by buoyancy or stratification

B. E. Launder

University of Manchester

1 Introduction

The aim of this chapter is to provide, in plain English, a guide to the capabilities and
shortcomings of turbulence models for reproducing satisfactorily engineering flows
where buoyant or stratification effects are important. While these two descriptors are
often used interchangeably in the literature, in the present chapter buoyant is used to
denote a situation where the effect of gravity is to cause a force field whose primary
effect is on the mean flow, while stratified implies that the principal effects on
the flow arise from gravitational action on the turbulent fluctuating velocities. The
distinction is neither pedantic nor unimportant; for, a stratified flow will ordinarily
require a more rigorous modelling of gravitational effects than a buoyant flow. Put
another way, gravitational effects on horizontal flows are more troublesome than on
vertical flows. The account may hopefully also be useful where the flows of interest
are affected by other types of force field, perhaps particularly flows affected by
Coriolis forces or swirl.

The chapter gives especial attention to two-equation models of turbulence as
this is currently the main level of commercial CFD. Linear two-equation eddy-
viscosity models are considered first, beginning with the situation where buoyant/
stratification effects are absent. This is important to enable the reader to assess
whether, for the flows of interest, a linear eddy viscosity model would be suitable
even in a uniform density situation. Thereafter, the treatment of buoyant flows with
linear two-equation models is considered. While the applicability of this level of
modelling is not wide there are certain types of flow where satisfactory agreement
can be obtained. The question of the treatment of a wall boundary condition in
buoyancy affected flows is also examined.

Prediction of Turbulent Flows, eds. G. F. Hewitt and J. C. Vassilicos.
Published by Cambridge University Press. © Cambridge University Press 2005.
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Section 3 goes on to consider the more elaborate path to modelling known as
second-moment closure and to the simplifications of those schemes to two-equation
forms that are more widely applicable than conventional eddy-viscosity models.
Section 4 considers more elaborate treatments whose current use is largely confined
to universities but which have been found to give markedly improved predictions
over alternative schemes in several buoyant and complex shear flows. A more com-
plete (and more mathematical) treatment of such modelling approaches is provided
in another book arising from the INI Conference, Launder & Sandham (2002)
(see chapters by Craft & Launder, 2002 and Ilyushin, 2002). Finally, Section 5
provides a brief overview of the main conclusions and recommendations.

2 The k- eddy-viscosity model
2.1 Origin and form

The k—e eddy-viscosity model, as we now understand it, originated from research
at Imperial College nearly 30 years ago in the group led by D. B. Spalding (Jones
& Launder, 1972, 1973). Although not originally presented in these terms, it is
perhaps helpful to arrive at it by considering the budget equation for turbulent
kinetic energy, k, which in words may be written:

Rate of increase of = Rate of creation of + Rate of gain of — ¢, the rate of

k following a mean  k by mean shear, k by diffusion viscous

streamline buoyancy and dissipation of k.
other mechanisms

If the only contribution to turbulence energy generation is by mean shear and we
have what is known as a simple shear flow, U(y), the equation becomes:

Dk —oU
or = —uv@ + (diffusion) — e. 3.1)

Further, if transport effects (convection and diffusion) can be neglected, the flow is
referred to as in local equilibrium and so we may write:

—uv— =¢. 3.2)

Multiplication of each side of Eq. (3.2) by (—uv/¢) together with the definition:

¢, = (—uv)?/k? (3.3)



52 B. E. Launder

enables Eq. (3.2) to be re-written:

2
Cuk_B_U = —uv. (3.4a)
e dy
This is the constitutive equation between stress and strain adopted in two-
dimensional eddy-viscosity models to compute thin shear flows where U is the
primary velocity component which varies rapidly only in the perpendicular direc-
tion, y.
Evidently, the group c,k*/¢ plays the role of an effective turbulent viscosity v,

v = c,k*/e. (3.5)

For wider use the formula is generalized to:

2 a; AU,
<u,~u,~ - ga,‘jk) = — (8% + ax-j)’ (3.4b)
J !

though it is underlined that while Eq. (3.4b) is a mathematically valid generalization
of Eq. (3.4a), it is not unique. That is to say, other more elaborate connections
between the anisotropic part of the Reynolds stresses, (u;u; — %Si k) and the mean
strain field may be proposed which reduce to Eq. (3.4a) for the specific case of a
two-dimensional flow in simple shear.

If an ‘eddy-viscosity’ transport process is adopted for the turbulence-driven flux

of momentum (as is implied by (3.4)), it is consistent to adopt the same form for

the diffusional transport of a mean scalar quantity such as temperature or chemical
species:

—_ V¢ 00

0= - —

_uj —

(3.6)

9
Og ax.,-

where ® and 6 denote the mean and fluctuating value of the scalar in question. The
turbulent Prandtl/Schmidt number, oy, is habitually treated as a constant, though,
in fact, it is manifestly not. In free shear flows its value is usually taken in the range
0.5-0.7 while for flows near walls a value of approximately 0.9 is usually adopted.

An analogous gradient-diffusion representation is adopted for the diffusional
flux of turbulence energy (which has only a minor influence on the mean field, at
least if the generation term is substantial). The kinetic energy equation, Eq. (3.1),

may then be written:
Dk AU\ 8 (v ok
— =) +—|—=—)—¢ (3.7a)
Dt ay dy \ ok 9y
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or, in generalized tensor form:

Dk 8U,' an 8Uj ad Vi ok
— =y — +— )+ —— )¢ (3.7b)
Dt dx; \ 0x; 0x; ox; \ ok 0x;

Py

By analogy, the energy dissipation rate, ¢, is supposed to be described by an equiv-
alent transport equation:

De 8P 4 d v de g2 (3.8)
— = Cel7 — |\ — 77— ) —Ca27» .
Dt ah 0x; \0og 0x; 'k

where the coefficients ¢, c.» and o, are supposedly constants chosen empirically
to give agreement with certain representative one- and two-dimensional flows.

The empirical coefficients are usually assigned the following values, provided
the turbulent Reynolds number, k2 /ve, is high (which in practice means greater
than about 100):

Cu Cel Ce2 O O¢

0.09 1.44 1.92 1.0 1.3

The above form of the k—¢ model will already be familiar to most readers of this
book. The re-iteration is intended to serve as a reminder of the many intrinsic
assumptions made. These may be usefully repeated:

(i) the flow is in simple shear;
(ii) the state of turbulence is near local equilibrium (Py = ¢);
(iii) there is no substantial effect of buoyant or other force fields on the turbulence.

If these criteria are met the only important Reynolds stress, uv, is well described
by Eq. (3.4). However, it is often assumed that:

(iv) The eddy-viscosity concept, as presented in Eq. (3.4b) may be applied to all the
Reynolds stress components (u;u;) in arbitrary shear flows (not just a simple shear)
with the turbulent viscosity being determined from the solution of Egs. (3.7b) and (3.8).

Clearly, this last set of assumptions represents a pretty large pill to swallow!

2.2 Shortcomings of the model — high Reynolds number form

Unsurprisingly, a model based on so many assumptions proves to have a very limited
width of applicability. The reason for its widespread use, despite the shortcomings,
arises from three features:
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(i) In its mathematical form it is free from ambiguities (like distance from the
wall).
(ii) It genuinely does offer an improvement on earlier models like the mixing length
hypothesis (Prandtl, 1925).
(iii) Potentially more general treatments like second-moment closure have often
proved to be disappointing in practice when applied to problems with flow
regions of complicated shape, such as conventionally arise in industrial flows.

Here the principal shortcomings of the k—¢ model are noted for the case of unstrat-
ified flows. (The case of flows significantly affected by buoyancy is taken up in
Section 2.4.) Some of the failures of predictions can be identified predominantly
with a single underlying assumption; others have multiple contributory causes.

In wakes and in other ‘weak’ shear flows where Py is appreciably less than ¢, the
standard k—e model underestimates turbulent mixing rates. This defect is sometimes
corrected by causing the coefficients ¢, to increase as Py /£ falls (the overbar on
Py and ¢ implies an average over the wake cross-section, Rodi, 1972). The practice
has little generality, however. We note that simply making c,, a function of the local
ratio (Px/¢) (as would be desirable in order to retain an invariant model) produces
unsatisfactory shapes of wake profiles. This is because the ratio falls to zero at
a plane or axis of symmetry leading to a marked increase in ¢, which, in turn,
produces a much too flat velocity profile.

Another weakness associated with free shear flows is the so-called ‘round jet
anomaly’. While the standard k—¢ model does reasonably well in predicting the
plane jet in stagnant surroundings, for the corresponding axisymmetric jet the com-
puted rate of growth with distance downstream is some 30% larger than measured.
Pope (1978) has suggested a correction to the dissipation equation that introduces
a mean strain tensor that vanishes in plane flows. The extra process is based on
plausible physical arguments. However, his scheme works satisfactorily only for
the round jet in stagnant surroundings: for a round jet in a moving stream (as mea-
sured, for example, by Forstall & Shapiro, 1950), Huang (1986) has shown that the
standard model gives more satisfactory results.

It is pertinent to note that the same type of shortcoming in predicting these two
types of flow (the round jet and the far wake) is also present with the most common
form of second-moment closure. This is partly because this latter scheme, like
the k—e model, uses a transport equation for ¢ in which the local mean velocity
gradient plays too prominent a role (or, in other words, the coefficient c,; is too
large). Only with the more recent and more elaborate TCL second-moment closure,
to be discussed later, are both these weaknesses satisfactorily removed.

Another weakness with the standard form of ¢ equation occurs in flow near walls.
It is found that as the flow encounters a region of rising pressure (an ‘adverse’
pressure gradient) the ¢ equation leads to too low levels of ¢ near the wall, thus



RANS modelling of turbulent flows affected by buoyancy or stratification 55

to too high viscosities, cf. Eq. (3.4), and, consequently, too high skin friction. As
a result, a flow that, in fact, separates may be predicted to remain attached — a
weakness that is intolerable if one wishes to predict the behaviour of highly loaded
aerofoils (where, by design, one seeks to obtain as much lift as possible without
separation occurring). An early attempt at eliminating both that defect and the
round jet anomaly was proposed by Hanjali¢ & Launder (1980). Essentially, they
suggested adding a term proportional to:

k%%gtjksmnk (39)

dx; 0x,

to the right-hand side of Eq. (3.8). The net effect was to enhance the role of normal-
stresses in the dissipation equation. While marked improvements resulted for the
indicated flows, it was later discovered that the correction produced the opposite
sign of correction in flows with curved streamlines to what was needed. Thus the
term clearly does not represent a general improvement to the dissipation source. It
does seem worth underlining, however, that there is no reason why the action of
mean strain in raising ¢ should be assumed proportional to Py. What, physically, one
is trying to mimic is the role of mean-flow straining in hastening the breakdown of
turbulent eddies (or, in other words, in promoting the flow of kinetic energy across
the spectrum). The term containing the mean strain must be a scalar, but there are
many forms that meet this requirement, of which Py and Eq. (3.9) are just two. Thus,
the writer firmly believes that in the future more diverse mean-strain contributions
to the creation of & need to be explored. In this connection, the analysis of Oberlack
(1995) of the tensorial length-scale equation would appear to offer very helpful
insights.

Wilcox (1993), whose customer base is principally in the aerospace industry,
has found that the problem of too high skin friction as the flow develops in positive
pressure gradient can be removed if one adopts as one’s dependent variable the
quantity w = ¢/k instead of ¢, using a transport equation for w of precisely the
same form as Eq. (3.8). While, for external flow over aerofoils, this is a beneficial
switch, the w equation gives rise to problems where high external stream turbulence
is present. For that reason, other approaches to removing this weakness of the ¢
equation have been adopted by the writer’s group. The first of these is the so-called
“Yap correction’ (Yap, 1987; Launder, 1988) in which a further source term Sy is
added to the right-hand side of the & equation, Eq. (3.8).

2
Sy = max [0.83%@ ~ o2, 0] : (3.10a)
where a = k*/?/(2.55 ye) and y denotes distance from the wall. The quantity « is

the ratio of the computed turbulent length scale (k*/%/¢) to the length scale that is
found to occur in local-equilibrium, near-wall turbulence, 2.55 y. If the local value
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of ¢ is so small that « is greater than unity, the term will be a source (since (o — 1)
will be positive), thus tending to increase ¢. Besides adverse pressure gradients, this
additional source has been found to be beneficial in separated flows and buoyant
flows where most of the generation occurs away from the wall (Ince & Launder,
1989). However, it has a severe weakness: it introduces the normal distance to
the wall. Iacovides & Raisee (1997) have removed this problem by re-casting the
correction as:

Syir = max(0.83F(F + 1)*&%/k, 0), (3.10b)

where

F= [ [@1]dx;) — 2.55] and [ = k¥ /.

As before, if the length scale does equal 2.55y the correction is zero. If, however,
0l/0x; is greater than in equilibrium, the source term is again positive, driving the
level of € up and the length scale down. While the consequences of employing the
correction need exploring in a wider range of flows than the two-dimensional sepa-
rated flows considered so far, this offers a potentially attractive route for removing
one of the weaknesses of the ¢ equation.

Other weaknesses in the k—& model are associated with the very severe shortcom-
ings of the eddy-viscosity approximation itself, Eq. (3.4). As has long been known
(Bradshaw, 1973), any eddy-viscosity approximation grossly underestimates the
magnitude of minor stresses — that is, the size of stresses where there is only a very
weak associated strain. One consequence of this is that it greatly underestimates
the ability of the turbulent stresses acting in a plane perpendicular to the primary
strain to induce secondary motions. While these motions may be small (1% or less
of the primary velocity), in complex duct flows such as an AGR" cooling channel,
they can nevertheless transport appreciable amounts of heat. In other flows, such
as the three-dimensional wall jet (that is, a jet discharged into a stagnant medium
adjacent and parallel to a plane wall), the ratio of the lateral to wall-normal rate of
spread computed by the k—¢ model may be too small by a factor of five or more
(1) simply because the computed Reynolds stresses normal to the jet direction are
essentially isotropic (Craft & Launder, 1999, 2001).

Similar shortcomings also arise in flows with weak streamline curvature or
in swirling flows where, depending on whether the angular velocity increases or
decreases with radius of curvature, the computed mixing may be either excessive
or far too little. These latter weaknesses have been corrected by different workers
in ad hoc ways by introducing to the ¢ equation additional source terms. However,
such corrections are applicable, at best, to only a narrow class of flows. Thus, the
proposal of Launder et al. (1977) improved prediction of boundary layers on curved

* ‘Advanced Gas-coded Reactor’
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surfaces and spinning cones but it did poorly when applied to the development of
a swirling jet. It is in any event illogical to suppose that one can, in any general
sense, correct errors to a second-rank tensor (the Reynolds stress tensor) by tin-
kering with the determination of a scalar quantity (¢). Thus, if such an approach is
used in CFD predictions, it should only be adopted for interpolation: that is, used
only to predict a particular flow whose principal features have already been satis-
factorily accounted for in computing other similar flows with the same modelling
strategy. If one seeks a more general predictive scheme, the only credible route for
improvement is to adopt a more widely applicable connection between stress and
strain than is provided by Eq. (3.4). Such strategies are discussed in Sections 3
and 4.

2.3 Handling the near-wall sublayer

It has been implicitly assumed in what has so far been written that, when a wall is
present, turbulence in the vicinity of that surface is close to local equilibrium, so
that turbulence energy is being created and destroyed at nearly the same rate. These
conditions lead to a ‘universal’ state of turbulence where the velocity and other
dependent variables are functions of distance from the wall provided all quantities
are made non-dimensional by the local friction velocity, /Ty /0, and the kinematic
viscosity.

The existence of such a universal near-wall region would be highly fortunate
because it would mean that one’s numerical solver did not have to resolve the
sublayer immediately adjacent to the wall where flow variables are changing so
rapidly that a very fine grid is needed. Instead, one could match to conditions
prevailing a little further from the wall where viscous effects are negligible and
where mean velocity and turbulence gradients are much less steep. The ‘law of the
wall’, which proposes the mean velocity to increase with the logarithm of distance
from the wall, is the best known of these relationships or ‘wall functions’:

U/(tw/p)" = (1/k)In[Ey(zy/p) /V],

where « is the so-called Von Karman constant and E is also usually taken as a
constant determining the thickness of the viscous sublayer.

Unfortunately, CFD is used to resolve difficult flow problems and, in these
circumstances, the near-wall flow is usually far from the idealized equilibrium
state where the above simple wall function can give a reliable boundary condition.
There have been several refined versions of wall functions proposed where attempts
have been made to develop forms applicable over a wider range of flow conditions.
The best known and the most widely used form is that due to Spalding (see Launder
& Spalding, 1974) where essentially the wall friction velocity +/z,,/p is replaced
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by the square root of the near-wall turbulence energy, k7, ie.:
12 1/2
pUk " [ty = (1/c)In(E"yk /v)
or, in the notation we shall adopt:
U* = (1/k*)In(E*y"),

where «* and E” are constants. Two major advances over the conventional version
arise from doing that: firstly, that no singularity arises at points of separation or
reattachment where the wall shear stress is zero and, secondly, that the wall heat-
transfer rate need not go to zero where the wall shear stress vanishes; indeed, it may
often attain its maximum value there! Originally, the value of the turbulence energy
was that computed at the node next to the wall. Chieng & Launder (1980) developed
a variation on this approach in which (along with several other refinements) the
kinetic energy was always evaluated at a particular position, the edge of the viscous
sublayer, irrespective of the distance of the near-wall node from the wall. (The
value of k at the sublayer edge is found by extrapolating linearly the levels of
turbulence energy at the two nodes closest to the wall.) While this ensures that k
is nominally evaluated at a single position irrespective of the size of the near-wall
control volume, the extrapolation can cause convergence problems so the practice
is rarely adopted.

More extensive improvements to wall-function strategy, including the case where
buoyancy exerts an appreciable net force on fluid moving along a vertical (or near-
vertical) surface, have been recently developed by Gerasimov (2004) (see also
Craft et al., 2002a,b) especially for the case of mixed and natural convection flows
(though the scheme has also been shown to bring improvements under purely
forced convection situations). The approach adopted is an analytical one, based on
an assumed universal eddy viscosity that increases linearly with distance from the
outer edge of the viscous sublayer (the turbulent viscosity being zero within the
sublayer itself). Like earlier publications from the group, it recognized the need,
effectively, to permit the thickness of the viscous sublayer to vary according to the
near-wall variation of shear stress. However, to avoid the instabilities arising with
Chieng & Launder’s approach, instead of explicitly altering the viscous sublayer
thickness, the mean kinetic energy dissipation rate in the sublayer was itself made to
depend on the rate of variation of molecular shear stress across this viscous sublayer,
adevice that had a very similar overall effect, but without the numerical instabilities.
By choosing such a simple assumed turbulent viscosity profile, analytical forms
for the near-wall velocity and temperature profiles are obtained. For further details,
the reader is referred to the cited papers. Examples of adopting the approach are
provided in Sections 2.4 and 4.3.
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The preceding approach to wall functions has greatly improved the capability for
obtaining inexpensive engineering CFD results of sufficient accuracy in a range of
circumstances, including buoyancy-driven flow. However, it must be emphasized
that it deals with by no means all the types of wall flows encountered. The simple
profile assumed for the turbulent viscosity means that many non-equilibrium phe-
nomena cannot be captured. In the writer’s group, therefore, a more general route
to wall functions has, in parallel, been developed (Gant, 2002; Craft et al., 2001,
2002a, 2004). However, an explanation of the strategy adopted is best deferred
until after the alternative approach to handling the near-wall sublayer, that of low-
Reynolds-number modelling, has been introduced. The ‘Reynolds number’ that is
here referred to is the local turbulent Reynolds number, k* /v.

The form of low-Reynolds-number model predominantly used at Manchester
with linear eddy-viscosity models is that due to Launder & Sharma (1974). This
choice is made because several independent studies, Patel et al. (1985), Betts &
D’ Affa Alla (1986) and Savill (1991) have concluded it was the most successful
of the then available models within the context of linear EVMs. Historically, the
model introduces only the relatively small changes to the original scheme of Jones
& Launder (1972) needed to make the resultant model entirely compatible with
that optimized for free shear flows (Launder ef al., 1973). The mathematical form
is:

v = c, fuk*/3, (3.11)
Dk dU; (dU; AU, 3 n dk
— =y —e+— | — — |, 3.12
Dt " 0x; (Bx,- + axj) et 0xy |:(c7k + U) E)xk:| ( )
D& aU; (9U; 9U;\ & f g
— = CelVt— ——cC —
Dr ' 'ax; \ox;  ox J kK
2U; \° 9 [[w 9%
2.0 — (= — |, 3.13
0 <8xj8xk) + 0xy [(ag —|—v) axk] ( )

1/2

2
) ; fu=exp(—3.4/(1+0.02R?)); f.=(1 — 0.3 exp —R?).
With this form the wall boundary conditions are homogeneous, i.e. k =& =0
since the dissipation rate at the wall is equal to 20(3k” / E)xj)z, Jones & Launder
(1972).
The scheme is more successful than any wall-function approach described so
far, especially where the non-equilibrium sublayer behaviour is associated with
the preferential damping of the turbulent fluctuations normal to the wall or where

the mean velocity vector undergoes skewing across the viscosity-affected sublayer

where & z§+2v( 3
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(as may arise in rotating machinery or even in flow around bends). However, in
separated flows, where, as noted above, the basic version of the & equation leads
to excessive near-wall length scales, integrating the equation to the wall makes the
computed shear stress and, more importantly, the heat-transfer coefficient, much
more sensitive to defects in the model of the outer region. Certainly, the scheme
should be used only in conjunction with some type of length-scale limiter, whether
that be the original ‘Yap correction’, Eq. (3.10a) or the corresponding differential
form, Eq. (3.10b), due to Iacovides & Raisee (1997).

The principal argument against using a low-Reynolds-number two-equation
model across the sublayer is that it requires a very considerable number of grids
across the near-wall sublayer. With the two-equation model discussed above, one
should, as a rough guide, aim to adopt around 25 nodes over the viscous and buffer
region (out to y* equal to 50, say). As a result, for the computation of a flow
involving just a single wall (and thus requiring fine grids in just one direction),
computational times are longer than with a wall-function treatment such as that
described above by Gerasimov and co-workers by a factor that usually lies between
3 and 15. In three-dimensional flows this factor is certain to be significantly higher.
Thus, we return again to the question of how to simplify the handling of this very
expensive sublayer zone. One obvious option is to use a simpler near-wall turbu-
lence model since a coarser mesh can then be employed. For example, Choi et al.
(1989) used the mixing-length hypothesis in the near-wall zone (with just eight to
ten nodes across the sublayer) to obtain reasonably satisfactory prediction of flow
around an unseparated U-bend — considerably better than what had formerly been
achieved with simple ‘log-law’ wall functions, Fig. 3.1. Itis unlikely that the refined
wall-function approach due to Gerasimov would have significantly improved on
the simple log-law results as the main problem is that the flow in the sublayer
undergoes strong skewing, a feature that neither the basic wall function nor the
Gerasimov approach can capture (unless, in the latter case, the wall function is
applied only over the buffer layer rather than the fully-turbulent regime where wall
functions can most economically operate). Provided that the ability to represent
this skewing is retained, however, the quality of the computation depends mainly
on the model used in the outer region. For example, the use of an algebraic second-
moment closure such as will be examined in Section 3.2.2 produces in Fig. 3.1(c)
a marked improvement on the linear EVM. (It is noted, however, that for a tighter
U-bend where separation results, lacovides et al., 1996, the use of the MLH across
the sublayer leads to serious errors — though in this case even a full two-equation
linear EVM across the sublayer is not entirely successful.)

Finally, in this summary of cheap approaches to handling the sublayer, we return
to the numerical wall-function approach developed by Gant and other members of
the Manchester team (Gant, 2002; Craft et al., 2001, 2002). Essentially, the strategy
entails using two quite separate grids and solvers: a relatively coarse primary grid
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Fig. 3.1 Computation of flow around unseparated, square-sectioned U-bend.
Velocity profiles at 90° around bend.

(a) k—e EVM computations from Johnson (1984) using wall functions;

(b) k—& EVM computations, Choi et al. (1989); mixing-length model in sublayer;
(c) k—e ASM computations, Choi et al. (1989); mixing-length model in sublayer.

covering the whole flow domain (which by no means resolves the details of the
turbulence interactions across the sublayer) and a very fine grid that just covers the
near-wall control volume of the primary mesh. On this latter ‘wall-function’ grid,
slightly simplified versions of the low-Reynolds-number equations are solved in
which diffusion processes parallel to the wall are dropped and the pressure gradient
parallel to the wall is taken as the same as that existing on the primary grid along
its wall-adjacent cells. By this simplification the velocity component normal to the
wall may be found from continuity rather than from the momentum equation for
the wall-normal direction. The solution on the fine ‘wall-function’ grid employs
the true boundary conditions of the relevant low-Re turbulence model at the wall
and matches dependent variables to those of the main solver at the outer edge of
the near-wall cell. In turn, the fine-grid ‘wall-function’ solution is used to compute
the source terms needed for the wall-adjacent cells of the primary grid: terms
like the wall shear stress and the relevant source terms for the turbulence energy
and dissipation equations. The approach is not limited to linear eddy-viscosity
models; indeed, Gant (2002) shows applications to the impinging jet using a non-
linear eddy-viscosity model. Generally the predicted behaviour with numerical wall
functions is very close to that of the corresponding complete low-Reynolds-number
model. The only area where there is an important difference is in the matter of
computing time. Generally, depending on the test flow, the numerical wall function
requires computing times that are only between one-eighth and one-thirteenth of
the corresponding complete low-Re solution.
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Fig. 3.2 Near-wall variation of the Reynolds stresses. Symbols: DNS data (Kim
et al., 1987). Solid lines are of slope 2 (for u2 and w?), 3 (for uv) and 4 (for v2).

Before leaving the subject of ‘low-Reynolds-number’ effects in linear eddy-
viscosity models, it is appropriate to note two further elaborations that have been
proposed. The first was introduced by Cotton & Ismael (1995) who took the co-
efficient ¢, as a function of two parameters (rather than just one): the turbulent
Reynolds number and the strain rate S defined as:

k (an aU,)2
S=- + .
& axj 8x,-

Now, the parameter S is a group not containing the molecular viscosity, so it may

become significant in situations where a wall is not present. In fact, testing both by
Cotton & Ismael (1995) and Craft ef al. (1997) (the latter in connection with a non-
linear eddy-viscosity treatment) confirms that the observed data of rapidly strained
turbulence does provide firm support for the two-parameter characterization of ¢,
(that is, ¢, (R;, S)). We return to this subject when the topic of non-linear eddy-
viscosity models is addressed in Section 3.4.

The second approach is the so-called k—e—v2 model of Durbin (1993, 1995).
Launder (1986, 1988) had earlier demonstrated that the ‘viscous damping’ in the
sublayer of the coefficient ¢, in the formula for turbulent viscosity was not strictly
due to viscous effects but, rather, because the viscosity formula should have been
ve=c, kﬁ/ e. If that form is used, ¢, is essentially constant because v2 falls to zero
as the wall is approached as y* rather than y? (which is the exponent with which k
varies), Fig. 3.2. The novelty of Durbin’s approach is that he proposes an elliptic
relaxation equation from which the level of, effectively, ﬁ/ k may be obtained. The
companion book in the INI series (Launder & Sandham, 2002) contains a chapter
by Gatski & Rumsey (2002) giving further details of the approach. It may also be
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Fig. 3.3 Normalized Nusselt number variation versus buoyancy parameter for
flow through a vertical pipe. From Cotton & Jackson (1987). (Nug is Nu for zero
buoyancy; Gr, Re, and Nu are conventional Grashof, bulk Reynolds and Nusselt
numbers based on pipe diameter.)

noted that Durbin’s elliptic-relaxation strategy has been successfully applied (on a
more rigorous and transparent basis) to the higher-order approach to closure offered
by stress-transport modelling (i.e. second-moment closure).

2.4 Successes and shortcomings in buoyancy affected flows

2.4.1 Vertical flows near heated walls

The ability of the k—e model to predict buoyancy-modified flows depends very much
on whether the primary action of the buoyant force is to modify the mean momen-
tum or the turbulent velocity fluctuations. In the latter case, what we have termed
stratified flow, the conventional k—¢ model by no means captures the observed
effects. Where the mean motion is adjacent to a wall and is predominantly vertical,
however, the addition of a buoyant force that aids or impedes that motion may
be well captured. A case in point is that of mixed convection in a vertical pipe,
explored extensively by Cotton & Jackson (1987) employing the Launder—Sharma
(1974) form of the low-Reynolds-number k—¢ model. For upflow, strong heating of
the pipe wall causes the near-wall layers to receive a significant buoyant upthrust
which results in a velocity maximum developing close to the wall. This, in turn,
leads to a thickening of the near-wall sublayer due to the very rapid decrease of shear
stress across the sublayer. The consequence of this is that the heat-transfer coeffi-
cient is appreciably reduced, Fig. 3.3. It is seen from the same figure that agreement
was less satisfactory for downflow. A later paper (Jackson et al., 1989) reported,
however, that agreement was improved by including the length-scale limiter,
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Fig. 3.4 Prediction of Nu in buoyancy-modified downward flow in an annu-
lus with heated core, from Gerasimov (2004). AWF = analytical wall function;
StWF = standard log wall function.

Eq. (3.10a). The writer’s group has also completed an extensive series of computa-
tions of buoyantly modified vertical flows to explore the capabilities of the analytical
wall functions (AWF) developed by Gerasimov (2004) in his Ph.D. research. Fig-
ure 3.4 shows an example from this work relating to downward flow in an annulus
heated at the inner radius with the outer wall insulated. We note that there is excel-
lent agreement both with the experimental data and with the results obtained with
the low-Reynolds-number form of the k—& model. The usual logarithmic-law wall
function (StWF) gives a very poor prediction, however. (A further application of
these wall functions, used in conjunction with a stress-transport model for the main
flow region, is presented in Section 4.)

The linear i~ EVM has also been successfully applied to purely natural con-
vection on a vertical plate and in tall rectangular cavities, Ince & Launder (1989,



RANS modelling of turbulent flows affected by buoyancy or stratification 65

1995). These papers, however, adapted the treatment of generation in the turbulent
kinetic energy equation from that conventionally adopted in order to account more
accurately for the influences of buoyancy on the turbulence. This is the subject now
considered.

The presence of density fluctuations (p”) leads to a fluctuating force (p’g;) acting
in direction x;. This leads to the buoyant creation of turbulent kinetic energy, Gy, at
arate

Gy = 8o, (3.14)
0

If the density variations are due only to temperature changes, it is convenient to

replace density fluctuations by temperature fluctuations by way of the dimensionless
expansion coefficient, o:

ap | O

BIC) o P

Thus:
Gy = —a2i0u;. (3.15)
e}

This term is added to that due to shear generation in Eq. (3.1) or (3.7b). If the
turbulent kinematic heat flux is approximated by the usual gradient transport model,
Eq. (3.6), the buoyant generation rate reduces to:
og; V; 0®
G =82
® Oy axi
Let us note that the repeated ‘i’ suffix implies summation in all three Cartesian
directions, so Gy amounts to:

oV [ 00 00 8®i|
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(3.16)

Gy

(3.17)

Now, let us suppose we take x; as vertically up, with x, and x3 being horizon-
tal. The gravitational vector g; acts vertically downwards, whereas, for the flows
considered so far, the mean flow is directed upwards and rapid temperature varia-
tions occur only in the horizontal direction. So, it is clear from Eq. (3.17) that in
the direction where the gravitational vector acts there is negligible temperature gra-
dient, while in the horizontal plane where rapid temperature variations arise there
is no gravitational component. Thus from Eq. (3.17) the gravitational term makes
a negligible contribution to the generation of turbulent kinetic energy, at least if a
simple gradient-diffusion model is adopted for the heat flux.

It is true that in many vertical shear flows direct buoyant contributions to k-
generation are indeed small compared with that due to shear; however, they are not
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as small as the simple isotropic gradient-diffusion model leads one to conclude.
The problem is that Eq. (3.6) only gives a fair indication of the turbulent heat flux
in directions where the temperature gradient is large (as such, it suffers from similar
weaknesses to the simple eddy-viscosity concept, Eq. (3.4)). In fact, measurements
have conclusively shown that, in a pipe flow or boundary layer on a flat plate, the
turbulent heat flux in the direction of flow is substantially greater than that normal
to the wall even though the temperature gradient in the flow direction is small. The
reason that fact has not wrecked thermal boundary-layer computations based on
Eq. (3.6) is that, in the streamwise direction, the net turbulent diffusion of heat is
negligible compared with convection by the mean motion (and, in the boundary-
layer approximation, for computational convenience, the streamwise diffusion is
accordingly dropped).

In the present consideration, however, we are interested in the role of the heat
flux in Gg. In a naturally driven boundary layer or plume, this contribution can be
significant even though (in solving the thermal energy equation) the net vertical
heat transport by turbulence is unimportant (because, as noted above, it is swamped
by mean flow convection).

The task is to adopt a better approximation for u;6 than is provided by Eq. (3.6).
A simple advance, widely used by the writer’s group, is to employ what has become
known as the generalized gradient-diffusion hypothesis (GGDH), Daly & Harlow
(1970):

uul 00
€ 8x]

u;0 = —cy (3.18)

where the coefficient ¢y is approximately 0.30. The use of this approximation in
the vertically directed flow (with again x| vertical) leads to:

Lt]@ —Cg— —+ Uiy — +ujuz— (319)

S k 8@ 200 00
Mx, 0x2 0x3

So, while the first term on the right of Eq. (3.19) may be small (because ® varies
only slowly with x;), one or both of the other components containing horizontal
temperature gradients may be substantial.

On incorporating the GGDH into Eq. (3.15), the buoyant term may be written:

cot k 00
Gy =——-giujuj—. 3.20
k O ¢ gilljU; 8)6]' ( )
Asnoted, itis vital to account for the generation by horizontal temperature gradients
which involve the primary shear stress or shear stresses. These, within the context
of the present treatment, may be represented by the linear eddy-viscosity formula,
Eq. (3.4b).
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Thus:
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This was the formulation used in the Ince—Launder study of flow in closed, tall
rectangular cavities. It provides a simple approximation for Gy which, while still
generally underestimating the importance of buoyant generation, is distinctly bet-
ter than Eq. (3.16). To put matters in context, however, the inclusion of length-
scale damping is an order of magnitude more important in this flow for, without
Eq. (3.10a), levels of Nu were 35% too high!

2.4.2 Other buoyancy-modified flows

The rather surprising success of the k—¢ model in buoyancy-driven flow near vertical
heated or cooled walls does not carry over to the various other types of buoyantly
modified flows arising in engineering practice. However, most research workers
have been aware of the inadequacies of an eddy-viscosity model for mimicking
transport in such flows and so their calculations have started from a, physically,
better founded approach, usually based on second-moment closure. One case where
several computational results are available is the stably-stratified horizontal jet or
mixing layer. Craft ef al. (1996) have shown that the usual k—¢ model, in which the
total production of turbulent kinetic energy (that is Py + Gy) acts in the ¢ equation
with a coefficient ¢, does not reproduce the very great reduction in mixing rate in
a stably-stratified mixing layer that occurs in practice. Thus, for the case of mixing
between a fresh-water and a saline stream (Uittenbogaard, 1988), by the downstream
end of the 40 m tank the computed vertical salinity concentration (shown by the
dashed line) had become nearly uniform whereas a very sharp interface between
fresh and salt water still remained in the experiment, Fig. 3.5.

Viollet (1980) has looked at a similar flow where density variations arose from
a vertical temperature gradient. His predictions (not shown) superficially suggest
a quite different capability of the model, for agreement between measurement
and computation is satisfactory. That result was achieved, however, by neglecting
the contribution of Gy in the dissipation equation (while still including it in the
k equation). Now, since the stratification is stable, Gy will be negative (in other
words the vertical fluctuations have to do work against the stable density stratifi-
cation). So, by omitting this term, ¢ will be increased; hence the level of k and,
more emphatically, the turbulent viscosity (c, k*/¢) will be reduced, greatly dimin-
ishing mixing. This brings computations more into line with experiments for the
horizontal shear layer. However, McGuirk and Papadimitriou (1985) have examined
a two-dimensional, stably-stratified free-surface jet employing the same device (of
dropping the buoyant source from the ¢ equation) but they still found a substantially
too rapid spreading rate and dilution of the light fluid, Fig. 3.6.
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Fig. 3.5 Development of horizontal, stably-stratified mixing layer showing nor-
malised density profiles at 5 m, 10 m and 20 m downstream of origin. Experiments
(symbols) Uittenbogard (1988); Computations (lines) Craft et al. (1996): contin-
uous lines — TCL closure; broken lines k—s EVM.
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Fig. 3.6 Mixing of fresh water surface layer with saline fluid from McGuirk
& Papadimitriou (1985). (a) Flow configuration. (b) Variation of jet half-width
with distance. Note: Model I is a k—¢ model with the buoyant term in & equation
discarded; Model II is a basic second-moment closure without and with ‘wall
reflection’ terms applied at the free surface (see Section 3).
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The above comparison has shown that even for stably-stratified, horizontal flows
merely dropping Gy from the ¢ equation does not provide a generally satisfactory
route for computing stratified flows with the k—& model. Moreover, different prac-
tices are also required depending on whether the flow is stable or unstable (Viollet,
1987), vertical or horizontal (Hossain & Rodi, 1982). As remarked in Section 2.2 in
relation to correcting the model to account for the effects of streamline curvature,
it is not possible to remedy, in any general sense, a defect that principally arises
from the treatment of the Reynolds-stress fensor (in the present case associated
with the gravitational force affecting vertical fluctuations much more than horizon-
tal ones) by making adjustments to the scalar quantity, . This becomes especially
evident when attention is shifted to recirculating flows or, at least to situations where
the thin-shear-flow approximation is not valid, such as in the tunnel-fire scenarios
examined by Cordier (1999) and Woodburn (1995).

While it is possible to improve eddy-viscosity models so that they give better
agreement with buoyantly modified second moments than the methods noted above,
the rationale for this approach can be best explained in terms of the second-moment
transport equations, i.e. for #;u;, u;6 and 62. Thus, Section 3 presents the exact
second-moment equations and discusses their approximation before reporting the
application of simplified two-equation truncations of these models.

3 Second-moment closure and related models
3.1 Introduction

The strong effect of the earth’s gravitational field on turbulence structure has been
one of the main motivations for the development of second-moment closure; for the
primary roles of the gravitational vector appear explicitly in the second-moment
transport equations. The exact second-moment transport equations are readily
obtainable by multiplying the first-moment equations (the Navier—Stokes equations,
the thermal energy equation, etc.) by the fluctuating velocity or temperature. Thus:

Diuju; DU; DU,
= 4 + I/lj ’
Dt Dt Dt

(3.22)

where U; = U; + u; is the instantaneous velocity in direction x;. The above equality

D
applies because u; D—t] = 0. Likewise:

Du;0 DO DU;
=Uuj—— + 0 )
Dt Dt Dt

(3.23)

where ® = © + 6 is the instantaneous value of temperature, mass fraction or
whatever scalar quantity is in question.
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By forming the second-moment equations in the way indicated above by Egs.
(3.22)—(3.23) and (regarding the buoyant term in the Navier—Stokes equation) by
expressing density fluctuations in terms of fluctuations in the scalar ®:

p'=—abp/O, (3.24)
Je O . . . . .
where « = — | — is the dimensionless volumetric expansion coefficient,* the
0
p —
transport equations for u;u; and u;0 may be expressed in the form given below:
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* If ® denotes temperature and the fluid is an ideal gas, « is unity.
© This omits for clarity molecular transport terms that are of no significance in fully turbulentregions.
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Contracting Eq. (3.25) produces an equation for u;2, i.e. twice the turbulent kinetic
energy. It is noted that in Eq. (3.26) the gravitational vector multiplies 62. Thus a
complete second-moment closure requires that that quantity too be computed from
its own transport equation, an exact form of which is readily obtained as:

D62 ___ 30 90 90 9 062
— = 20up— — 2% —— — — w02 — A — | . (3.27)
Dt 0x; 0x; 0x; Xy Xy
—— — — —
Pog €90 d

06

In Egs. (3.25)—(3.26) the direct generation terms* due to shear, mean scalar gra-
dients and buoyancy (P;;, Pig1, Pis2, Pgg, Gij, Gig) do not require approximation
with a complete second-moment closure. This is, to a large extent, the attrac-
tion of this level of modelling. Qualitatively correct responses of turbulence to,
say, streamline curvature or a buoyant source can be inferred merely by exam-
ining the role of the different generative agencies in the Cartesian component
equations. Figure 3.7 shows the very different interconnections that the buoyant
terms exert, depending on whether the shear is horizontal or vertical. In both cases
direction x; is the direction of primary velocity and x, the principal direction of
property gradients, whether mean velocity or scalar. Thus, in the absence of buoy-
ancy, the normal stress acting down the mean velocity gradient (u%) acts directly in
the shear-stress equation (through the generation term —u3dU;/dx;). The shear-

stress uiu, in turn acts on the streamwise normal stress, u%, through the generation
term —uju,0U;/dx,. Finally, some of the energy in streamwise fluctuations is
diverted to u by the process ¢;; which we consider in Section 3.2.1. Different
components of the stress tensor act on the scalar flux as indicated by the solid lines
in Fig. 3.7. The broken lines in the figure show the further couplings arising from the
buoyant generation. It is noted that for a horizontal flow the buoyant term directly
opposes (or assists) the same interconnections arising from mean velocity or tem-
perature gradients. For a vertically directed flow, however, the interconnections are
more diverse. Noting the very different buoyant couplings in the two cases helps one
appreciate why a simple modification of the ¢ equation within an eddy-viscosity
approach can only fit a narrow range of buoyant flows.

Before the second-moment equations can be used within a CFD solver, models
must be adopted for the unknown processes. In Section 3.2 the so-called Basic
Model is presented with the various simplified versions — some re-packaged in
eddy-viscosity format. For completeness, other non-linear eddy-viscosity models
are presented in Section 3.3.

* While referred to as ‘generation terms’ there is no requirement that the terms should bepositive.
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a) horizontal flow

b) vertical flow

Fig. 3.7 Contrasting buoyant couplings in horizontal and vertical thin shear flows.
— — —— Buoyant coupling
,,,,,, Coupling through mean velocity/scalar gradient
N N NN Pressure-strain coupling
From Launder (1989b).

3.2 The ‘Basic Model’ and some simpler derivatives

3.2.1 The Basic Model in free shear flows

What is today known as the Basic Model evolved from contributions over a span of
forty years by Rotta (1951), Rodi (1972), Launder et al. (1975), Launder (1975),
Gibson & Launder (1978) and Craft & Launder (1992). A complete tensorial state-
ment of the model appears as Appendix 1 though the individual approximations
are discussed below.

The most important term to model is the pressure-strain process, ¢;;. By exam-
ining the exact Poisson equation for the fluctuating pressure, it may be concluded
that any reasonably general model of the process should consist of three parts:

* aturbulence or ‘slow’ part, ¢;;1
* a mean-strain or ‘rapid’ part, ¢; ;>
* a buoyant part, ¢;;3.

If other types of force field act on turbulence (e.g. magnetic), they too will exert a
corresponding influence on the pressure-strain process, while the choice of a rotating
coordinate frame from which to examine the flow means that a straightforward



RANS modelling of turbulent flows affected by buoyancy or stratification 73

‘rotation adaptation’ of ¢;;, is required (Bertoglio, 1982). In the discussion that
follows, we assume, however, that for free shear flows:

p (E)ui ouj

; 8xj 8)6,'

) = ¢ij = Gij1 + Pijo + ¢ij3, (3.28)

where the component parts have the meanings indicated above.
The turbulence part of ¢;; is usually modelled adopting the original proposal of
Rotta (1951):

€ 2
dij1 = a1y (uiuj - g&‘jk> . (3.29)

Sometimes c¢; is made a function of dimensionless stress invariants in order that the
coefficient should vanish when the turbulent fluctuations in one direction vanish
(what is known as the two-component limit). This strategy and the rationale behind it
are explained in Section 4. For the moment we note simply that the model proposed
in Eq. (3.29) always tends to drive the Reynolds-stress tensor towards isotropy (the
isotropic state being 2/3 §; k).

The corresponding form of ¢;;, was first proposed by Naot et al. (1970) but as
a replacement for, rather than as a supplement to, ¢;;1:

2
Gij2 = —C2 (Pij - 58’7 Pk) . (3.30)

Nowadays, what is known as the Basic Model adopts both (3.29) and (3.30) though
Fig. 3.8 indicates there has been a wide range of values adopted for ¢ and c¢,. We
shall return shortly to the origin of the diagonal line in the figure.

The dissipation rate, ¢, is usually assumed to be isotropic because it takes place
in the smallest scales of turbulent motion:

2
&ij = 58“8. (331)

Some workers have instead preferred the choice:

uju;
Eij = X E. (332)

This form does not respect the deeply rooted idea that, as turbulent eddies get broken
down into smaller and smaller scales, they become more isotropic. However, from
a practical point of view, this violation is academic since (3.32) can clearly be
re-written:

€ 2 2
8,']' = ; l/til/tj — géijk + g(sij{;‘,
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Fig. 3.8 Map of proposals for coefficients c;— ¢, in the Basic Model. Adapted
from Launder (1985).

and the first term is evidently of the same form as the approximation for ¢;;;. In
other words, Eq. (3.31) or (3.32) gives identical results provided, in the latter case,
the magnitude of the coefficient ¢; is smaller by 1.0 than if (3.31) is used.

For the case of a local-equilibrium shear flow in the absence of buoyant effects,
the approximations made so far imply:

£ 2 2 2
0= Pl‘j — Cl% uuj — 35,/]( — () P,'j — g(Siij - 581-.,»8

28 k P 28 P
Ujuj 3 ij (1—6‘2) ij 3 ij 'k

= — . 3.33
Gij k Cl Pk ( )

or, on re-grouping:

In words, Eq. (3.33) states that the component anisotropy of the Reynolds-stress
tensor is proportional to the corresponding component anisotropy of the stress-
generation tensor. One of the most interesting features of this result is that the
two empirical coefficients from the models of ¢;;; and ¢;;, coalesce into a single
unknown coefficient (1 — ¢;)/c;. Experimental data suggest that in a simple shear
flow that coefficient needs to be approximately 0.23 to produce the correct level of
shear stress. Now, returning to Fig.3.8, the diagonal line appearing on that graph
(which is quite a good mean fit to the ‘experimental data’ of the pairings of ¢, and
¢ in various models) corresponds to:

c1 = (1 - C2)/023
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In other words, in local equilibrium, any of the different pairings shown in Fig. 3.8
would lead to very nearly the correct result since the ‘data points’ lie close to
the line. Thus, one needs to shift attention to non-equilibrium situations to determine
the values of the coefficients more precisely. Within the framework of such a simple
model, the optimum choices for ¢, are in the range 0.5-0.6, with ¢; in the range
1.7 to 2.0, with the pairing being chosen to accord broadly with the above-noted
interrelationship, i.e.

c1 = (1 —c)/0.23.

Following Launder (1975), buoyant effects are, by analogy with Eq. (3.30), approx-
imated as:

2
Gij3 = —C3 (Gij - g(Siij> , (3.34)

a form which Schumann (1976) has shown is applicable also when the force field
arises from a magnetic field. The usual practice nowadays is to set c3 equal to c;.

Finally, diffusive transport is approximated by the ‘GGDH’ model of Daly &
Harlow (1970) introduced in Section 2 (viz. Eq. (3.18)):

0 ( k___ omm
dij = — (cs—ukum = ”-’) . (3.35)
8xk
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The energy dissipation rate, ¢, which appears as an unknown in many of the above
terms is, with this Basic Model, found from solution of the same transport equation
as in Section 2 except that the more accurate representation of Py and Gy obtainable
with second-moment closure is used instead of the eddy-viscosity model.

Precisely analogous approximations are made for the unknown terms in the
turbulent scalar flux equation (Launder, 1976). The corresponding modelled forms
are:

20
PZ _ dio = Gio1 + o2 + Pio3, (3.36)

p 0x;

where:
fop—

big1 = —Cmgui@, (3.37)
Gio2 = —C20 P2, (3.38)
$igz = —c30Gio, (3.39)

and where the recommended values for the empirical coefficients are:

Clg = 30, Crp = 05, C3p = 0.5.
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(Notice in Eq. (3.38) that it is only the heat flux generated by mean velocity gra-
dients that is included in ¢;9, since only mean velocity gradients (not mean scalar
gradients) contribute to pressure fluctuations.)

Closure is completed by the assumption of isotropy in the dissipative motions:

gig =0

and the usual GGDH approximation of diffusive transport

9 [ k___ oud
dig = — | coSmm 7 (3.40)
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Finally, in the transport equation for the mean square scalar fluctuations:
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The quantity R is the turbulent time-scale ratio for the dynamic and scalar field. It
is usually assumed to be constant (but see Section 3.3) though the different choices
made (ranging from about 0.5 to 1.0) indicate that even for free flows, this is far
from a universal prescription.

While there has been some use of the complete closure as presented above for
buoyant flows (e.g. Haroutunian & Launder, 1988; Craft et al., 1996) the usual
approach has been to reduce the closed forms of Eqgs. (3.25)—(3.27) to algebraic
forms by omitting the transport terms (convection and diffusion) or by approximat-
ing them by way of Rodi’s (1976) proposal:

gy 4l _
(Clj dl]) - k (Ck dk)
_ “'Z‘f (P — ). (3.43)

Some of the more widely cited simplifications are presented below together with
test cases to which they have been applied.

3.2.2 Simplified second-moment closures for buoyant flows

Purely local-equilibrium studies for buoyant flows have been reported by Mellor
(1973) and Launder (1975) but the first attempt to provide a simplification of the
second-moment equations in situations where transport and buoyant effects were
appreciable was made by Gibson & Launder (1976). Equation (3.43) was used to
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eliminate transport terms from the Reynolds stress equation while, for the scalar
flux, it was assumed that:

I/tl‘g
2k

M,‘@
—(Py — &0) +
262

(Cig — dig) = (P — ). (3.44)
Finally, using Eq. (3.41), the local-equilibrium assumption (in this case g9 = Pgy)
was used to reduce Eq. (3.27) to:

— k— 00
0% = —2R—u;0 —. (3.45)
& 8xk
For the case of two-dimensional shear flows, the resultant algebraic truncations for
the erstwhile transport equations can be re-packaged into a buoyancy-dependent
eddy-viscosity and turbulent Prandtl number (see Equations (3.31) and (3.32) from
the Gibson—Launder 1976 paper). For general applications, however, additional
terms would need to be included and this would preclude the representation of the
diffusion fluxes or Reynolds stress through isotropic viscosity or diffusion coeffi-
cients. Within its limitations (two-dimensional flow), the model led to satisfactory
prediction of several horizontal shear flows. Figure 3.9 shows, for example, the
computed rapid damping of entrainment rate into a stably-stratified surface jet as the
mean Richardson number increases (that is, as the stable stratification becomes pro-
gressively stronger). Reasonably close agreement is obtained with the experimental
data of Ellison & Turner (1959).

A more extensive development of essentially the same model has been presented
by Hossain & Rodi (1982) which was applied to different vertical free-shear flows.
Table 3.1 compares their results for the rate of growth of half-width of the plane jet
and plume with the recommended experimental values (Chen & Rodi, 1980).

Itis evident that the buoyant plume is far more sensitive than the plane isothermal
jet to whether an ASM or linear eddy-viscosity approach is used. In fact Hossain &
Rodi (1982) report that most of the differences from using the ‘pure’ k—¢ approx-
imation for this flow are removed by the inclusion of Gy in the source terms of
the k and ¢ equations (the difference between the M1 and M2 results for the plane
plume) rather than by adopting ‘ASM’ relations for the stresses and fluxes. How-
ever, exchanges with Professor Rodi have clarified that, in the expression for the
vertical heat flux that appears in Gy, an ASM type of approximation was neverthe-
less introduced (apparently similar to the form adopted by Ince & Launder, 1989,
discussed above, viz. Eq. (3.21)). This is important, for otherwise, if the usual
eddy-diffusivity approach had been used (flux proportional to vertical temperature
gradient), the buoyant term would have been too small to exert a significant effect
on the spreading rate.
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Table 3.1 Measured and computed rates of spread for the
asymptotic plane jet and plume

d)’1/2/dx
Flow Exp’t M1 M2 M3
Plane isothermal jet 0.110 0.116 0.116 0.116
Plane plume 0.120 0.087 0.115 0.127

M1 = k—e EVM without buoyant terms in k and & equations.
M2 = k—e EVM including buoyant terms in k and ¢ equations.
M3 = buoyant terms included in algebraic second-moment (ASM) closure.
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Fig. 3.9 Entrainment rate in a plane surface jet. Line: computations; symbols:
different experimental runs of Ellison & Turner (1959) (from Gibson & Launder,
1976). E/E, denotes entrainment rate relative to unstratified flow; Ri, denotes an
average gradient Richardson number across the jet.

Finally, mention is made of very similar, more recent work by Hanjali¢ and co-
workers (Hanjali¢ & Vasié, 1993; Hanjali¢ & Musemic, 1997). Given the range of
flows considered by them, it seems appropriate to give their modelling proposals in
more detail. The closure is essentially at the same level as the M2 model of Hossain
& Rodi (1982). That is, while a full ASM approach is applied to the heat fluxes, a
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purely isotropic viscosity is assumed for the turbulent stresses:

2 U AU
— W+ =8k = . 3.46
i) + 38 Vt(axj+ ax,-) (3.46)

The underlying rationale must presumably have been that, when buoyancy affects
turbulence, the most important effects enter through the buoyant term in the tur-
bulence energy equation. The writer does not share entirely that perception but,
in modelling at this level, it is probably as well not to refine (3.46) by including
buoyant terms in addition to the strain rate, as the frailties of that equation must
have been partially compensated by the assumed role of buoyancy elsewhere in the
model. At least, the use of Eq. (3.46) makes it straightforward to employ a more
widely valid stress-deformation hypothesis for use in complex strain fields without
disturbing the well-calibrated buoyant effects (see Section 3.4). The turbulent heat
fluxes are then obtained from:

a
ui0 = —¢o— | ui
3

where the coefficient ¢y denotes:
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The dissipation rate of u;0 is neglected while g4y is obtained from Eq. (3.41) with
the time-scale ratio R taken as constant:
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R =0.80 (3.49)

(though the alternative strategy proposed by Haroutunian & Launder, 1988,
Eq. (3.71) below, was also tested and noted as giving ‘some improvements’). Finally,
the transport equation for 62 was simplified to the following:

92 0K gy 99 (3.50)
= —c,—60u;,—, .
98 ]ij
where
P+ G -
f =2 <u —1+ R—1> : (3.51)
&

Equations (3.50) and (3.51) may be recognized as a slightly more elaborate form of
Eq. (3.45) which reduce to the latter when there is a balance between generation and
dissipation rates. The empirical coefficients implicitly contained in the k—& model
are unchanged from the standard values given in Section 2, while the values of the
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other coefficients used in the model are:

Clg = 30, Crp = 04, Cez = 0.8.

Note that this last choice is well below the value of 1.44 chosen by Gibson &
Launder (1976) and Hossain & Rodi (1982). However, Hanjali¢ & Vasi¢ (1993)
did note that for vertical flows near walls ‘the results seem to be less sensitive to
the choice of ¢.3 [and so] in line with the practice of other authors, we adopted for
vertical walls: ¢.3 = ¢,1 = 1.44°. Whether the authors are really saying that to get
good agreement for vertical natural convection, they had to use 1.44 rather than 0.8
is not known. It is evidently not satisfactory to employ different model coefficients
depending on the orientation of the shear flow.

3.3 Remarks on wall-reflection effects

In fact, the Basic Model presented so far does not function satisfactorily near walls
or, indeed, on either side of liquid—gas interfaces. Of course, in the immediate
vicinity of the wall there is the viscous sublayer and, like the simple k—~¢ EVM
considered in Section 2, adaptations are needed to stress-transport closures to make
these schemes sensitive to the local turbulence Reynolds number. However, the
weakness of the Basic Model, as presented, extends much more extensively than
just the viscous sublayer. For an unstratified simple shear flow directed parallel to
the wall, as one approaches the wall, while still in a region where viscous effects
are negligible, one finds from experiments or direct numerical simulations that the
velocity fluctuations normal to the wall (x;) are progressively reduced compared
with those parallel to the wall (but at right angles to the flow direction) x3. Now,
in the x,—x3 plane perpendicular to the flow’s motion, there is no direct creation of
Reynolds stress; so the presence of any fluctuating energy in the x,—x3 plane is a
consequence of transfer by way of ¢;; (viz. Egs. (3.28)—(3.30)). The nature of the
approximations made for these processes in the Basic Model means that energy is
transferred equally into u% and u%. In a free flow this is usually not too far from
the truth; but, as noted above, it becomes strikingly incorrect close to a wall. The
pressure reflections from the rigid wall essentially impede the transfer of energy
into directions normal to the wall.

In order to mimic this wall-reflection effect a correction must be applied to the
Basic Model. The first such proposal was by Shir (1973) who, having included only
the process ¢;; in his pressure-strain model (Eq. (3.29)), devised a wall correction
of broadly similar form. He added two ingredients:

e the unit vector normal to the wall, n, which, in a Cartesian system with x, normal
to the wall, has component values (0, 1, 0);
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« the ratio of the local turbulent length scale, [ (= k*/?/¢) to the normal distance
from the wall, x,.

Later, Gibson & Launder (1978), working with the more complete form of ¢;;,
added corresponding wall-damping ingredients involving the mean shear and buoy-
ant parts, ¢;;> and ¢;;3.

Thus, the form usually adopted in software implementations of the Basic Model
is:

Gij = Giji + Gija + dij3 + &+ i + Biias (3.52)

where

, _ 3. 3. [
¢ = ci(e/k) (Mkum NNy 8ij — S dkttingn j — Eukujnkni) S (x—) ,
(3.53)
. 3 3 !
®ij2 = ¢ | Prmaninmdij — §¢ik2”knj - 5¢jk2nk”i f =) (3.54)

n

, 3 3
b1z =3 <¢km3nknm5ij - §¢ik3”knj - §¢ij3”k”i) . (3.55)

The function f takes the value unity in the vicinity of the wall (where / increases
linearly with x,) and diminishes to zero as //x, becomes very small. Sometimes a
linear relation, (I/2.5x,), or a quadratic form, (//2.5x,)?, has been adopted. With
either choice the coefficients are taken as:

The absence of any wall correction to the buoyant part (c; = 0) is surprising but is
surely due to the absence of a sufficient body of accurate near-wall data for stratified
flows. An application of this closure to a stratified surface jet has appeared in
Fig. 3.6, where McGuirk & Papadimitriou (1985) show that even at a free surface
it is important to include ‘wall-reflection’ effects.

More recently, Craft & Launder (1992) discovered that the proposed redistribu-
tion ¢;%, did not work at all well for flow impinging on a wall. For a stagnation
flow, on the axis of symmetry the generation rate of u3 (the stress perpendicular
to the wall) is —2u3dU,/dx,. This is evidently positive since dU,/dx; is negative.
The action of the wall-reflection model of Eq. (3.54) is to reduce the ability of the
pressure-strain term to redistribute energy. As a result, more of the originally pro-
duced energy remains in u3. So, instead of dampening velocity fluctuations normal
to the wall, it enhances them — the opposite of what was required to conform with
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experiment. A modified version of ¢}, was therefore proposed:

U,
o = —o.osaiulum(aij —3mn,)f
AU, 39U 30U;
— 0. 1kay, | —<mmidij — > —mn; — =—Lnn;
“ (axm"l”" I 2 ax, 2axm’””’)f
v, 1
+O.4ka—lnmm (n,n = gaij) /i (3.56)

where

f=1/25x, and q;; = (uiuj — %&ﬂc)/ k.

Another inconsistency in the Basic Model is that most authors have chosen not to
add wall-reflection terms to the scalar-flux model; that is Eqs. (3.37)—(3.39) are used
unmodified. In fact, in cases where one is principally concerned with heat transfer
rates from a wall and buoyant effects are weak, the writer’s group has generally
preferred to adopt the still simpler algebraic GGDH formulation:

k a0

—uib = co—uuy—, (3.57a)
& 8xk

which, close to a heated or cooled wall whose normal points in the x, direction,
reduces to:

— k—d0
—u20 = co—ur—. (3.57b)
& axk

Thus, one adopts a second-moment closure to determine the Reynolds stresses as
accurately as possible (and, in particular, u3), but then resorts to a gradient-transport
representation for u;6.

A weakness in applying the above wall-reflection approach is that the corrections
have been developed empirically to give reasonable agreement for the case of flow
parallel to what is (so far as a turbulent eddy is concerned) an infinite flat surface.
But, thatidealized situation is not one that pertains in most of the flows to which CFD
is applied. It must be partly for that reason that, while Gibson & Launder (1978)
produced an algebraic model from their closure (by neglecting entirely the trans-
port terms) which included their wall-reflection proposals, subsequent applications
of algebraic second-moment closures (ASMs) to buoyancy-modified turbulence
have discarded any such wall-reflection elements. What modellers have generally
done, e.g. Hanjali¢ & Vasi¢ (1993) is permit themselves a modest reoptimization
of coefficients to suit the flows considered. As we have noted, Hanjali¢ & Vasié
(1993) actually employed a linear eddy-viscosity model embedding all the buoyant
influences in the algebraic forms for the heat fluxes and in the transport equations
for k and ¢.
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In fact, a linear eddy-viscosity model is known from Section 2 to be ill-suited for
representing complex strain fields. Thus, if one decides to retain the Hanjali¢—Vasié
strategy for dealing with buoyant effects, one should at least employ a more general
characterization of the effects of strain on the stress field by adopting a non-linear
eddy viscosity, an approach that is briefly summarized in the next subsection.

3.4 A non-linear connection between stress and deformation

The great advantage of adopting an eddy-viscosity model is that it is both relatively
stable and simple to code. But, as has been noted in Section 2, it falls well short of
providing the accuracy, over a broad range of flows, that is needed. The question
that arises is whether, by treating the linear-strain rate as just the leading term
in a series providing an explicit relation between the turbulent stresses and the
mean velocity gradient, a more generally applicable formula could be achieved.
The original formulation by Pope (1975) included terms up to the fourth power
in mean velocity gradient, but the four or five initial proposals that were actually
used in computations all adopted only terms up to quadratic level, an extension
which introduced three additional unknown coefficients. However, there is a large
variation in the numerical values of the coefficients adopted by different workers:
even the signs of the coefficients differed. The reason appears to be the following:
each group of workers had had their minds on one particular weakness of the linear
stress-strain relation that they wished to remove by the addition of the quadratic
terms and they chose the coefficients of the non-linear terms to achieve that goal.
The writer’s conclusion from seeing the disparity in values was that to make a
widely useful extension of the linear EVM, one would have to include higher order
vorticity and strain products. For that reason our work, Craft ef al. (1993, 1996,
1997), Suga (1995), has been based on the following cubic formulation:

2 Y v 8ij
ajj = \ujuj — gaijk k= —;Sij + ; C1 SikSkj - ?(Smkskm

Ly
+ (i Sk + ijSki)) +c3 (Qiijk - ?’kaka>

vk
+ ﬁ (04(Ski Qi+ SkjS2mi)Skm + ¢5 (QﬂszSmj + SitS2m 2

2
— gaijSlQOnin> + ¢68ij Sk Sk + C7Siijlel> ,

where

k (oU; 0U; k (0U; 0U,;
S =— ! 7 ; Q= — Lo L) - ik S20s 3.58
e <8xj + 8x,~> T e (ij 8xi> PR 3-8

and €2 is the rotation rate of the coordinate axes.
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Fig. 3.10 Profiles of mean velocity, shear stress and rms velocity fluctuations
normal to wall near the stagnation point of an impinging axisymmetric turbulent jet.
(Fully developed pipe flow at discharge from jet, two diameters above impingement
surface.) Symbols: experiments (Cooper et al., 1993); broken line: linear EVM

(Launder & Sharma, 1974); solid line: NLEVM (Craft et al., 1996b).

Subsequently, Horiuti (1994, personal communication), who has transformed
an algebraic version of the Basic stress-transport models into an explicit form,
confirmed that cubic elements naturally arise. These cubic elements are essential
to give the model the appropriate sensitivity to curvature. Robinson (2001) and
Iacovides & Raisee (1999), in numerical studies covering a wide range of separated
flows (a class not examined by Suga), have recommended the following slightly

amended values for the coefficients:

Cu C1 Cc C3 C4 Cs Ce

7

1.2/(1 +3.5 -0.1 0.1 0.26 —10c;, 0 —5c;,
[max(S, 21"

5¢2

where § = ,/S;;S;; and Q =



RANS modelling of turbulent flows affected by buoyancy or stratification 85

20
W/Wos

1.6+

084

0.44

00 O 02 03 04 05
r/D
Fig. 3.11 Tangential velocity profile in a pipe rotating about its own axis (Re =

45000). Broken line: any linear EVM; solid line: Craft et al. (1997b); symbols:
experiments (Cheah ef al., 1993).

The quoted form of the model is designed for free flows or near-wall flow
employed with wall-functions. Craft et al. (1997) give the more elaborate form
where integration across the viscous sublayer is required.

Figures 3.10 and 3.11 provide an impression of the success achievable with this
scheme in relation to the linear k—& model. For the impinging jet, Fig. 3.10, use of
the NLEVM avoids the spurious rise in turbulence energy that the linear k—¢ model
generates due to the flow’s deceleration as it approaches the stagnation point. In
flow through a pipe rotating about its axis, Fig. 3.11, the cubic EVM predicts the
strongly non-linear variation in swirl velocity observed by experiment while any
linear EVM gives purely solid-body rotation.

Thus, if one were planning to adopt the Hanjali¢—Vasi¢ model, it would seem
that the use of Eq. (3.58) in place of Eq. (3.46) would provide a better basis for
computing other than thin shear flows. Nevertheless, as a final word, one needs
to remind oneself that the direct role of the vertical scalar flux multiplied by the
gravitational acceleration clearly has an important impact on the vertical velocity
fluctuations (see Fig. 3.7). It is difficult to imagine that a non-linear eddy-viscosity
model (with buoyant effects entering only through the k and e equations) provides a
generally satisfactory way of simulating these effects. Section 4, therefore, presents
more elaborate routes for treating buoyant flows that have been found to provide
superior agreement for a number of difficult test cases.
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4 More elaborate routes to closure
4.1 Introduction

The Basic Model and the simplifications of it discussed in the previous section
evidently have many weaknesses. For this reason, to handle the buoyancy-modified
flows studied at Manchester over the last decade, new, more general models have
been developed. It is acknowledged at the outset that our goal has been to develop
models of very wide applicability. This is not the core need of the industrial user nor
the research student, both of whom generally require accurate CFD calculations
of very particular configurations and flow conditions. Nevertheless, as a guide to
directions that may be taken to improve the reliability of the modelling, it is hoped
that the present section is seen as helpful.

The rationale stimulating UMIST’s advanced modelling work may be summa-
rized as follows.

¢ It makes little sense to try and ‘package’ a simplified second-moment model so that
it reduces to a buoyancy-sensitive eddy-viscosity closure because a different model is
needed for each different class of flow (vertical/horizontal; free/near wall). Such ‘zonal
models’ have little utility for the general circumstances in which CFD software must be
applied.

¢ Using a truncated ASM form is also unattractive because the resultant algebraic equa-
tions can become excessively ‘stiff’, particularly under stratified conditions. Although,
in principle, an algebraic equation should be faster to solve than a differential equation,
this may not in fact be the case due to the greater difficulties of securing convergence.

* While, in principle, full second-moment closure is a more attractive route, the Basic Model
clearly has too many underlying weaknesses (in free shear flows) and inconveniences (in
confined flows or other situations where rigid surfaces of complex shape are present) to
serve as the basis of a general modelling tool.

The conclusion drawn from the above three levels of shortcomings was that one
should try and develop a second-moment closure that did not suffer from the weak-
nesses of the Basic Model — in other words, a form that could be applied both near
walls™ and in free flows without modification and which achieved a much wider
range of validity in buoyant free flows. As it happened, in the late 1980s, research
was already in progress in our group to develop a more satisfactory model for
near-wall (non-buoyant) flows and swirling free jets. The approach being followed
was to apply the so-called two-component limit (TCL) principle in modelling the
unknown terms in the turbulent transport equations, an approach that had first been
advocated by Lumley (1978). This principle seemed admirably suited to account

* Excluding, however, the very thin viscous sublayer adjacent to the wall itself.
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for effects of gravitational forces on turbulence since, in an increasingly stable
stratification, vertical velocity fluctuations are progressively damped relative to
those in the horizontal plane, so that the turbulent fluctuations do indeed approach
the two-component limit (that is, where one component of velocity fluctuations is
vanishingly small compared with the other two). The underlying modelling idea is
that, in this limit, models of the processes should themselves take on the correct
limiting values. If one ensures that, there is no risk of any of the Reynolds normal
stresses taking on negative values™ or, equivalently, of the shear stress violating the
Schwartz inequality. An outline of the TCL model is given in the next section, while
applications to buoyancy-modified and other complex shear flows are presented in
Section 4.3.

In situations where turbulence is decaying with downstream distance due to
the persistence of strongly stable conditions, it may be the case that the diffusion
terms in the second-moment equations become especially important in predicting
the development of the flow. Our experience is that in these circumstances, it is
necessary to adopt a substantially more rigorous modelling of second-moment
diffusion than is offered by the GGDH formula (e.g. Eq. (3.18)). To illustrate the
approach, a partial third-moment closure is applied to a stably-stratified mixing
layer. Finally, Section 4 closes with a view of other ideas in closure modelling that
have seen some success for particular applications but which to date have not been
widely applied.

4.2 TCL closure of the second-moment equations

While Schumann (1977) and, in more detail, Lumley (1978) had set out the prin-
ciples of applying the two-component limit, it was only some seven years later
that Lumley’s group (Shih & Lumley, 1985) first advanced suggestions for how to
apply these in model formulation. The main attention in that work was directed at
the mean-strain parts of the pressure-strain and pressure-scalar-gradient terms (¢; >
and ¢;g») in the stress-and-scalar-flux-transport equations.

In what follows, only an outline presentation is given; the constraints applied in
determining the numerous coefficients are those adopted by Fu et al. (1987) and by
later UMIST work (a full account is provided in different chapters of Launder and
Sandham, 2002). First we note that from the Poisson equation describing pressure
fluctuations the mean-strain part of the pressure-strain correlation may be written

(Chou, 1945):
i = 1 /E)Ui/ u,, (du; 4 du;\ dVol (3.59)
V2T on x), x} dox;  0x; r’ '

* Evidently, for i = j, u;u; cannot in reality be negative.
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where quantities with a prime superscript are evaluated at x” while those without
are evaluated at x (see inset sketch).

o

Next we assume that the flow can be regarded as homogeneous so that the mean
velocity gradient at x’ can be assumed to be that at x and thus taken outside the
integral sign. It seems that in most regions of the flow this assumption is adequate.*

v, , .
¢y = 871(61;5-” +a), (3.60)

m

where

mi_
li 2 ) ox]

1 [ oul, <8ui auj)dVol. (3.61)

0x; 0Xx; r

Thus, the task of devising an approximation for the process d)l?"jz has been replaced
by that for approximating the fourth-rank tensor a,’;?[. On the face of it, it does
not seem that progress has been made. The advantage of focusing on Eq. (3.61),
however, is that, for any modelled form of a,"j?i , One may impose many constraints
which the exact equation must satisfy: for example if i is set equal to j (that is,
one contracts the equation), continuity demands that a?}i = 0 in a flow where the
turbulence is incompressible. There is also the two-component limit to apply. First,
however, a general form of approximation is needed. Noting that the dimensions of
Eq. (3.61) are those of Reynolds stress, and that the two-point velocity correlation
appears in the numerator, naturally suggests one should look for an approximation
in terms of the stress anisotropy tensor. Thus, we postulate:

a18mid1j + a2(8mibij + 8:16,))
. + o3a,i0; + . ..
al';.” =k | +o6auid;+ ... . (3.62)
+ 0130 Qg Ay - - . Q200 pgAgpamidi;
+ higher order terms

If we truncate the expansion with third-order terms, even after including symmetry
constraints (i.e. the form must, as implied, be unchanged by interchanging m and i or

* It is not appropriate, however, if one is considering the ‘buffer’ region adjacent to a wall. Launder & Tselipidakis
(1992) and, more recently, Launder & Li (1994) have suggested the inclusion of an additional term proportional
to the second derivative of mean velocity which is of negligible importance outside the ‘buffer’ region.
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[ and j) there remain twenty unknown coefficients as indicated in (3.62). However,
by imposing the following constraints that Eq. (3.61) must satisfy:

aji' =0 =ap’, (3.63a)
all = 2uu;, (3.63b)

and by enforcing the two-component limit, that is:
a;*=0 if uy=0 (and thusuu; =0), (3.63¢)

eighteen of the twenty unknowns may be determined. After extensive re-grouping
of terms, the result may be presented as:

o5 = —0.6( Py — 26, P ) + 036y (2
ij2 — . ij 3 ijLkk . a;j e

ukujm aUk 8U1 Uiy 8Uj 8U,»
02| —— =+ — |- —= wm—L +u;
|: k < ax; + 8xk Hitlk ax; + itk 1

- CZ[AZ(Pij - Dij) + 3amianj(Pmn — D))

ol (L -22) (- Ls,p
) AT A G S
1 1 P
+0.1¢ ajj — E ikQkj — §5,~jA2 ? — 0.0Sa,:,-alkPkl

i®m jUm 2 m
Lol [(ﬂpmj N Mpmi) _ _3“&%]

k k 377k
Ul Ul 1w, ugi, au, U,
01| —————=6;;——— | | 6D 13k — + —
+ [ k2 3T 2 ][ ¥ <8xk * o
ujiu;u

u .
+0.2 %(D;k - P,k)} : (3.64)

oU aU,
where D,,, = — umuk—k + unuk—k and A, is the second invariant of the
0X, 0X,,

stress anisotropy defined in Eq. (3.66).

In this form we note that the only linear term is in fact the form adopted in the
Basic Model (but note that now the coefficient ‘0.6’ is not an empirical constant
but a direct product of the analysis). The groups of terms multiplied by the two
undetermined coefficients are of very unequal length. For that reason our early
work with the TCL model put c/2 to zero (Launder, 1989a). However, it was later
discovered that, by retaining both groups of terms, not only could some of the hard-
to-predict features of free-shear flows be better resolved but, more importantly, the
approximation could be applied also close to walls (though, as noted above, outside
the viscous/buffer region where spatial variations in mean-velocity gradient are so
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rapid that an ‘inhomogeneous’ correction is needed). The recommended values
(Launder & Li, 1994) are:

2 =0.55; ¢, =0.6.

While analysis has proved effective for determining the form of ¢;},, for the turbu-
lence part of ¢;; a more ‘brute force” approach is adopted. It is assumed that:

1
¢ij1 = —c1€ (aij +c] (aikajk - 5!“2&',’)) , (3.65)

which will be recognized as the form adopted by the Basic Model (Eq. (3.29)) with
an additional non-linear term. In order that this expression should conform with the
two-component limit, it is necessary that ¢, should fall to zero whenever this limit is
reached. A way of doing this was proposed in the original paper by Lumley (1978).
We can form two independent invariant measures of the anisotropy of Reynolds
stress from the tensor a;; which may conveniently be taken as:

Az = qijdji and A3 = a;jdjrag; - (366)

What, for present purposes, is extremely helpful is that the invariant quantity A,
defined as:

9
A=1- (A - A3), (3.67)

has the property that it always equals zero in two-component turbulence (and, of
course, unity in isotropic turbulence). Thus, by making c; a function of A, it is easy
to ensure compliance with the TCL. The values of these coefficients adopted in
most of our studies are:

o = (37542 + 1)A; ¢, =07, (3.68)

A complete statement of the TCL model for ¢;; together with the corresponding
form for ¢;g1, P;e2 and ¢;g3 are given in Appendix 2, Table 3.5. Derived originally
by Craft (1991) (see also Craft & Launder, 1989), the TCL modelling of ¢;4, leads
to the interesting result that all the coefficients are determined by the analysis,
their values being shown in the table. (The numerical values for ¢;9;, however, are
determined by computer optimization.)

The buoyant contributions to ¢;; and ¢;¢ are determined in a similar manner, the
forms being listed in Tables 3.4 and 3.5. Again, all the free coefficients are fixed
by kinematic constraints, including compliance with the two-component limit.

There is a further important novelty concerning the TCL model and that relates
to the dissipation equation. With the TCL model, while superficially the form of
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the ¢ transport equation is conventional:

De e &2
Dr = de + Ce ;(Pk + Gi) — Ce2 s (3.69)
the coefficients have been optimized to the values:
1.92
ce1 =1.0; cp= (3.70)

14+0.74)% Ay

where A5 = max (A, 0.25).

The reduction of ¢, (from the more usual value of approximately 1.44) means
that local mean velocity gradients have a diminished role in the equation compared
with transport. The sink term has also been reduced except for the case of isotropic
turbulence for then, since A, = 0, the conventional value of 1.92 is returned for c,».
Among the various benefits that this choice brings over the usual form is that the
same coefficient values can be used in both horizontal and vertical buoyant flows.

While solution of a transport equation for e49 should, for consistency, be the
path for finding this unknown quantity, in common with others active in this field,
the writer recommends that at present this be found by prescribing the time-scale
ratio, R. Unlike the previously proposed practice of assigning a constant value to
R, however, following Haroutunian and Launder (1988), it is suggested that it be
obtained from:

3 0 u;0
R=2(1+Ay). whereAy = 247
2 k6?2

Ajy is just the dimensionless correlation coefficient between velocity and scalar
fluctuations.

(3.71)

4.3 Some applications of the TCL Model

We begin this comparison by considering the computations of Craft (1991) of a
horizontal, stably-stratified flow that had been created by passing a uniform flow past
ascreen of differentially heated horizontal rods, Webster (1964), Young (1975). The
computations shown in Fig. 3.12 have assumed local equilibrium (i.e. (P + Gg) =
€) which, judging from the scatter in the experimental data, was not always close to
the truth. Nevertheless, since the data were simply plotted showing the dependence
of various non-dimensional groups involving the Reynolds stresses and heat fluxes
on the gradient Richardson number, Ri, there is no other supposition that could have
been made. (Note that in this figure v denotes vertical velocity fluctuations and u
streamwise fluctuations.) Evidently, as the gradient Richardson number increases,
the shear-stress and horizontal-heat-flux correlation coefficients decay while the
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Fig. 3.12 Second-moment sensitivity to stable buoyant stratification in horizontal,
nominally-equilibrium homogeneous shear flows, Craft er al. (1996).

(a) Shear-stress correlation coefficient.

(b) Normalized turbulent Prandtl number.

(c) Correlation coefficient of horizontal heat flux.

Symbols: experiments, o Webster (1964); O Young (1975).

Computations: - - - - - Basic Model, _____ TCL Model.

turbulent Prandtl number increases. The TCL Model reproduces this behaviour at
least as accurately as the Basic Model even though the two empirical coefficients
in the buoyant terms of the latter model were optimized by reference to these
data (Launder, 1975). In contrast, the TCL Model has no empirically adjustable
coefficients in the buoyant parts of ¢;; and ¢;g.

Attention now shifts to two-dimensional inhomogeneous flows, so transport
equations have been solved for the continuity and momentum equations, for four
Reynolds stresses, two scalar fluxes, for 62 and ¢; that is, eleven dependent variables
in all. First we examine the spreading rate of five self-preserving free shear flows
covering a range of flow types (Cresswell et al., 1989). Although these flows are
usually regarded as ‘parabolic’ (i.e. that streamwise diffusion is neglected thus
permitting a forward-marching solution to be applied) in the results presented in
Table 3.2, an elliptic solver has been used for both the buoyant plumes and the jets.
The differences between a parabolic and an elliptic solution for these cases are, in
fact, quite significant especially for the axisymmetric flows (see el Baz ez al., 1993).
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Table 3.2 Spreading rates of five self-preserving shear flows

Recommended
Flow Basic Model exptl. values TCL Model
Plane plume 0.078 0.120 0.118
Round plume 0.088 0.112 0.122
Plane jet 0.100 0.110 0.110
Round jet 0.105 0.093 0.101
Plane wake 0.078 0.098 0.100

For example, a parabolic solution leads to spreading rates for the round jet some
14% greater than that returned for an elliptic treatment.

It is evident from Table 3.2 that the TCL Model is far more successful at cap-
turing the spreading behaviour of these five free flows than the Basic Model. Even
though there is some discrepancy in the computed rate of spread of the two axisym-
metric flows, the error is at least very similar in these two cases and small enough
(= 8%), for many applications, to be within the required computational accuracy.
(The Basic Model, in contrast, has larger errors for each flow and, more seri-
ously, while the computed spreading rate of the round plume is too low, that for
the round jet is too high.) The same workers extended their study to the case of
a hot round jet discharged vertically downwards into a cold-water environment
moving upward at less than 2% of the mean jet discharge velocity. The experi-
mental study was one that had been undertaken at the CEGB’s Berkeley Nuclear
Laboratories specifically to assess capabilities of alternative modelling schemes
(Cresswell, 1988). Figure 3.13a provides a vector-velocity plot of the flow in the
vicinity of discharge showing the reversal in the jet direction, while Figs. 3.13b
& c compare the measured and computed shear-stress and mean velocity profiles
at a position one diameter downstream of the jet discharge. It is clear that the
TCL Model captures the mixing more accurately than the Basic Model. Moreover,
an unexpected advantage from the use of the TCL scheme was that, because that
model (even during iterations of an un-converged solution) could not generate neg-
ative normal stresses, convergence rates were much faster. Thus, despite the many
extra arithmetic operations per iteration (associated with the complex forms of ¢;;
and ¢;¢) total computing times for convergence were 30% less than for the Basic
Model.

We return finally to the case of the horizontal, stably stratified mixing layer.
When considering Fig. 3.5, attention in Section 2.4.2 was directed purely at the
inadequacy of computations with the k—¢ eddy-viscosity model (shown by a broken
line). Clearly, the use of the TCL second-moment closure (solid line) gives much
closer agreement with the experimental data presented here in normalized form. In
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Fig. 3.13 Axisymmetric, downward directed buoyant jet, Cresswell et al. (1989).
(a) Computed velocity vectors.

(b) Turbulent shear stress one diameter below jet discharge.

(c) Mean velocity at same position.

Symbols: experiments, Cresswell (1988);

computations: - - - - - Basic Model, _____ TCL Model.

fact, at the most downstream position (x = 40 m), it is evident that the computed
salinity profile is too broad even with the TCL model. The reason for this has
been the subject of a detailed study by Kidger (1999) (see also Craft, Kidger and
Launder, 1997; Craft and Launder, 2002), from which it was concluded that the
problem principally lay with the rudimentary handling of diffusive transport of the
scalar fluxes. This is a topic examined further in Section 4.4.

Before that, it may be of interest to draw attention to other (non-buoyant) appli-
cations of the TCL Model in three-dimensional and other complex strain fields.
The first relates to the fully-developed flow through a duct of rectangular cross-
section where a portion of the wall is roughened, Fig. 3.14. The experiment by
Hinze (1973) was perhaps contrived to achieve particular effects but, nevertheless,
ducts composed of partly rough and partly smooth surfaces are not uncommon in
the nuclear industry — for example, in the cooling channels of AGRs. In this exper-
iment only the axial velocity contours were measured, though the strong uplift of
these contours near the centre of the lower wall is a clear indication of an appre-
ciable secondary motion induced by the anisotropy of the Reynolds stresses acting
in the cross-sectional plane of the duct. An isotropic viscosity model of turbulence
entirely fails to predict any secondary motion because, if we take x, and x3 in the
plane of the cross section, the major contribution to the secondary motion arises
from variations in the differences between u% and u% over the cross section. Now, an
isotropic viscosity model gives equal values to these normal stresses, thus resulting
in there being zero source of streamwise vorticity (which is another way of looking
at the secondary flow). By solving transport equations for the Reynolds stresses, one
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Table 3.3 Asymptotic spreading rates for 3D wall jet

Normal Lateral

dyi)2 drip X

dz dz Y12
Expt. Abrahamsson et al. (1997)  0.065 0.32 4.94
k- EVM 0.079 0.069 0.88
Basic DSM 0.053 0.814 15.3
TCL DSM 0.060 0.51 8.54

H=009m [

ic)

Fig.3.14 Axial velocity contours in flow through a partially-roughened rectangular
channel, Launder & Li (1994).

(a) Computation, TCL Model.

(b) Experiment, Hinze (1973).

(c) Computation with Basic Model.

escapes this problem, though one notes from Fig. 3.14 that while the Basic and TCL
Models both predict that there should be an upwelling of the streamwise velocity
contours above the smooth patch on the lower wall, only the TCL Model gives
the correct shape of the contours due to the different secondary velocity profiles
predicted by the two models.

An even stronger manifestation of the effects that an induced streamwise vor-
ticity can exert occurs in the three-dimensional wall jet or free-surface jet: that is,
the shear flow arising from the discharge of a round jet parallel and adjacent to
a plane surface (which may be a wall or, say, a gas-liquid interface). Table 3.3
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from Craft & Launder (1999) compares asymptotic, self-similar growth rates for
the three-dimensional wall jet obtained with different levels of modelling with the
experimental data of Abrahamsson ez al. (1997). The observed lateral rate of spread
parallel to the wall is some five times as great as that normal to it. The eddy-viscosity
model in contrast predicts a spreading-rate ratio of less than unity. The solution of
stress-transport equations has a very large effect, the Basic Model giving a rate of
spread that is now too large by more than a factor of three! The TCL Model does
better both in the computed rates of spread and in the shapes of the velocity profiles
(not shown) though the quoted spreading rates are evidently still appreciably too
large. The reason for this discrepancy, it transpired, was that, contrary to the exper-
imenters’ supposition, the measured wall jet had not reached its fully-developed
state (an assumption which had reduced the computation from three-dimensional
to effectively two-dimensional thus enabling a more precise numerical solution).
Craft & Launder (1999, 2001) show that, when they subsequently computed the
flow with a ‘marching’ three-dimensional solver, the TCL Model gave a com-
puted rate of spread that accurately matched the measured behaviour at 50 nozzle
diameters downstream (though to reach asymptotic conditions required a further
100 diameters of development).

Similar modelling challenges arise with the three-dimensional, isothermal free-
surface jet, for which experiments were made by Rajaratnam & Humphreys (1984).
Because in this case the experimental data were evidently not fully developed, a
developing flow computation was adopted from the beginning (Craft et al., 1999).
One notes from Fig. 3.15 that the vertical and lateral growth rates are captured
much more satisfactorily with the TCL Model, a superiority that carries over to
the mean velocity profiles too, Fig. 3.16. The writer was, indeed, surprised to find
that the Basic Model performed so poorly when applied to jets near plane surfaces;
for the wall-reflection terms, Eqgs. (3.52), (3.56), had been calibrated for just such
surfaces. It helps underline the advantages of adopting a model that does not have
to apply such wall-reflection corrections.

As a final example, the opposed wall-jet study of Craft et al. (2003) is shown in
Fig. 3.17. The main problem is that of predicting correctly how far the downward-
directed wall jet can penetrate against the slow upward-moving stream. Alto-
gether three different turbulence models and three different wall treatments were
employed. Because the figure is printed in monochrome both the ‘blue’ (downward
vertical velocity) and the ‘red” (upward vertical velocity) ends of the scale appear as
black. Our attention is, however, purely on the distance that the downward-directed
wall jet on the right side of each figure penetrates. The target data are the LES sim-
ulations of Addad et al. (2003). Partly the RANS results confirm what has already
been reported in Section 3; namely, that the analytical wall-function approach of
Gerasimov (2003) used in conjunction with the high-Re k—¢ EVM (not shown)
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Fig. 3.15 Vertical and horizontal spreading rates in a free-surface, non-buoyant
jet, Craft et al. (1999).

(a) Vertical spread.

(b) Horizontal spread.

Symbols: experiment, Rajaratnam & Humphreys (1984).

Computations: _ ___ _ ___ Basic Model,

TCL Model.

does well in mimicking the behaviour of the low-Re k—¢ EVM. However, for this
colliding flow neither scheme predicts a fast enough detachment and turning of the
wall jet. If the k—¢ EVM is replaced by the TCL second-moment closure, how-
ever, agreement with the LES data of Addad et al. (2003) is improved, particularly
when used with the analytical wall function. Gerasimov (2004) has also considered
cases where the wall-jet temperature is higher than the up-flowing stream, causing a
buoyant up-thrust to be applied to the wall jet which reduces the penetration depth.
Again, the TCL closure with analytical wall functions achieved the best agreement
with the reference data.

4.4 Diffusive transport in stably-stratified flows

In considering the stably-stratified saline mixing layer in Section 4.3, it was
asserted that the too wide dispersal of the salinity mixing layer 40 m down-
stream was a consequence of the rudimentary approximation of diffusion processes
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Fig. 3.16 Mean velocity-profile development in free-surface jet, Craft ez al. (1999).
Symbols: experiment, Rajaratnam & Humphreys (1984).

Lines: computations

(a) Basic Model; (b) TCL Model.

LRN Calculation Standard WF Analytical WF
k-t model TCL model TCLmodel

Fig. 3.17 Prediction of the downward-directed wall jet. (Note: wall jet descends
at right of each figure.) From Craft et al. (2003).



RANS modelling of turbulent flows affected by buoyancy or stratification 99

in the second-moment equations. Craft e al. (1996) developed a model for the
diffusion of 62 from approximating and substantially simplifying the exact transport
equation for u;02; the form proposed was:

902 du,0

Lk 3628
Our | — + 20uy
Bxk

2 —
ui0c = —cy— | | wjur — —
e 4

3.72
oxs (3.72)

o
The crucial element in the above is the presence of the buoyant term within paren-
theses which, in a stably-stratified medium, reduces the diffusion of 62. While this
form certainly led to marked improvement in the mean density profile, it has proved
to be tiresomely unstable. Consequently, in his Ph.D. research, Kidger (1999) opted
for solving transport equations for all the triple moments containing 6 (i.e. salinity
fluctuations). A discussion of the closure strategy employed is not attempted here
but the relevant (edited) extract from Kidger’s thesis is included as Appendix 3.
Thus, in addition to transport equations for all second moments, further equations
are solved for:

63 (which appears in the buoyant term ofthe u;02 equation),
u;0%  (i.e. for u162 and for u,62 in a two-dimensional flow)

and u;u;0 (i.e.in two dimensions, u%@, u%@ and u u»0).

Thus six extra transport equations were solved for the above variables while the
six non-zero velocity triple moments u;u ju; were obtained from the conventional
GGDH approach. Kidger (1999) reported much greater difficulties in getting the
second-moment version to converge compared with the third-moment closure; so,
that may be noted as one advantage of the more elaborate scheme. A very stark
difference was also found in the actual computed behaviour, Fig. 3.18. As with the
earlier results of Craft ef al. (1996), the second-moment results show a too great
dispersion and, what is worse, the salinity levels do not remain within the upper and
lower bounds of saline concentration at the start of the mixing region. The cause of
this unphysical behaviour is the buoyant terms in the vertical density-flux equation
leading to a counter-gradient transport of the denser (saltier) fluid.™

The same buoyant terms are also present, of course, in the second-moment
equations when one adopts the third-moment closure. However, by determining

* The reader may note that the TCL2 results in Fig. 3.17 are different from those shown in Fig. 3.5. The latter
computations were performed ten years ago and, understandably from that distance, memories have faded.
It seems, however, that in Fig. 3.5 the local computed values of pmin and pmax Were used (and thus the over-
and undershoots did not become apparent) whereas, in Fig. 3.17, experimental values have been used for these
quantities, plainly exposing the unphysical nature of the results.
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Fig. 3.18 Vertical salinity profiles in stably-stratified mixing layer, Craft et al.
(1999).

TCL 3: partial third-moment solution;

TCL 2: second-moment closure using GGDH for third-moments;

TCL 1: second-moment closure for dynamic field; GGDH for scalar fluxes.

the third moments from their own transport equation (in particular u36, which
represents the vertical diffusional transport of u,0), as seen in Fig. 3.18, the levels
of ® remain properly bounded and indeed the ® profile is in much closer agreement
with the experiment.*

Before leaving this case it is worth noting that almost as satisfactory agreement
is obtained if, instead of elaborating the second-moment closure to third-moment
level, one simplifies it by dropping the transport equations for the scalar fluxes,
using instead the GGDH formula to obtain them, i.e. u;0 = —(coku;ug /€)00® /0xy.
This is the closure level referred to in Fig. 3.18 as “TCL 1°. The density profile
shows for this case a rather too thin mixing region or, in other words, a somewhat
too abrupt switchover from fresh to saline water. Agreement is, however, clearly
superior to that of the (complete) second-moment closure. It is further noted that
the computations of the downward-directed wall jet shown in Fig. 3.17, Gerasimov
(2004) also adopted a “TCL 1’ level of modelling. The questions of strategy which
these experiences raise are considered briefly in Section 5.

* There is a vertical displacement of the measurements relative to the computations which seems to be a conse-
quence of weak secondary flow in the experiments (which was of course not captured by these two-dimensional
computations).



RANS modelling of turbulent flows affected by buoyancy or stratification 101

4.5 Other approaches to the modelling of buoyant flows
4.5.1 DNS and LES treatments

Direct and large-eddy simulations of turbulent flow are now becoming very widely
employed in turbulence research. Direct numerical simulations (DNS) are simply
accurate numerical solutions of the time-resolved Navier—Stokes equations and
(where appropriate) the corresponding energy or species transport equations at
Reynolds or Rayleigh numbers where the flow is turbulent. Because of the huge
amount of memory and computing time required, these are still very much the
province of the specialist, fundamental research laboratory. The Reynolds num-
bers that can be resolved are still low and the configurations studied still rather
simple. The most extensively studied geometry has been the flow between parallel
planes, both forced and buoyantly driven convection being explored. For example,
Versteegh & Nieuwstadt (1998) consider the buoyantly driven flow between ver-
tical planes (one heated, one cooled) and provide a detailed quantitative analysis
of their results within the context of budgets of the second-moment equations. A
similar study was undertaken by Worner & Grotzbach (1998) for horizontal, dif-
ferentially heated plates (the Rayleigh—-Bénard problem). From this the novel and
rather controversial result to emerge was that most of the diffusion of the second
moments (for example the turbulence energy) was driven by pressure fluctuations
rather than by velocity fluctuations.

While the role of DNS today is very much in the business of helping to improve
turbulence modelling at second-moment and simpler levels, large-eddy simulation
(LES) is being selectively applied directly to industrial problems that cannot be —
or, at least, have not so far been — successfully tackled by second-moment closure.
As with DNS, one adopts a three-dimensional time-dependent approximation but
acknowledges that one cannot resolve all fine-scale motions responsible for most
of the dissipation. Thus a ‘subgrid-scale’ (sgs) turbulence model is usually added.
These models have ranged in complexity from second-moment closure, Deardorff
(1973) (though with a turbulent length scale related to the size of the grid) to the
mixing-length hypothesis, whose first use within the context of sgs modelling is
attributed to Smagorinsky (1963). Moreover, several studies have made no explicit
use of a subgrid-scale model. Essentially, these rely on numerical diffusion asso-
ciated with the numerical discretization scheme to take the place of an sgs model.
Such approaches have been adopted by Boris ef al. (1992), Muramatsu (1993) and
Hashiguchi (1996) among others. However, currently the most popular route to
subgrid-scale modelling is probably the developed form of Smagorinsky model
proposed by Germano et al. (1991) in which, essentially, the coefficient of the local
subgrid-scale viscosity is obtained by extrapolating statistics of the finest turbulent
eddies actually resolved by the grid.
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A recent review of LES studies has been provided by Grotzbach & Worner
(1999). Among the many applications cited are several related to problems of
thermal striping, a problem which necessitates the acquisition of time-resolved
information on the large-scale flapping and intermittency associated with the outer
regions of turbulent jets, e.g. Voke & Gao (1994). It is certainly such intrinsically
time-varying problems where LES is at its most powerful and where the compu-
tational penalty of adopting such an approach compared with a time-dependent or
stationary RANS approach is less severe.

4.5.2 Unsteady RANS approach

There is an extensive record of periodic or quasi-periodic flows being computed by
RANS models in time-dependent numerical schemes. The more challenging situa-
tions to examine are those where the unsteadiness arises from some flow-generated
instability or other feature, the Karman vortex sheet for example. The level of reli-
ability attainable with this approach relative to that of LES seems to depend on the
problem being tackled and on who is doing the computations. Recently, Kenjeres &
Hanjali¢ (1999, 2002, 2003) applied the approach to the study of Rayleigh—Bénard
convection. This represented an interesting extension from previous studies because
the flow, while certainly dominated by large-scale, buoyancy-driven eddies, did not
exhibit the very clear, coherent unsteadiness that arises downstream of a bluff body.
The turbulence model adopted was a greatly truncated algebraic form of second-
moment closure, similar to that of Hanjali¢ & Vasi¢ (1993) discussed in Section 3.
Figure 3.19 compares an instantaneous ‘snapshot’ showing the eddy pattern cre-
ated by the Kenjeres—Hanjali¢ unsteady RANS (URANS) with the DNS results
of Worner & Grotzbach (1998). Clearly, the eddy structure is similar in the two
cases though, as would be expected, the URANS computation lacks the finer scale
detail (the role of the turbulence model is to make good the effects of this missing
fine-scale structure).

Although the DNS results with which comparison is made are not at the same
Rayleigh number, it appears from Fig. 3.20 that satisfactory prediction of the rms
temperature fluctuation is achieved since the URANS results at a Rayleigh number
of 107 lie between the DNS results at 2 x 107 and 6.3 x 10°. They are also evi-
dently superior to those obtained with a (steady) two-dimensional RANS treatment
employing the same turbulence model which leads to levels of temperature variance
at a height mid-way between the upper and lower plate of only about half of that
generated by the URANS simulation.

A conclusion seems to be that an unsteady RANS treatment may offer the
prospect of simulating various flow phenomena in gravitationally driven turbu-
lent flows which have hitherto been regarded as being predictable, if at all, only
with the more costly large-eddy simulations. Indeed, the Kenjeres—Hanjali¢ team
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DNS: Woerner (1994)

Fig. 3.19 Eddy structure in simulations of Rayleigh—Bénard convection, Kenjeres
& Hanjali¢ (1999). (a) DNS simulation, Worner & Grotzbach (1998). (b) Unsteady
RANS.

o

DNS Woerner (1994)
—s——-a—- Ra=6.3E+5
DNS Kerr (1996)
cedfeeeeees Ra=2 E

= z/D

+7

——————- Ra=1.E+9

.2

] 3
8/AT

Fig. 3.20 Rms temperature fluctuation profile between upper and lower plates,
Kenjeres & Hanjali¢ (1999).

has continued to press upward in Rayleigh number and in summer 2003 showed
impressive results for values up to 10'* (a level of Ra well beyond what has been
simulated with LES) which exhibit a distinct increase in slope of the Nu—Ra rela-
tionship. This result has greatly interested the experimental physics community
as two recent experiments of high-Ra R-B convection showed strongly different
behaviour at high Rayleigh numbers: one indicated that Nu increased as Ra®3! over
the whole turbulent-flow regime, while the other found that the exponent changed
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from 0.30 to 0.38 for Ra ~ 10", a result which the Kenjeres—Hanjali¢ (2003)
computations closely reproduce.

The relative cost of the two strategies (LES or URANS) is still a matter of
debate. Hanjali¢ (personal communication) feels that the cost saving of employing
an optimized URANS approach is at least one order of magnitude (which would
seem to be more than borne out by the fact that, with the URANS strategy, results
have been obtained for Rayleigh-Bénard convection for values of Ra at least two
orders of magnitude higher than LES). Grétzbach & Wohner (1999), by contrast,
cite examples where, compared with a URANS treatment employing just a linear
k—e EVM, the LES treatment took, in one case, eight times as long (‘but giving
much more reliable results and more information’) while, for the study of flow
through a cross-corrugated heat exchanger, the time penalty was only a factor of
two! The matter seems likely to be resolved only by an independent re-examination
of this issue. It appears that groups that have so far employed both LES and URANS
on the same problem have not adopted gridding and other numerical practices that
are equally suited to both schemes. Indeed, Moin (2000) has asserted that really the
Kenjeres—Hanjali¢ study above should be interpreted as a genuine LES because,
in his view, any subgrid-scale model should be assigned independently of the grid
used (a practice which may well become the adopted norm but which is not at
present).

4.5.3 Two-scale modelling

The concept of adopting more than one time or length scale within one’s turbulence
model was first advanced in the 1970s (Launder & Schiestel, 1978; Hanjali¢
etal., 1980). The cited papers imagined the energy-containing part of the turbulence
spectrum, Fig. 3.21, to be split into a ‘production’ range (wherein the turbulence
energy is produced) and a ‘transfer’ range (wherein there is little net production or
dissipation . . . but where energy is simply broken down into smaller and smaller
eddies). Eventually, the energy is dissipated in very fine scale eddies. Thus, instead
of transport equations for k and e, with this split-spectrum concept, kp, kt, €p and
e all appeared as dependent variables.® This decomposition added two strengths
to the model: firstly, it built in a time delay between new energy entering turbulence
and the effects being felt in the dissipation rate; secondly, it provided two new
dimensionless parameters, kp/kt and ep/e1, on which the empirical coefficients
could rationally be held to depend. However, the original model was constructed
around a linear eddy-viscosity stress-strain hypothesis. The elaborate treatment
of the scales seemed, to the writer, to be ill-matched to the rudimentary choice of the

* Separate equations were not required for k and & since k = kp + kt and e was assumed equal to ¢.
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Fig. 3.21 Split-spectrum concept (from Hanjali¢ et al., 1980).
(a) Sketch of energy spectrum and its partitioning.
(b) Plumbing analogy of split-spectrum concept.

stress-strain connection. Schiestel (1987) subsequently proposed a more elaborate
second-moment scheme (employing u;u jp and u;u ;T as dependent variables. This
level of closure is, personally, seen as a too elaborate approach for other than
(numerically) very simple one-dimensional, homogeneous flows (since one needs
to solve transport equations for two second-rank tensors). However, Yonemura &
Yamamoto (1995) have persisted in this strategy, applying it successfully to a
number of (non-buoyant) two-dimensional boundary layers.

The writer believes that it is desirable to pursue further the multi-scale approach
but would advocate a different strategy from that proposed above. Firstly, the main
need for innovation can be met by simply adopting two transport equations for ¢,
that is (as before) for the production (¢p) and transfer (¢1) ranges (and presuming
et = ¢). This feature provides, in principle, both the spectral time lag (between the
input and dissipation of turbulence energy) and the opportunity to make the mod-
elling coefficients (weakly) dependent upon ep /et (which introduces some explicit
dependence of the model form on the shape of the energy spectrum). The stress
transport equations would be solved either in differential (preferably) or algebraic
form adopting (desirably) the TCL approximations introduced in Section 4.1. The
time scale for the diffusion processes should be k/ep but, in the various dissipation
terms, et would be employed. A further feature should be the development of a
source term for ep which depended on the mean strain in ways other than just the
turbulence energy production rate, Px. So far as the writer knows there has been no
work in this direction at present. Indeed, the only application found of the multiple-
scale approach to a buoyancy-modified flow was a very preliminary ASM study
(Huang et al., 1993) using modelling ideas from the 1970s.
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5 Opverall conclusions and recommendations

* The effects of gravitational forces on turbulence structure are highly diverse in character
and by no means completely understood. It is thus not surprising that there is no sentiment
among the turbulence modelling community that a ‘universal’ treatment for such flows
is currently available — or will become available in the foreseeable future.

* As a generalization, it may be said that raising the order of closure modelling improves
the likelihood of generating CFD results that correspond closely with reality. Thus, an
algebraic second-moment (ASM) approximation may be expected to be more reliable than
a standard eddy-viscosity (EVM) treatment; successively refining the ASM model either
to a differential second-moment closure (DSM), to a partial third-moment closure or, for
unstably-stratified flows, to an unsteady RANS/LES scheme would also be expected to
improve the realism of the results.

* Nevertheless, there are known cases that violate this expected link between modelling
refinement and computational realism. Thus it is important that workers applying CFD
to stratified flows should themselves be familiar with the history of prior applications of
CFD in stratified flows, as has been presented in Sections 2—4 of this chapter.

¢ The standard, very widely used k—¢ (linear) eddy-viscosity model is only usable with
confidence in buoyancy affected flows adjacent to a wall where the predominant effect
of buoyancy is felt in the vertical mean momentum equation rather than in the turbulence
equations. The approach has been successfully applied to mixed convection through
vertical tubing and related flows.

¢ Vertical free flows (plumes) affected by buoyancy are not reliably predicted at the EVM
level of modelling, but this may be seen as a general weakness of modelling free flows
(irrespective of buoyant effects) due, in part, to the greater importance of transport effects
in such flow than in flow near walls.

* In refining a linear eddy-viscosity treatment, a simple and reasonably successful strat-
egy, adopted by at least two independent groups, has been to retain the standard linear
stress-strain relation but to adopt an improved representation of the scalar flux (heat
flux or species flux, according to the application) by using the generalized gradient-
diffusion hypothesis or some other more complete approximation. This has the effect
of increasing the importance of the buoyant term in the turbulent kinetic energy equa-
tion. An advantage of proceeding in this way is that the linear eddy-viscosity formula
may be straightforwardly replaced by a non-linear eddy-viscosity model, as discussed in
Section 3.4. Such a replacement will ensure a more accurate computation of the stress
field in situations where there is appreciable streamline curvature or other ‘difficult’ strain
fields.

¢ In stably-stratified, horizontally directed shear flows the standard k—s model gives much
too rapid mixing. The main physical reason for this is that vertical velocity fluctuations
which are principally responsible for the mixing (since the steepest gradients in mean
velocity, temperature or mass fraction are vertical) are directly damped by the stable
stratification. Several groups have tried to compensate for this by omitting the buoyant
term from the ¢ equation. This raises the level of energy dissipation, reducing k and hence
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the turbulent viscosity. However, even among stable, horizontal flows, the success of this
practice is substantially case dependent.

Given the range of flow problems and geometric configurations encountered within indus-
try, amore generally applicable basis for turbulence modelling is desirable. Such a strategy
is provided by second-moment closure, a modelling level developed in Section 3. The
starting point for modelling at this level is the exact transport equations for the Reynolds
stress and scalar flux which explicitly contain the direct effects of buoyant forces on the
turbulent field. However, there are also important buoyant effects on the unknown terms
in those equations so the overall modelling is not exact . . . but, in principle, it should be
more secure than closures assuming a linear eddy-viscosity model.

In simple free flows, if one adopts what is known as the Basic Model and neglects
transport effects, the second-moment equations can be reduced to an eddy-viscosity model
that includes, more realistically, the effect of buoyant damping on the vertical velocity
fluctuations. However, the level of modelling usually adopted requires corrections for
the proximity of a wall or a free surface and becomes rather arbitrary if one is trying
to account for the effects of surfaces of complex shape. There is, moreover, still no
consensus among different groups on what practice to adopt for the buoyant term in the &
equation.

It is therefore recommended that software should aim to include, as one of its modelling
options, what is known as the TCL set of approximations. This modelling strategy applies
no wall corrections and, while buoyant terms appear in the closure, they do so without
associated empirical coefficients. Moreover, in the £ equation, the most reasonable choice
of taking c,; = c,3 is uniformly adopted. Over the past decade the model has been
successfully applied to a number of horizontal and vertical buoyantly modified turbulent
flows exhibiting appreciable improvements in accuracy over alternative simpler schemes.
The drawback with the model is that it gives rise to forms which are, algebraically, very
complex. However, in partial mitigation, it has been found that convergence is sometimes
more rapid, due to the fact that the model respects the constraints of real turbulence as
turbulence approaches the two-component limit (TCL).

Notwithstanding, it has been found that when stable stratification has nearly eliminated
turbulent mixing, even the TCL second-moment closure cannot be relied on to provide
an entirely accurate representation. In these circumstances it has been shown that the
inclusion of third-moment equations greatly improves predictions.

Finally, it is well to note the progress being made in large-eddy simulation (LES). The
most impressive results for a buoyancy-driven flow currently available have been obtained
by applying a normal RANS solver containing a k—¢ buoyancy-modified closure but oper-
ated in time-dependent mode. When applied to the case of Rayleigh—Bénard convection,
agreement with the time-averaged properties seemed to be virtually complete and signif-
icantly superior to the steady-state RANS approach. Again, the body of evidence is not at
present sufficient to justify a switchover to this approach even if the additional computing
time (estimated at an order of magnitude more than a time-invariant simulation of an
equivalent 3D flow) could be justified. Nevertheless, it is a strategy which, in the future,
we may expect to be increasingly applied to the CFD of buoyant flows.
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Appendix 1
The basic second-moment closure

A: Computing the Reynolds stresses
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20ij€5 dij = = Ul ;
3 J / axk 8 K axg

0 k Oe |
- axk Sukue a)Cg
3/2

k 3/2 ~
YC = Yap correction: 0.83(g/k) [ — — 1 (k /clys)
c1y€

Eij =

Wall flows only
&
(b,‘jw = C/l % [ukum nin, aij — E Ui ngnj — E Urllj I’lki’l,‘i|
2

3
+ ¢ [(bkmz Ny 8if — = Gigo M j — 3 Duj2 Vlkﬂz}

, 3 3 K32
+ 3 | Prms nknm 8ij — = ik mn; — = Grjz any .
2 2 CrEXy
/ / !
C1 C C3 Cy Ce Cel (&%) (&) Cy C3 Cy

1.8 06 05 022 018 144 192 05 03 0 25
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B: Computing the scalar flux and variance (free shear flow form)

ou;60
ot

dy
dio
Dio1

®io2
bio3

Ay

C1o C2p
3.0 0.5

+

0 _
k axk N
Cis
I
Upr—— =dy + Py — &p;
axk
[ —1sp
— Uil —— ;
Oxy i 0xy
;\/_/
Pigo
_2Qk ﬁm Eikm>s
92
_ﬂi67
0 ou;0
co— | wour—— |;
Gaxk ek axk
) 062
co— | ugur— |;
eaxk ¢ kaxk
io1 + Gio2 + Pio3 + (iow);
€
1 u;0;
—c20(Pior — Cig + Fig);
—c30 Gio;
0;
—u0 00 /dxy;
162
——R; R = 1.5(1 4 Ay);
7% (1+ A)
Lt,'@ u,-@
02k
C3p Co
0.5 0.18

io + Pig + Fig + Gig + ¢io — €ig;
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Appendix 2
Models for the TCL pressure correlations
(From Craft et al)., 1996

Table 3.4 Exact generation terms and pressure-strain model in u;u; equations

Generation terms (exact):

U, U,
Pj=—- “j”ka—xk +uiuka—xk ;G = —(Biu0 + Bjui0)

Pressure-strain model:
bij = Pij1 + Pij2 + dij3,
where  ¢;j1 = —ci€la;j + cj(airajr — 1/3428;))],
¢ij2 = —O6(PU — 1/38iijk) + 0.38a,‘j(Pkk/8)
ukujm aUk aU] uluk an 6U,~
—Qo | XL 2R L ey i -
[ k <ax1 t o axk k Hitlk X +Mjl/tk axl
—C [AZ(PU - Dij) + 3amianj(Pmn - Dmn)]

(7 A
tollis 7 (Pij — 1/38;; Pir)
—i—O.ls[aU — 1/2(aikakj - 1/38,’jA2)](Pkk/8) — 0.0Sa,»ja,kPk,

+0.1 [(%Pmﬁ-% ) 2/38,,”12"”&”]

Ul Ugl Uy, Uiy, oU, oU;
01|———1/38;;——— | | 6D, 13k
+ [ 2 /38i 2 } [ i+ (a +— o

k2

4 3A2 1 Mmuj Unli \ ——
¢lj3 (th 1/3811 G) + al_/ Gk + Bi— .Bj Um0

T,
+0.2w(le - Plk)] ,

Uy UpU

15/3”"’”"_ ,3 "”’ 04 Mg +18f3 0
LY _ b BT s Ly g, Mt Tt
k k i k 20 P T2

1 (upu; 74 umui—e MkaIB n 1 (ugu; wp,u; . UKW Ul 8 =]
- = u; u; — U,
8\ & k) Tk TP k2 K2 g

3 Ul Upth; \ Uplly —— Ul WU
+—(ﬁl k’+ﬁ,~ k) 0+ ﬁk#uwﬁ.
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Table 3.5 Exact generation terms and pressure-scalar-flux model in u;6 equations

Generation terms (exact):

00 U, _
Py = — w5 +u,96x i Gig=—pib
j

Pressure-strain gradient model:

io = i1 + Gio2 + Pis3,

where
it = —1.7[1 + 1.2(A2A)1/2]R1/2%[u,7(1 +0.6A5) — 0.8a,10

GIC)
+ Llagag;u ;0] — 0.2A"* Rka;; —
6xj

—oU; aUk &E—
—u;0(P
ox, tort (Prx/€)
oU; n Gl
6x1 6xk

—0. 4uk9d,[ (

ou,, ou,
+ 0. 1ukealkaml ( —Z>

0x X + axm
- O-IMk_G(aim Pmk + 2amk le)/k

6Uk oy, — —
+ 0.15a,, + — | @mk1i0 — apiu0)
R
U, —oU; oU; oU;
—0.05a, | Tame (40— + u6—) — ui b | @y — + ap— ) |,
a 0x X axk a)C]

bios = 1/36,62 — Bi62ai.

Appendix 3
Third-moment equations and their modelling
From Kidger, 1999

A3.1 The triple-moment equations

Transport equations to describe exactly the evolution of the triple-moment terms may be
derived in a similar manner as for the second-moment equations, as is shown below in
Sections A3.1.1-A3.1.4.
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A3.1.1 Equation for triple-velocity w;u juy

A transport equation for the triple-velocity term, #;u jux, can be produced from the
fluctuating velocity equation (Eq. (3.32)), since:

Dujujuy Du; n Du; jy Duk 3.73)
——— =uu u;u u;u .
Dt M pr “Dr Dt
Hence:
Duiujuk U u]ukft UjUug ap
————— = —Uu;uru uiny—Wwiu; — uuy) + ——4 — ——

Dr j jkaxl(ll 1) ’ o o
ujuka u; oU; 0 ( )
———— — Ul — —ujuy—Uiu; —u;u

ax,z lk[aXI lkaxz jui %l
wiug fj  uiug Op uiu0u; oU;
-tV WU —
P p Ox; 0x; 0x;
0 uiujfk Uil ap uiujazuk
—uiuj— Uy —ughy)) + — — —— F Vv ———
i ’ax,( KU — Ugly) > o ox?

By applying similar equalities to those shown in Egs. (3.38)—(3.40), the above equation
can be re-written as:

Dujujuy oU; oU; oU,
—_— = Ujuply— + Uiy — + Uil ju;——

Dt 0x; 0x; 0x;
ouu; ouju; Ol iy
+ |:ujuk Uiy o + Uil o)
1
+ ;[”jukfi +uiug fi +uiuj fil
n B aujuk 6uiuk T au,-uj
ol Ox; 0x; 0xy

Ou; Oujup  Ouj Oujup  Ouy Ou;u;
Ox; 0x ox; Ox; 0x; 0x;

0 uiu uju Uil
—|:— |:Miuj“kul+p . k5i1+p : k5j1+p ——
0x; P p P

oIy
— o], (374
or, symbolically:
Du;ujuy 1 5
Tt' = P+ P + Fiji + @iji — &iji + diji- (3.75)

As in the second-moment equations, the production and buoyant processes (P, ik P i and

Fjji) can be implemented exactly, whereas the pressure-correlation, dissipation and
diffusion processes (¢;jk, &ijx, d;ji) require some form of modelling.
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A3.1.2 Equation for the scalar flux diffusion, u;u;6

In a similar manner to that for u;uuy, a transport equation for the scalar flux diffusion
term u;u6 can be produced from the fluctuating velocity and scalar equations

Duiuké’ DM,‘ Duk Do
= u b 00— iU — 3.76
D O, Tub iy, (3.76)

giving a solution in the form:

Du;u 6

Dr = Py + Piy + Firo + dire — €ire + dire, 3.77)
where:
P, = — -uku,e% +W% + u,-ukula—@:| : (3.78)
i dx; dx; 0x;
Pig =+ :uie ag”’ +uk_eag’ + maif} : (3.79)
Fip = J@ + ”’ij} . (3.80)

Again, the pressure-correlation, dissipation and diffusion processes (¢ixg, €ixo» diko)
require some form of tubulence closure.

A3.1.3 Equation for the scalar variance diffusion, u;0?

In a similar way, a transport equation for the scalar variance diffusion term, u;62, may be
formed from:

Dusd® _ o 20 4 g D (3.81)
= u N . .
Dt " Dr Dt
which results in a solution in the form:
Duk92 1 2
= Py + Pigg + Froo + Proo — €koo + dioo, (3.82)

Dt
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where
Py = — W%—[ﬁ +W2—3} : (3.83)
P, =+ :ﬁag" + 2u;0 ag;T[e] , (3.84)
Frop = J?} , (3.85)

and the remaining terms (@99, €100, drgo) require the implementation of a suitable
turbulence closure.

A3.1.4 Equation for the triple-scalar 03

Finally, for the triple-scalar term 63:
— =302—, (3.86)

from which the transport equation for 63 can be written as:

D63 | 5
D—l‘ = Pyyg + Pjyy — €000 + dpee, (3.87)
where 26
Pjgg = —3u;6? o (3.88)
—Qu,60
P, = +3602 ) 3.89
066 o (3.89)

Note that 63 contains neither any production due to buoyancy, nor any pressure-correlation
terms, leaving just the diffusion and dissipation (499 and dpgg) to be modelled.

A3.2 Closing the triple-moment equations

Various proposals are shown below to model the unknown terms arising in the
triple-moment equations.

A3.2.1 Dissipation (&jjk, €iko, Ek06> €666)

Dekeyser and Launder (1985) (hereafter ‘DL-85) proposed closure schemes for the
various unknown terms in the triple-moment equations. For the triple-velocity dissipation,
€ijk» they proposed using essentially a GGDH scheme, but simplifying with the
presumption of isotropic dissipation (Eq. (3.31)), producing:

k O¢

ijk = Csuuuga—xl[ukulgij + WS + uingdji]. (3.90)

A similar argument, based on a GGDH, but assuming that €;9 = 0, produces a form for



RANS modelling of turbulent flows affected by buoyancy or stratification 115

ko, proposed by DL-85:

k 0e —
kg = Couug — —u108i. (3.91)
& axl
Similarly, for gxgg:
k aé‘@
ekoo = Ceugg — =—Url]. (3.92)
g 0x;

Dekeyser and Launder (1985) suggested that the three constants in the above take the
following values — which arise if the constant in the GGDH model (Eq. (3.18)) is taken as
equal to 0.15:

Couwn = 0.2; Couo =0.1; and Cgue = 0.3.

The dissipation of the triple-scalar (not considered by DL-85) has been noted as a

particularly significant process by Wyngaard and Sundarajan (1979), in their studies of 63,
and following Zeman and Lumley (1976), a form based on a normal distribution of

fluctuations can be taken as: -
93

cog9 = 3 |:See:i| (3.93)
92

(with g9 as Eq. (3.41)).

It is worth noting, however, that the inclusion of g4y in Eq. (3.93) raises the issue of how
best to describe the turbulent time-scale ratio, R, as discussed in Sections 3.2.1 and 4.2, if
&pp 1s being modelled via an algebraic relation involving R.

A3.2.2 Pressure correlations (¢jji, Piko, Pros)

Dekeyser and Launder (1985) proposed schemes to account for the non-dispersive role of
the pressure fluctuations, based essentially on the ‘Basic Model’ used for the second
moments, with two components: a ‘return to isotropy’ term and an ‘isotropization of
production’ term. Although DL-85 did not consider flows with buoyant production
present, it seems logical to include the buoyant production also into the
pressure-redistribution term (as with Eq. (3.34) for ¢;;,). For the triple-velocity pressure
transport, ¢, this produces:

k
Gije = =Cruwu WU = Couna Pijy + Py + Fije], (3.94)

with Cy,,,, = (1/0.075) and C3,,, = 0.5.

A similar form can also be derived for ¢;;y. However, as with the pressure-scalar
gradient, ¢y (e.g. Eq. (3.38), and Launder, 1975), the pressure redistribution only arises
from the Du; /Dt terms, not the D6/Dt terms. Thus:

k— « *

Giko = _Cluuﬁguiukg — Couup [Pl‘]kg + P%, — Fixo] (3.95)
where

* —aU,' aUk
PY = — 0 — + uju;0 — |, 3.96
ik0 |:”kul o +uiu o) } (3.96)

* _aukuz _auiul
P2, = 0 0 , 3.97
ko = T |:“ o + uy o (3.97)

and likewise, Cy 5 = (1/0.075) and Cy,s = 0.5 (DL-85).
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DL-85 proposed that the Pi}f@ term could be dropped since, certainly for the flows they
considered, in P}, the production from gradients of the mean velocity is insignificant in
comparison to that from the gradients of the mean scalar. Hence it could be presumed that
the effect of the Pi}:e contribution to the pressure redistribution is negligible in comparison
to the total P}, production term.

A similar modelling approach for ¢gg yields:

k—— . «
Proo = —Ciuge guz@z — Couge [Pklgg + Ph, + Fio] . (3.98)
where 5
Ui
Py = —[uzeza—xl] : (3.99)
p2 4| g2 0m (3.100)
ko0 = o | .

and again, C,99 = (1/0.075) and Cy,99 = 0.5 (DL-85).

A3.2.3 Diﬁ‘usion (dijk, d,'kg, dkgg, d@g@)

There are several ways in which the diffusion process for the triple moments can be
considered. Following Millionshtchikov (1941), Dekeyser and Launder (1985) assumed a
Gaussian distribution for the quadruple-velocity correlation, in which case the fourth-rank
tensor can be written as:

aByS=af-yS+ay-BS+ad - By. (3.101)

Hence, a general triple-moment diffusion process, which consists of gradients of «Byu;,
can be written as:

Aepyw) __Olap -y +ay - Bus + o - By]

3.102
axz axz ( )

dupy = —
where «, B8 and y may represent either u; or 6.

In the course of the studies described in this thesis, attempts were made to solve the
transport equations for the triple-moment terms, with the closures shown above, using the
GGDH for the diffusion of the triple moments. However, the performance was found to be
disappointing, with coarse, grid-dependent fluctuations, particularly for the scalar fluxes.
Attempts to use the Gaussian redistribution for the diffusion process (Eq. (3.102)) — which
modified the P? production terms — also proved disappointing, since the region where the
triple moments were most influential (in this case in the most strongly stably-stratified
layer) was also the region where the quadruple moment (3.102) was the most significant
term, yet arguably least accurate. Kawamura et al. (1995) also observed this, noting that
the combination of the production and the diffusion processes to form a new effective
production term was inadequately predicting the triple moments. Thus Kawamura
et al. (1995) proposed that Eq. (3.102) should be subtracted from the production (P?)
term, and added to the diffusion term. Thus, from Eq. (3.102):

Dijk = a[uiuj SUuRUp + UjUg - uiug + Uiy - u_,-ul], (3.103)
1
subtract from P?,

P,i'(kHEW) — Pi_zjk _ Dijk; (3104)
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addtod,-jk,
™ = dijx + Diji. (3.105)
Hence 5 5 )
2(mew) _  —OUjlly ____OUjuy ____OUjlU;
P = —uiu ox, _uj”la_xl_”kul o (3.106)
and
a — — —_—
dyj" = — o (@t — iy - Tty + Wy - it + W @) . (3.107)
1

The production term, Pi(“ew)

model Eq. (3.107), thus:

can be implemented exactly, and the GGDH can be used to

0 O(u;ujuy)
(new)
dljk Cdz;k a X, |:8 ulume (3108)
Likewise, for the other triple-moment terms.
For u;u,0: o o
ou;0 ourd —ou;ug
2(new k iUk
Pig™ =~ — L (3.109)
0 _ O(uiuib)
Ay = —Cyi Sy —— 3.110
ik0 L ”l o, ( )
For u;62: -
002 _Qu;0
PLIY = —n— — 2uf 3.111
() —Uily o u o ( )
0 |k 0(u0%)
d(new) - —C I —~ ) 3112
) oo 3 [ el o, ( )
Finally 63
002
P = —3u0 —, 3.113
006 u o ( )
o |k 9(6%)
A = —Cappp~— | ~ ity —— | - 3.114
900 668 o |:8M1M o, ( )

The constants in the above (Cg;jx, Caikg, Carss, Casse) are all taken as equal,
Caapy=0.11.

A3.3 An algebraic solution for the triple moments

Full transport equations for the triple moments (Egs. (3.75), (3.77), (3.82) and (3.87))
could be solved with the inclusion of the closures shown in Sections A3.2.1-A3.2.3.
However, it can be seen that this would be no mean feat, computationally, For a
two-dimensional buoyancy affected flow, it requires the solution of twelve simultaneous
differential equations for the triple moments (one for 83, two for u;02, three for u;u;0 and
six for u;ujux) in addition to the seven for the second moments (one for 62, two for u;0
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and four for u;u;). Earlier investigations (e.g. Craft, Ince & Launder, 1996) have,
understandably, chosen to use simplified algebraic forms for the triple moments, retaining
the production and dissipative terms, but neglecting the transport effects. The Dekeyser
and Launder (1985) paper was, in fact, aimed at producing such algebraic forms.
Suggestions for closure of the equations were proposed at various levels of complexity,
ranging from retaining only the production from second-moment gradients (P(fﬂy),
diffusion (dup, ) terms, and the ‘return to isotropy’ model for the turbulent-turbulent

pressure interactions (¢;ﬂy = —C — afy), to the inclusion of all the production,
3

pressure-interaction and dissipative processes.
The general format for the algebraic truncations proposed by DL-85 is the same for all

the triple-moment equations (except 63, not considered by DL-85). If one regards the flow

D« . )
as steady ﬂ = 0 | and moves the turbulent-turbulent pressure-interaction term

k—
B! sy = —C — afy ] to the left hand side of the equation, then divides through by the
€

time scale (k/¢), one arrives at the expression:

2 (new)

_ & _ -
afy =C ‘;[Paﬂly + P +d 5 + Fugy + 025, — €apy ] (3.115)

afy

(where the modified P™") and d™" arise from the Kawamura redistribution — see
Section A3.2.3).

Hence, for example, the algebraic form for the triple-velocity term, u;u uy, is (including
all pressure and buoyant contributions):

B + oU; + | + oU\ |
u;upu; —— Ui ——— u iy ——
jUhKU axZ it axZ Wi ax1
os| wjufi  wigfi o uinj fe
P P o
TR il o ur
T Uil + TR T Uy
[, k ox; 0x;
Uil jup = —Cg s TS (3.116)
—Csuuuga—xl(ukul&j + wjugSix + Wil ji)
&
0 [k O(ujuuy)
+Cduuu P _ulum#
ox; \ ¢ 0x,,
L d _

It is perhaps worth highlighting a consequence of applying the Gaussian redistribution for

the diffusion term (see Eq. (3.101)). Combining this with the production term arising from

second-moment gradients (P?), the resultant term can be written in a similar form to P2,

but with the gradient operator acting on the other second-moment than it does in P? (i.e.,
oyé .

. __ dap _ )
obtaining +y§ - ——, when —af - —— appears in P-).
axl axz
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A3.4 Clipping the triple-moment equations

There is a risk that the closures above for the triple-moment equations will produce
unphysical values for the triple moments and that therefore, when applied to the diffusion
process for the second moments, will result in the second-moment equations no longer
satisfying the ordinary Schwarz inequalities. To prevent that happening, André et al.
(1979) proposed a clipping algorithm for the triple moments which, upon further
investigation, they report as being realizable, in that non-physical values for the triple
moments are prevented.

If, as previously, we consider a general triple moment a8y, where «, 8 and y may
represent either the fluctuating velocity or scalar, (; or 6), the clipping algorithm defines:

5,112
(2877 + 5]
By | < min [@@~7+W2)]1/2 : 3.117)

5712
17 57 +ap")]

In practice, for this present study, it was found that Eq. (3.117) made virtually no

difference to the converged solution (based on transport equations for the triple

moments), but that during the convergence process, its inclusion proved to be necessary to
ensure stability.

Nomenclature
ajj dimensionless anisotropic Reynolds stress, Eq. (3.33)
Aj second dimensionless invariant of the stress tensor, a;;a ;
Az third dimensionless invariant of stress tensor, a;;a i dx;
A flatness factor of stress tensor; 1 —9 (A, — A3)/8
Cp coefficient appearing in turbulent viscosity formula
Cij, Cig convective transport of u;u ;, u;0
dij, dig diffusive transport of u;u ;, u;0
S [ viscous damping functions
Gy generation rate of turbulent kinetic energy by the gravitational field,
% G (see Eq. (3.14))
Gij generation rate of u;u; by the gravitational field
Gig generation rate of u;6 by the gravitational field
8i gravitational acceleration vector
k turbulent kinetic energy, u,.z /2
l turbulent length scale, k%/2 /¢
Py production rate of turbulence energy by mean shear, %, Py
Pi; production rate of u;u; by mean shear
Pig) production of #;6 by mean scalar gradients
Pigy production of ;0 by mean velocity gradients
Py production rate of 2 by mean scalar gradients
Re; local turbulent Reynolds number, k?/ve
Ri gradient Richardson number

Ry flux Richardson number, — Gy /Py



120

b
Dij1, ®ij2, Gij3
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dimensionless strain parameter, (S;;S;;)"/?
. . . k(U  oU;
dimensionless strain tensor — +
& ( 0x j O0x j )
the Yap correction to ¢ equation (Eq. (3.10a))
time
mean velocity in x direction (the principal component in a simple shear
flow)
turbulent shear stress
turbulent Reynolds stress
turbulent flux of scalar ®
distance normal to a wall
conceptual thickness of the viscous sublayer
normalized distance from wall, ¢/*yk!/? /v
dimensionless volumetric expansion coefficient, Eq. (3.24)
conventional volumetric expansion coefficient
B gi
Kronecker delta (= 1 if i = j; = 0 otherwise)
dissipation rate of kinetic energy

okl/2\?
homogeneous partof ¢ | § =& — 2v < )
an

dissipation rate of u;u;
alternating third-rank unit tensor (= 1 if i, j, k all different and in cyclic
order; = —1 if i, j, k all different and in anti-cyclic order; = 0 otherwise)

dissipation rate of u;0
ouj
p 4 9 )
axi

dissipation rate of 62
. . Ou;
pressure-strain correlation, —
P \0x;

‘turbulence’, ‘mean-strain’ and ‘gravitational’ contributions to ¢;;

. . p (00
pressure-scalar-gradient correlation, —

1
into ¢ie1, iz, Pie3)
thermal diffusivity
molecular kinematic viscosity
turbulent kinematic viscosity
mean scalar (denoting temperature, mass fraction, etc.)
fluctuating scalar
fluid density
turbulent fluctuations in density
turbulent Prandtl number for diffusive transport of ¢ (¢ may denote ©®,
02,k ¢)
wall shear stress

) (likewise decomposed
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Turbulent flames

W. P. Jones
Imperial College London

1 Introduction

Over 80% of the world’s energy is generated by the combustion of hydrocarbon
fuels, and this is likely to remain the case for the foreseeable future. In addi-
tion to the release of heat, this combustion is accompanied by the emission, in
the exhaust stream, of combustion generated pollutants such as carbon monoxide,
unburnt hydrocarbons and oxides of nitrogen, NO, .. The former two quantities arise
as a result of incomplete combustion, whereas NO, is formed from the reaction
of nitrogen present in the air or fuel with oxygen, usually at high temperatures.
An unavoidable outcome of the burning of hydrocarbon fuels is the formation of
carbon dioxide, CO,, which is a ‘greenhouse’ gas that may contribute to global
warming. While the amount of carbon dioxide generated depends on the fuel burnt,
any improvements which can be achieved to combustion efficiency will clearly
contribute to an overall reduction in the emissions of CO,. Because of the grow-
ing need to reduce the emissions of combustion generated pollutants and improve
combustion efficiencies, there is increased interest in accurate methods for predict-
ing the properties of combustion systems. The combustion in the vast majority of
practical systems is turbulent and this poses a number of difficulties for prediction.
The development of accurate methods for predicting turbulent combusting flows
remains a largely unresolved problem which continues to attract a large number of
researchers.

The categorisation of combusting flows into premixed and non-premixed cases
serves as an aid to analysis and constitutes an idealisation of reality. For exam-
ple, combustion in spark ignition engines occurs in the premixed mode, however
the degree to which the fuel/air mixture has homogenised prior to entry into the
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combustion chamber may not be complete and so a totally premixed characterisation
would be a simplification. Combustion in equipment such as furnaces, diesel engines
and gas turbine combustors is classified as non-premixed. However, in such flames
the presence of local extinction pockets can lead to fuel/air mixtures becoming
partially premixed. Consequently a flame front would propagate into this partially
premixed region. Several reviews and texts on various aspects of turbulent combus-
tion are available, e.g. Bilger (1980, 1989), Bray (1980, 1986), Heitor et al. (1996),
Jones and Whitelaw (1982), Libby and Williams (1993), Peters (2000) and Pope
(1985, 1987).

The provision of methods for computing the properties of turbulent flames and
combustion systems requires that several distinct phenomena be modelled, with
the main two being the representation of turbulent transport (diffusion) and the
interaction between chemical reaction and turbulent fluctuations. The former aspect
is covered in other contributions and here attention will be focused on chemical
reaction. The rates of reaction and heat release are invariable highly non-linear
functions of temperature and composition and are ‘fast’ compared to mean flow time
scales. Consequently, an accurate and practicably feasible description of reaction in
a turbulent environment presents severe modelling difficulties. The present chapter
attempts to summarise the current ‘state of the art’ in the modelling of turbulent
combustion. Emphasis is placed on the ideas behind closure principles, and after a
brief presentation of the governing equations and basic assumptions, combustion in
non-premixed and premixed configurations is considered. This is then followed by a
separate section in which assumptions about the particular mode of combustion are
avoided. The main emphasis in this latter section is transported probability density
function (pdf) equation methods; a formulation that is not, in principle, restricted
to non-premixed or premixed flame calculations.

2 The governing equations

The governing equations describing the flow of a fluid can be derived from the
principles of conservation of mass, momentum and energy. Unless otherwise stated,
they are written below using Cartesian tensor notation:

Continuity

do  dou;
ot 8)6]'

=0, 4.1

where u ; is the instantaneous velocity vector, and g is the density.
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Navier-Stokes equation
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where 7;; is the viscous stress tensor defined by:
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and where p is the pressure, u is the mixture viscosity, d;; is the Kronecker delta
and g; is the gravitational acceleration vector.

Energy
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where # is the specific enthalpy' of the mixture, Y, is the mass fraction, Sc is the
Schmidt number of the mixture and o is the mixture Prandtl number. Low Mach
number flows (Ma < 1) are considered, and consequently the terms associated
with the kinetic energy of the mixture and the viscous dissipation are neglected.
Radiative heat losses are not considered. Fourier’s and Fick’s laws for molecular
fluxes are employed and work done against body forces is assumed to be negligible
in comparison to thermal energy changes associated with chemical reaction. The
term g—f is assumed to be negligible in many practically occurring situations, e.g.
jets, gas turbines and furnaces, but cannot be neglected in the flows occurring in
internal combustion engines. The implication of ‘g—'t’ ~ (0 and the low Mach number
assumption is that the density and the source term for reaction (in the species
conservation equation, to be described later on) are only functions of the scalar
fields involving the specific enthalpy and the mass fraction of the species. The effect
of chemical reaction appears in the energy equation through the definition of /:

h=Y Yshy, where ho=cpol + Aq. (4.5)

a=1
The A, represent the heats of formation for the species involved in the reactions.
The inclusion of this term accounts for the heat release (and absorption) effects due
to the chemical reactions taking place. Finally, the Lewis number, defined as the

! Strictly, & is the stagnation enthalpy, but for low Mach number flows the kinetic energy contribution to this is
negligible.
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ratio of the Schmidt number to the Prandtl number is close to unity in combusting
flows, and it is a useful assumption to take it as exactly unity (since the third term
on the rhs of Eq. (4.4) disappears). This simplifies the energy equation to:

8h 4 oh L 4.6)
®or T %, T ox \oox: ‘
Species conservation
oo + 0o O i + @, f 1 4.7)
Uui— = — w, for a=1,...,n, .
T T T o

where @, is the net formation rate of species « per unit volume and J; , is the
diffusional flux of species «. Fick’s law of diffusion, J; , = —% %‘f’c‘” , 1s strictly
applicable only to binary mixtures, and so the use of Fickian diffusion in the con-
text of multi-component mixtures is only justified if the Schmidt number is the
same for all species (in order to ensure that the mass fractions sum to unity). The
assumption of uniform Sc (equal diffusivity) is known to be poor when species with
widely differing molar masses are being considered. In the case of turbulent flows
the discussion presented later demonstrates that equal (and constant) diffusivity

is invariably invoked. To obtain a general expression for @,, consider the system

involving n chemical species and r reaction steps, expressed in the form (Libby and
Williams, 1980):

n

S, _ZV My, B=1,....r 4.8)

a=1

where the rate constants for the forward and backward reactions are k rg and k; g,
respectively, and M, denotes the chemical symbol of species «. If species o does
not participate in a particular reaction then v, 5 and v, are zero as appropriate. The
rate constants can be expressed as:

ky, = BpT“exp ( i > 4.9)
RT

where Bg is the pre-exponential factor, ag is a constant exponent, Eg is the activation

energy and R is the universal gas constant. Clearly the rate of formation of species

« is the sum of the formation rates of species « in all the individual reaction steps.

In any particular reaction step, the rate of formation of species « is the net rate of

formation of species « due to the forward and backward processes in reaction S.
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Mathematically, this can be expressed as:

. r , ) . n Y, Vg , n Y, Vap
oo = Wa ) 05 —vip) ko™ [T g ) ke [T( ) 1
=1 a=1 o a=1 o
(4.10)

wheremg = ) /_ v,z andlg = ), v); are the orders of the forward and reverse
reactions respectively. In order to close the system of equations, an expression for
the density is required. This is given by the equation of state for an ideal gas:

n Yoz
a=1 ¢

With the provision of a suitable reaction mechanism and rate constants the equa-
tions described so far constitute a closed set and providing appropriate initial and
boundary conditions are available they can, in principle, be solved (numerically).
However, it can be shown that typically the CPU requirements for a direct numer-
ical simulation (DNS) of inert mixing are O(Re®). It is quite clear that for the
high Reynolds number flows of engineering interest, DNS is computationally pro-
hibitive (Reynolds, 1990). The computational requirements for DNS of combusting
turbulent flow are even more severe. These arise because burning will occur in thin
layers. Typically, the thickness of the reaction zone in, say, methane—air flame burn-
ing at atmospheric pressure will be of order 10~! mm and the number of grid nodes
required to resolve this region, at minimum, will be O(10). Since the orientation and
position of the flame is a random function of time with respect to any fixed grid, the
implication is that a DNS of turbulent combusting flows would require of O(10°)
grid nodes per mm?® of flame. The situation may be expected to become even more
restrictive at higher pressures as the thickness of the reaction zone decreases as
pressure is increased; for methane—air the burning zone thickness typically reduces
to O(1072) mm at 30 bar and even finer meshes would then be required. However,
it should not be implied that DNS is of little value; it is simply that DNS does not
represent a solution to the vast majority of engineering problems and is unlikely to
become so in the foreseeable future. For ‘low’ Re flows and in simple configura-
tions, DNS is feasible and can lead to extremely useful results that are an invaluable
aid to understanding and to the provision of information for constructing simpler
representations of turbulence.

The traditional approach for treating high Re turbulent flows has been to average
the conservation equations, with the consequence that all the fine details of the flow
do not require spatial and temporal resolution. Different types of averaging can
be applied, but they all share a common feature: the closed set of instantaneous
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equations are transformed by averaging into an ‘open’ set of equations. Terms
appear which cannot be accounted for in terms of the dependent variables of
the flow field. Modelling serves to approximate these terms, and the purpose
of this chapter is to address the principles behind the representation of such
terms. Two common types of averaging are the Reynolds (unweighted) and Favre
(density-weighted) approach, defined as follows:

N
- 1 L .
Ax, )= lim — ) ADx,1), Reynold i 4.12
(x,1) Nplinoo N, ; (x,1) eynolds averaging  ( )
1 L
A(x, tH)=— lim — Q(i)A(i)(X, t), Favre averagin 4.13)
0 Ny—o0 Np; ging

where A?)(x, t) is the ith realisation. For statistically stationary flows the aver-
ages defined by Eqgs. (4.12) and (4.13) are identical to Reynolds and Favre (or
density-weighted) time averages respectively. The standard practice is to decom-
pose the instantaneous equations into mean and fluctuating parts and then to aver-
age them. With density-weighted averaging the velocity and scalars (but not the
density and pressure) are decomposed according to u; = ii; + u//, ¢u = Py, + G-
With the definition of Favre averaging in Eq. (4.13) it can easily be shown that
0@ = ou/ = 0. For Reynolds averaging, u; = ii; + u}, ¢o = ¢, + ¢/, and where
u_; = @ = 0. From the basic definitions, the following results can be established
between weighted and unweighted statistics:

i =i +ul;, e =u+ oL (4.14)

g=-2 =2 4.15)
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o'uj = o'uj; 0Pl =0'¢. (4.16)

The main reason for employing Favre averaging is that the resulting conserva-
tion equations do not include terms involving correlations of density fluctuations.
Consequently, the resulting equations are easier to interpret (and hence model) than
their Reynolds averaged counterparts. Furthermore, Favre averaging leads to equa-
tions describing the means of conserved quantities, e.g., the resulting momentum
equation is in terms of pu; = pii; rather than pii; which is obtained from Reynolds
averaging and is not conserved. Despite the advantages of adopting Favre averaging
over Reynolds averaging for calculation, different instruments may measure val-
ues close to density-weighted or unweighted averages (Jones and Whitelaw, 1982).
Clearly the ability to calculate both unweighted and density-weighted quantities is
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desirable. But pu; = pit; = pit; + Q’—u;, and Q’—u; can be very difficult to calculate
accurately; in terms of the pdf, unweighted and weighted statistics can be used
interchangeably without approximation (Bilger, 1980). Applying Favre averaging
to Egs. (4.1), (4.2), (4.6) and (4.7) yields:

00  00il;
—= =0, 4.17
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The above equations have been written for high Re, so that the averaged molecular
fluxes can be considered as nggligible in comparison with the turbulent fluxes
Qu’ ‘u’! (Reynolds stress) and gu’;¢; (scalar flux). Consequently the equations have
a form identical to their constant density counterparts. The unknowns appearing
in the equations are the Reynolds stress, scalar flux, mean density and the mean
formation rate due to chemical reaction. This chapter is concerned mainly with
the methods of determlnmg 0 and @,. However, turbulence models are needed to
calculate Ql/l/ 'u”’ and Qu/ ‘¢”. They form a crucial part of any calculation method, and
various approaches to turbulence models are discussed elsewhere in this volume.
In what follows ¢, is used to denote the scalar field, i.e. species mass fractions and

mixture enthalpy.

3 Non-premixed combustion

In the many conventional combustors and furnaces the fuel and air streams enter
the combustion chamber in separate streams and the flames that result are diffusion
or non-premixed flames. If in these circumstances it is presumed that the reaction
is ‘fast’, that the flow is adiabatic and the pressure is thermodynamically constant
(low speed flow) then the instantaneous major species composition, temperature and
density can be related to a strictly conserved scalar quantity, the mixture fraction &.
The mixture fraction can be viewed as a normalised chemical element mass fraction
defined so that it takes the value of unity in the fuel stream and zero in the air stream.
The equation for £ contains no reaction source terms and is only affected indirectly
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by reaction through its influence on fluid density. This conserved scalar approach
to non-premixed combustion is described in detail in Bilger (1980). To determine
the dependence of composition, temperature and density on & a thermo-chemical
model is needed.

3.1 Thermo-chemical models

3.1.1 The chemical equilibrium approach

If the mixture is presumed to be in chemical equilibrium then the mixture state
can be determined by minimising the free energy (Gordon and McBride, 1971).
The major shortcoming of the approach is related to CO levels in hydrocarbon—air
flames. For hydrocarbon—air mixtures it is known, e.g. Jones (1980), that in the case
of lean mixtures, negligible quantities of CO concentrations are predicted under
equilibrium conditions. The proportion of equilibrium CO increases progressively
with mixture strength, and for equivalence ratios greater than about 1.2 the CO
mole fraction is greater than that of CO,; at equivalence ratios of around three, CO
mole fractions of about 20% can be achieved. These levels are wholly unrealistic
in laminar and turbulent hydrocarbon flames. It is also not appropriate for any
species involving relatively slow chemistry such as NO, or soot. Nevertheless, the
chemical equilibrium approach has been widely used and reasonable temperature
and velocity field characteristics can be obtained. A major advantage is that a
reaction mechanism is not required, knowledge of £ and the appropriate thermo-
chemical data are sufficient.

3.1.2 The laminar flamelet approach

In the laminar flamelet approach the turbulent flame is presumed to comprise an
ensemble of laminar flames. The formulation is restricted to ‘thin’ flame burn-
ing where the thickness of the burning zone is less than the Kolmogorov length
scale — this fundamental requirement for the existence of flamelets (i.e. laminar-
like burning zones in a turbulent medium) is referred to as the Klimov—Williams
criterion. For a more detailed review of the theory, the papers by Williams (1975)
and Peters (1986) may be consulted. Laminar flame properties are usually obtained
from computations of counterflow diffusion flames (Fig. 4.1)

The results of the computations are then used to construct flamelet ‘libraries’
on a once and for all basis and expressed as a function of mixture fraction, &, and
some measure of the flame stretch rate usually taken to be the mixture fraction
variance ‘dissipation’ rate, i.e. the scalar dissipation rate. One practical difficulty of
the flamelet technique is that for many fuels of engineering interest, the details of the
reaction mechanisms are not adequately known, e.g. kerosene in gas turbines and
the variety of petrols used in internal combustion engines. Nevertheless the method
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(a) (b)

Flame --

Porous Cylinder

Fig. 4.1 (a) Schematic of a laminar counterflow diffusion flame geometry. The
width of the flame is exaggerated for clarity. (b) Locally the flame is treated as
planar and the flow field is well represented by a potential flow solution.

does generate realistic CO levels in the burning zone and often yields plausible
results even under circumstances when its use cannot be strictly justified.

3.2 Chemistry—turbulence interactions: the presumed-shape pdf method

Because of the non-linearity of the state relationships relating composition, tem-
perature and density to mixture fraction etc., a pdf is needed to obtain mean values.
If the state relationships depend only on the mixture fraction (for example, when
a flamelet obtained at a specific value of strain is selected a priori) then density-
weighted averages can be evaluated from:

1
bux.0) = [ 6Pk, (421)
0
where the density-weighted pdf is defined as:
f R
22\ _ QE)P(E) _ /P(S) 2
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In the context of the conserved scalar formalism the usual approach for determining
the pdf is the presumed-shape method. In general the joint pdf of mixture fraction
and the scalar dissipation rate is needed. However, if only the mixture fraction is
used then a two-parameter form of the pdf is often presumed in terms of the mixture
fraction mean and variance. The values of these are then obtained from the solution
of their respective modelled transport equations. Since for combusting flows these
equations are usually solved in density-weighted form, the resulting pdf that is
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constructed from these moments will be the density-weighted pdf. The modelled
forms of these equations are:

_0E 08 9 (i 08
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The most popular form for the pdf is the beta pdf:
é}a—l(l _ é)b—l
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This form of pdf has been widely used for engineering calculations of reacting
turbulent flow. The implementation of Eq. (4.21) is particularly straightforward in
the context of the B-pdf. The instantaneous relations, ¢, (&), can usually be curve-
fitted using a least-squares polynomial (of order & 20) and the relations can then
be expressed in the form

N
b= Ajuk’. (4.27)

Jj=0

By substituting (4.27) into (4.21) and by employing the relations pertaining to the
B- and I'-function:

C'@ro
Bla, b) = % and T[(a+ 1) =al(a), (4.28)
the following analytical expression for the mean of a dependent scalar variable is
obtained:
j—1
N [TCa+i)

~ i=0

a=) Ajur— (4.29)
=0 [Ta+b+1i)
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The numerator and denominator are defined for j > 1.
If the state relationships are presumed to depend on mixture fraction and some
measure of the stretch rate then a joint pdf is needed. If the instantaneous scalar
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dissipation rate evaluated at stoichiometric mixture fraction, xg, is used for this
purpose, then the pdf required is P (&, xs., X, t). The necessary state relationships —
flamelet ‘libraries’ — may be constructed on a once and for all basis and expressed
in the instantaneous form, ¢, (&, xs). Further details of the method are described in
Jones and Kakhi (1996) and Peters (2000). However, it now appears that the advan-
tage to be gained from such an approach is small; away from extinction the effects
of flame stretch are relatively small and the local stretch rate provides insufficient
information to characterise local extinction phenomena. The conditional moment
closure (CMC) (Klimenko and Bilger, 1999), and the unsteady flamelet formula-
tion (Mauss et al., 1990; Peters, 2000), represent alternative methods of accurately
incorporating flame stretch and local extinction effects. In the CMC approach fluc-
tuations in the thermo-chemical state are presumed to arise predominantly from
fluctuations in mixture fraction, and fluctuations in conditionally averaged quanti-
ties are then neglected so that the chemical source terms depend only on (known)
conditionally averaged mean quantities. In the unsteady flamelet approach the time
dependent forms of the flamelet equations are solved and a Lagrangian time defined
as:

t = / & (4.30)
o u(x|§ =%&)

is used to describe flamelet evolution. There are a number of similarities between
the two approaches and in both cases quite detailed kinetics can be incorporated.
Both models have led to excellent predictions in a range of jet flames (TNF4, TNFS5,
TNF6).

3.2.1 Nitric oxide formation

The formation of NO at high temperatures is known to be controlled by the extended
Zeldovich mechanism:

O+ N, =NO+N,
N+ 0O, = NO + O,
N+ OH = NO+H.

The overall NO formation rate is much slower than those of the main heat release
reactions, and the concentrations of NO involved are such that neither the tem-
perature nor the main species compositions are affected by its presence. In most
combustion systems the NO concentration will be well below its equilibrium levels.
In order to close the system of the above equations, so that it is completely spec-
ified in terms of &, a steady state assumption for the N atom concentration and
a partial equilibrium assumption for the O atom concentration are usually made.
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Consequently the mean rate of formation of NO per unit mass of mixture, §No (x),
is:

1

Sxo(x) = / Sno(6)P(&;x)dE.

0

The results of Jones and Priddin (1978) suggest that the above formulation is
adequate at conventional aircraft gas turbine operating pressures and inlet temper-
atures, but the method does not produce accurate results at atmospheric conditions.
Furthermore, the approach is not adequate in low NO, combustion systems, par-
ticularly land based devices, where prompt NO, and other reaction paths need to
be included. In these circumstances the CMC and unsteady flamelet methods both
represent viable alternatives.

4 Premixed combustion
4.1 Introduction

Premixing implies that the composition of the fuel is essentially uniform — the
fuel and oxidant have mixed down to the molecular scale prior to combustion. As
a consequence a strictly conserved scalar (such as the mixture fraction, &) will
take a uniform value set by the initial fuel/air ratio. Therefore the closure problem
associated with mean formation rates of non-conserved scalars cannot be avoided.
The representation of a premixed flame propagating into the cold unburned fuel/air
mixture is another difficulty for modelling and is still the subject of research.

The structure of premixed hydrocarbon—air flames is known to comprise three
regions: a preheat zone which is essentially chemically inert, a thin reaction zone
where the fuel reacts to form CO and H, etc. and an oxidisation layer in which
the products CO, and H,O are formed. At atmospheric pressure the reaction zone
occupies typically one-tenth of the total flame thickness. The various combustion
regimes that can arise as a result of the influence of turbulence can be characterised in
terms of various dimensionless quantities such as the Damkohler (Da), Karlovitz
(Ka) and Reynolds (Re) numbers and has been conveniently summarised in the
Borghi diagram (Borghi, 1985).

Peters (1999) has extended the work of Borghi through consideration of an
additional regime in which the fine Kolmogorov sized eddies are supposed smaller
than the flame thickness but are larger than the reaction zone width. In this regime
the reaction zone will remain thin and will be essentially unaffected by turbulent
mixing. To characterise the regime a Karlovitz number (Kas) based on the reaction
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n=1I

Corrugated flamelets

Fig. 4.2 Phase diagram showing the different regimes of combustion in premixed
flames. u’ — characteristic velocity of energy-containing motions, Sy — laminar
burning velocity (strained or unstrained), / — integral length scale, Iz — flame thick-
ness, [; — reaction zone thickness, n — Kolmogorov length scale.

zone thickness is introduced. Figure 4.2 serves to illustrate the different regimes of
turbulent combustion which can then arise.

Turbulent combustion is characterised by Re > 1, and for large Da and small
Ka (W' < uy), the effect of turbulence is to wrinkle the flame surface, increasing
its area and hence the effective flame speed (Damkohler, 1940). Increases in Ka
(Ka < 1),suchthatu’ > up, > v (where vy denotes the Kolmogorov velocity scale,
characteristic of the smallest dissipative motions in the flow), imply that the large
eddies (that scale with u’) will cause substantial convolution of the flame surface.
However, the smaller eddies cannot corrugate the flame front by virtue of their
smaller velocity; this regime is referred to as corrugated flamelets. To characterise
this regime, Peters (1986) introduced the Gibson length scale, Lg = u; /¢ such that
an eddy of ‘size’ Lg has a velocity of the order of the local flame velocity. Lg is
a measure of the size of burnt gas pockets that move into the unburnt mixture, try
to grow there due to the advancement of the flame front normal to itself, but are
reduced in size again by newly arriving eddies of size L. It is argued that flame
stretch effects are most effective at this particular scale. The region corresponding
to Re > 1, Ka > 1 and Kas < 1 is described as the thin reaction regime (Peters,
1999). Here the fine scale turbulent motions distort the overall flame structure but
not the thin reaction zone. Small scale Kolmogorov sized eddies will interact with
the preheat zone, thereby increasing scalar mixing while at the same time destroying
the quasi-steady flamelet structure that prevails in the corrugated flamelet regime.
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Typically Kas ~ 100Ka (Poinsot et al., 1991). As the ratio of the reaction zone
thickness and the Kolmogorov length scale increases (Kas > 1), the distributed
reaction regime prevails. Under these circumstances the turbulent flame can no
longer be envisaged as an ensemble of laminar flamelets (quasi-steady or unsteady),
but instead, the instantaneous region of combustion is ‘distributed’ throughout the
time-averaged combustion zone (Summerfield et al., 1955). Further reduction in the
turbulent time scale (Da < 1) moves the combustion into the well-stirred reactor
regime, where kinetic control significantly influences the evolution of the flow.

4.2 Spalding’s eddy break-up (EBU) model

Early concepts concerning premixed flames centred around the prediction of the
turbulent flame speed and its relation to dimensionless parameters (e.g. the Reynolds
number and the ratio of a characteristic turbulence velocity to the laminar flame
speed u’/SL). Such work has been reviewed by Bray (1980). For the purpose of
predicting turbulent premixed flames in realistic geometries, knowledge of the flame
speed is not sufficient. An appropriate starting point in the mathematical modelling
of turbulent premixed flames is the work of Spalding (1971), who employed the
averaged form of the conservation equations to predict a bluff body stabilised flame
spreading obliquely across a confined duct into the unburned stream until the whole
duct cross-section was covered by the flame. A major motivation for the study was
to obtain an accurate prediction of the angle of spread where experimental findings
showed that at any downstream position, the distance from the symmetry plane
to the flame edge was approximately one-tenth of the distance from the baffle,
regardless of the mixture strength, the approach velocity and the initial temperature
of the mixture.

Prandtl’s mixing length hypothesis was used for turbulent transport and two com-
bustion models were employed. The first assumed kinetic control, with a bimolec-
ular reaction rate (one-step irreversible chemistry) employing the time averaged
concentrations and temperatures. Comparison of concentration profiles with exper-
imental data showed that the predicted concentration curves, albeit qualitatively
correct given the simplicity of the turbulence/chemistry model, were too steep,
implying that the chemical reaction was too densely concentrated in the high tem-
perature part of the flame. Comparison with flame spread data showed that the pre-
dictions were quite poor since an increase in flame spread with increasing approach
temperature was predicted while a slight decrease was measured. Spalding recog-
nised that the reaction rate had to be formulated in a way which increased the
influence of the turbulence field, and diminished that of the chemical kinetic con-
stants. As a consequence the eddy break-up (EBU) model was formulated using
ideas analogous to the energy cascade arguments of turbulence; namely that the
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rate controlling step is the breaking up of large eddies of burned and unburned gas
into successively smaller ones. At sufficiently small scales, the flame zone (which
can be identified as the interface between burned and unburned fragments of gas)
can consume reactants at an effective rate. In the EBU model it is presumed that
the rate of species consumption/production is proportional to the rate of turbulent
mixing of the unburnt and burnt gases,

Wpr X 4.31)
Due to the assumption of one-step chemistry (involving fuel, oxidant and prod-
ucts) and adiabatic flow, knowledge of the product mass fraction, Y}, characterises
the thermo-chemistry. The time scale t is associated with an integral time scale
representative of the energy-containing motions and is consistent with the idea of
turbulent mixing being the rate controlling parameter. Cast in terms of k and ¢,
T & k/e, so that

B o< 2 (1) (4.32)

The EBU model, based on conventional modelling practice (as for Egs. (4.23) and
(4.24) in Section 3.2) can be summarised as:
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where @y, = min[R, Cgpyd(e /k)(YI;f)l/z], R = ap ¥, Yox exp[—E/(RT)] and the
model ‘constant’, Cggy ~ 0.35.

The reaction source term in Eq. (4.33) includes some kinetic control. For exam-
ple, in cold regions of a flow R ~ 0, while the EBU rate term is generally
finite everywhere, so that cf)pr = 0. However, this constitutes an ad hoc, though
in some cases an essential, addition to the modelling in order to account for kinetic
control. Furthermore, a potentially large term representing the correlation between
the instantaneous reaction rate and the scalar fluctuation, Y ! wpr, has been omitted
from Eq. (4.34). Application of the model to the previously descrlbed test problem
yielded concentration profiles in much better qualitative agreement with experi-
ment than those resulting from the kinetically controlled combustion model. The
predictions of the flame spread were also appreciably better, and in the case of
approach temperature the slight drop in flame spread was correctly predicted. The
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ideas behind the EBU concept, although plausible, are essentially intuitive — no
formal derivations were performed. Because of its reliance on the assumption of
combustion being effectively mixing-controlled, the model is consistent with the
concept of thin flame burning.

4.3 The premixed flame model of Bray and Moss

A further, important, development in the theory of premixed combustion was the
work of Bray and Moss (1977, 1974) (also reviewed in terms of Favre averaging in
Bray, 1980). A key assumption in the work was that combustion occurred through a
global, one-step irreversible chemical reaction. It was argued that since the chemical
kinetics of combustion rarely conforms to such a global description, the analysis
would be most successful when the combustion was rate-limited by turbulent mixing
rather than chemical kinetics. In what follows only the main features of the model
are presented. Two reactive chemical species are considered, namely ‘reactant’
(fuel and oxidant) which form ‘product’; the mixture may also include diluents.
A progress variable, ¢, for the global combustion reaction is defined as the mass
fraction of product normalised so that c = 1 when combustion is complete (i.e. the
fuel and/or oxidant is exhausted), while ¢ = 0 in the unburned mixture which has
no product. So Y, = Y3 = c¥3 o, where Y3 o is the mass fraction of product in the
fully burned gas whose temperature, 7, is the adiabatic flame temperature. From
the species transport equation (4.7) for Y3, a transport equation for ¢ can be easily
derived:

dc
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From the definition of element mass fraction, Z, = Zg’zl MapYp, Where iqg
denotes the number of Kg of the «th element in 1 Kg of the Sth species,

1 1
Yi = —(Zy — p13¥3,000), Y = —(Z2 — 23¥3,000), (4.36)
238} 22
and Y, is clearly independent of c. In the present notation, « = 1, 2, 3 and 4
represent fuel, oxidant, products and diluents, respectively. Denoting 7, and o, as
the temperature and density of the reactants, it can be shown (Bray, 1980) that:

Qo T
T=T,(141tc) and =——— where 7T=—-—1, (4.37
o ) 0 1 +70 T, (4.37)
and t can vary from 4 to 9. In general, 73 = 73(0, T, Y1, Y»), but because o, T, Y
and Y, are all functions of ¢, this can be replaced by i3 = 73(c). The statistics of the
flame are calculated by way of a pdf (similar in principle to the presumed-shape
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pdf method described earlier). It is argued that the pdf P(c;X), must represent gas
which is unburned and gas which has burned completely, as well as gas mixture
which is in the process of burning. It is convenient then to separate these three
contributions such that:

P(c;x) = a(x)8(c) + Bx)8(1 — )+ [H(c) — H(c — D] y(X)f(c;x), (4.38)

where §(c) and H(c) are Dirac delta and Heaviside step functions, respectively.
The coefficients «, B and y are non-negative functions of position and f(c) sat-
isfies the normalisation condition, fol f(c)de = 1. o, B and y may be regarded as
the probabilities that unburned mixture, fully burned product, and burning mode,
respectively, exist at the point in question — it can be shown by integrating P(c)
with respect to ¢ that o« + 8 4+ y = 1. In this a priori pdf method, f(c) is to be
represented empirically and the functional form for P(c) is assumed to have at
most two parameters, ¢ and ¢
An approximation which drastically simplifies the model is that y <« 1. This
represents, in the limiting case, a flow which fluctuates between unburned and fully
burned mixtures. Bray (1980) expressed the transport equations for ¢ and ¢’ in non-
dimensional form and in the expression for the source terms identified the grouping
y Da. It was argued that y Da was of order unity and thus the approximation y < 1
was accompanied by Da > 1; this implies that the characteristic chemical time is
much smaller than the characteristic turbulence time and so the rate of combustion
is controlled mainly by turbulent mixing. In fact it can be shown that with the
condition y « 1, an expression for 73/Y3 . which is very similar to the form
of Spalding’s EBU model is obtained. The condition y < 1 leads to a pdf P(c)
consisting mainly of two delta functions with o + 8 & 1. Using the relation for
the density, Eq. (4.37), in averaged form and the equation of state expressed as
OooToo = 00T, there results:
(I1+71)c 1-¢

p 1+ ¢ an@so o p 1+ ¢

(4.39)

The only term remaining in the specification of the pdf P(c) is the burning mode
pdf. Consistent with the y < 1 approximation is the idea that the burning mode pdf
makes little contribution to the pdf P(c); under these circumstances "~ &1 =)
and, as shown in Eq. (4.38), to construct P(c) only « and 8 would be required,
which are functions of ¢ only. It can be shown (Bray, 1980), however, that f(c) does
influence @ and ¢”@. Furthermore, the source terms are related to f(c) through the
ratio of its moments, and in this respect it is argued that the results are insensitive
to the details of the specification of f(c).

Many of the applications of the Bray—Moss model have been confined to an infi-
nite plane one-dimensional reaction zone which is swept relative to an incoming
stream of reactants. Further details of the application and modelling can be found
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in Bray and Libby (1976), Libby and Bray (1981) and Bray et al. (1981). Turbulent
transport was modelled initially through an eddy viscosity concept, and subse-
quently through the joint pdf of velocity and reaction progress variable. The model
has been used to study the effects on the turbulence kinetic energy, k, as the flow
passed through the reaction zone. In such a situation the effects to be accounted
for include dilatation associated with the heat release (which tends to bring about
a reduction in the turbulence kinetic energy, k), and interaction between the mean
motion and the Reynolds stresses which generates k; this latter effect was neglected
(on the basis of an order of magnitude argument involving an angular deflection
of a typical streamline passing through a planar flame) in comparison to the pro-
duction of k from buoyancy effects associated with the mean pressure gradient.
The use of the joint pdf implies that closure of the turbulent transport terms can be
achieved without invoking an eddy viscosity assumption, and at the same time it
allows the validity of such a hypothesis to be investigated in turbulent combustion.
The second moment closure of Bray ef al. (1981) focused attention on the solu-
tion of the equations governing the evolution of ou”u” and ou”c”. The numerical
treatment was facilitated by replacing the x-coordinate as the independent variable

with the mean product concentration ¢; this manipulation also had the advantage of
eliminating @y, from the formulation and thereby obviating the need for its speci-
fication (unless the spatial structure in the form of x(¢) was required). The results
demonstrated that as T (a measure of the heat release) was increased, extensive
regions within the flame showed signs of counter-gradient diffusion — i.e diffu-
sion of opposite sign to that required by gradient transport. The physical process
responsible for this effect was due to a ‘buoyancy’ mechanism in which packets of
low-density burned gas were preferentially accelerated relative to packets of reac-
tants by the mean pressure gradient acting across the flame. The resulting relative
motion between burned and unburned packets took place in the direction opposite
to that predicted by gradient diffusion. The predictions of the model based on the
joint pdf reproduced with good accuracy the changes in the intensity of the veloc-
ity and scalar fluctuations across the flame. The mean pressure gradient provided
the dominant term which augmented k throughout the interior of the flame, but
its effect diminished at the boundaries of the flame where the effects of dilata-
tion and viscous dissipation (both sinks of k) became relatively more dominant.
Despite the success of the above treatment, the generalisation of this approach to
two- and three-dimensional flows is likely to require further effort, firstly because
of the increased dimensionality of the joint pdf (more velocity components have
to be accounted for) and secondly the Reynolds stress terms require more detailed
modelling. Some progress has been made in this respect by Bailly and Champion
(1997).

The original Bray—Moss model has been extended to situations which involve
more realistic chemistry. Within the framework of multi-step chemistry, a
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redefinition of the reaction progress variable is required. Clearly the normalised
mass fraction of product is unsuitable since with complex chemistry there is no
single product. In addition some species may have been depleted where others
just begin to appear and therefore the state of any particular reactive species is
not (necessarily) indicative of the state of the reaction. c is therefore redefined in

terms of temperature:
T —-T,
c=(—-2), (4.40)
Too - To

where T, and T, are the temperatures upstream and downstream of the reaction
zone, respectively. One of the most notable applications of complex chemistry is
the work of Champion et al. (1978) in which the chemistry is assumed to pro-
ceed sequentially. The semi-global chemical mechanism of Edelman and Fortune
(described in Champion et al., 1978) was employed to investigate a reacting mix-
ture of propane and air in a ducted, stationary and one-dimensional flow. It was
assumed that the complete chemical scheme could be partitioned into two distinct
zones (not necessarily spatially distinct). Firstly a delay zone which was repre-
sented by the global reaction for the propane break down. This reaction led to small
heat release and had to be the fastest of the reactions for sequential chemistry to be
postulated. In the next combustion zone, the chemical description included all the
remaining reactions in the semi-global scheme (involving slower radical recom-
binations). Thermo-chemical closure was achieved by expressing conservation of
species in terms of ¢, invoking partial equilibrium assumptions and by taking the
concentration of oxygen to hydrogen radicals as a constant.

The Bray—Moss model (1974, 1977) has drawn upon ideas from laminar flamelet
theory; this is related to the specification of f(c). For example, if the distribution of
product or temperature through a laminar flame can be represented by ¢ = c¢(x/8¢),
where c(x/d¢) is a monotonically increasing function from ¢ = 0 to ¢ = 1, then it
can be shown that:

de |
f(o) {d(x/éf)} . (4.41)
Therefore, given a representative laminar flame profile, it is possible to determine
f(c). The original theory makes no further use of the laminar flamelet idea there-
after. However, more recently, Bray (1986) has extended the flamelet pdf model
to include effects of flame stretch. The motivation for this line of approach is
that the basic EBU-type expression involves the time scale k/e. This implies
that @ will increase without limit if the turbulence time scale is reduced, since
no allowance is made for flamelet quenching. It is argued that in a turbulent
flame burning may be represented by a number of strained laminar flames with
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Karlovitz numbers Kag, Kaj, . . ., Ka, which are assumed to occur with probabili-
ties o(X), 21(X), . . ., €. (X) such that Z?:o ,(x) = 1. Under these circumstances,
the mean reaction rate can be written as:

n 1
b=r} {p /0 mem(e)dé} , (4.42)

where w; is the source term for the flamelet with Karlovitz number Ka, and f(c)
is given by Eq. (4.41) with the conditioning on the Ka,, which affects the flame
structure and thickness. The mean species concentration then becomes:

n 1
¢:(c) = ag;(0) + Boi(1) +y Z {@s /O ¢i,s(5)fs(€‘)d5} ; (4.43)
s=0

where ¢; ;(c) is determined from a flamelet library — in order to use such a thermo-
chemical specification, the same ideas invoked in the work of Champion et al.
(1978) are required, i.e. a redefinition of ¢ in terms of temperature and sequential
chemistry. Note that even if y <« 1, the last term on the rhs of Eq. (4.43) must
be retained, particularly if reaction intermediates are to be calculated, since these
species are predominantly created in the reaction zone. Bray (1986) assumed that
y was independent of flamelet quenching and controlled by the scalar dissipation
mechanism. The effects of stretch are necessarily coupled to the position of the
flamelet and thus to the progress variable c. It was assumed that Ka was uncorrelated
with ¢, which is similar in principle to an assumption of statistical independence. The
implication of such an assumption is that the integral fol ws(C) fy(¢)dc can be taken
out of the summation in Eq. (4.42), and in doing so, the subscript ‘s’, characterising
the degree of stretch, can be replaced by the unstrained flamelet subscript ‘o’. By
invoking a log-normal distribution for the viscous dissipation rate, relating this to
the Karlovitz number under quench conditions and assuming that the quenched
flamelets make no contribution to @, Y ,_, &, can be replaced by the probability
of unquenched flamelets, g,q. The final result is:

- _/&\ ¢(1—-20) (ON
= _ (¢ s h = —. 4.44

0 (k> e~ l)go q» Where ¢ o ( )
This is a basic EBU-type expression multiplied by the proportion of flamelets that

are unquenched.

4.4 Further developments in premixed flame theory

At large Damkohler numbers the source term for chemical reaction has been
shown to be proportional to the scalar dissipation rate in premixed (Bray,
1978) and non-premixed (Bilger, 1976) configurations; in the premixed situation,
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oxi=®7" %(Vc” )*. The main difficulty in exploiting this relation for the pur-
pose of calculating the mean reaction rate is in the representation of y. However,
in this section we are concerned with a reactive scalar, ¢, and the appearance of the
time scale (k/e) as the controlling parameter is questionable since it ignores the
distribution of scalar time scales in the reaction zone, which can be very different
to (k/¢).

Recently, EBU-type combustion models, as embodied in the original Bray—
Moss theory, have come under careful scrutiny, particularly with regards to their
prediction of flame propagation. For example, Weller et al. (1990) pointed out that
the use of such a combustion model led to problems of high flame speed predictions
near a wall, whereas observations show the flame to slow down in such regions.
Catlin and Lindstedt (1991) studied flame propagation through a uniform turbulence
field in a one-dimensional planar open-ended tube geometry where the turbulent
reaction rate was quenched near the cold front of the flame. The computations
demonstrated that the burning velocity and the reaction zone thickness increased
rapidly as the quench point approached the cold front and, although the burning
velocity remained bounded, the reaction zone thickness became indefinitely large.
The conclusion was that cold front quenching was necessary for the prediction of
experimentally observed flame behaviour in tubes using mixing-controlled reaction
models.

It has been noted (Bray ef al., 1984) that in the Bray—Moss theory length scale
information, particularly with reference to the local scalar field, is not present. An
attempt to remedy this situation is described in Bray ef al. (1984) and Bray and
Libby (1986). The formalism centres around the representation of the mean reac-
tion rates as w(X) = @¢(X)v(x), where v represents the mean frequency at which
flamelets cross the spatial location under consideration and where @y is the mean
reaction rate per crossing. The main task is the determination of v, which is achieved
through the solution of a modelled transport equation at the one-point, two-time
level for the autocorrelation of the progress variable, ¢, with time advance 7, i.e.
c(x, Hex, t + 1) = Pr11(x, 7). It was assumed that c(x, 1) observes a zero—one func-
tion or square-wave time series behaviour, by virtue of the y <« 1 approximation.
In the modelled equation for P (X, T), terms involving molecular diffusion were
neglected (high Reynolds number assumption) and correlations such as c& were
treated by analysing the covariance between a delta function (simulating @ as a pulse
train) and a square-wave time series (for c). For the remaining terms, the limiting
behaviour for r = 0 and T — oo was either known or postulated, and consequently
closure was achieved by assuming that an exponential function could be employed
to interpolate between these limits. By assuming a pdf for the passage times for
the reactant and product modes at a point, an expression for v was obtained. In a
one-dimensional planar flame geometry it was found that the predictions of mean
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passage times for reactants and products as well as the normalised power spectral
density of ¢ were in very good agreement with the measurements of Shepherd and
Moss (1983). It must be stressed, however, that for the validation of the model, data
from the measurements were employed to evaluate some of the constants associated
with the model. Although this is one of the advantages of the theory (i.e. the quan-
tities appearing in the model are directly measurable), it is not clear how easily the
experimental input can be supplemented by theory. In order to calculate @, some
means of prescribing @y is necessary, and this can be achieved through the use of a
flamelet library (Bray, 1986). In this approach a term, V, ,, representing the mean
speed normal to a flamelet with a characteristic Karlovitz number, Kas, is required.
This was modelled by assuming that this mean speed is independent of stretch
effects, and then related to the mean flow velocity (one-dimensional situation) with
V, &~ V /K, where K is an empirical constant. No predictions of @ have yet been
obtained to demonstrate whether the flamelet theory incorporated in the model
behaves correctly. Furthermore, the extension of this model to two-dimensional
and three-dimensional situations requires further effort.

Recent work on premixed combustion has attempted to characterise the burning
rate through the evaluation of a flame area and burning velocity. The work of
Darabiha et al. (1989) serves as an example of an approach to premixed flame
modelling based on the solution of an equation for the flame area per unit volume
(also referred to as the flame surface density). The principle of the flame area
technique is to obtain closure for the mean reaction rate in terms of the mean
flame area per unit volume, 3. Instantaneously, this quantity is defined as ¥ =
limgy _.¢(0S/0V), where S denotes a material surface element with area §S. A
balance equation for X can be derived:

a 0 1 ou;  Ouj

E(QE) + a—xk(QMkE) = _EQninj (8—)61 + 3—X,> ) (4.45)
where n; is the unit vector normal to the surface. The Favre-averaged form of this
equation requires closure. The turbulent flux of ¥, —o(u} X"”), was closed using a
conventional gradient transport model including a turbulent Schmidt number for
the surface density. The Favre-averaged form of the rhs of Eq. (4.45) was modelled
as a function of the strain rate (assumed o &/k), @ and . In order to complete
the closure, further modelled terms had to be added, to account for the reduc-
tion in flame area brought about by the interaction of two flamelets separated by
fresh reactant and removal of flame area by quenching when the flamelets are sit-
uated in a highly-strained field. Intuitive arguments were employed to represent
these complicated processes. The mean consumption rates were calculated from
@; = —0V,.; 3, where V,.i is the volume rate of consumption per unit flame area
of the ith species (presumably based on mean concentrations). For the purpose
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of calculating a turbulent flame, a flamelet library was constructed based on the
calculation of a laminar premixed counterflow flame of fresh reactants and burnt
products, using a detailed propane—air mechanism. The flamelet model was charac-
terised by the strain rate, temperature of the unburnt gas stream and the equivalence
ratio of the incoming reactant stream. A baffle-stabilised ducted turbulent premixed
flame was investigated, supported by measurements of the local heat release rate,
obtained by light scattering techniques. For the purpose of prediction, the empirical
constants emerging from the modelling were assigned the value of unity (without
further optimisation/calibration). The reacting flow calculations were initiated by
introducing a temperature zone with a Gaussian shape and a localised distribution
of flame surface density in a region of recirculation of the cold flow. How sensi-
tive the predictions were to variations in the specification of the reaction zone is
not clear. Qualitatively, the predictions followed the correct trends; for example
a reduction in the equivalence ratio brought about the observed reduction in the
length of the reaction zone. However, the model predicted heat release in regions
not observed in the measurements. Despite the extensive modelling employed to
close the X equation, the shortcomings of the prediction were attributed to the use
of the gradient transport hypothesis.

Cant et al. (1990) also investigated the surface-to-volume ratio equation in pre-
mixed combustion. They considered the flame surface to be defined by all points
X such that ¢(X, t) = c*, where ¢* was a specified and fixed value of the progress
variable c. In this respect the flame surface was a constant-property surface. An
exact equation for the mean surface area per unit volume was proposed, although
comparison with the equation appearing in the work of Darabiha er al. (1989)
was rendered difficult due to the use of surface averaging in the former case. Cant
et al. identified realisability conditions which had to be satisfied and modelled
the unclosed terms appearing in their formulation of the ¥-equation. In particular,
the strain rate in the tangent plane of the surface was modelled to be consistent
with the limiting behaviour of a material surface and a fixed surface in isotropic
turbulence. The mean curvature, influenced by small scale turbulence effects and
instabilities in laminar flame propagation, was represented as a linear function of
Y and the local mean surface laminar flame speed. A one-dimensional test case
with open boundaries was considered. At time t = O the flame was assumed to
exist in a field of statistically homogeneous isotropic turbulence with zero mean
flow and no density variations. The results yielded a flame which quickly settled
down to a steady propagation speed and a self-preserving structure. In addition the
effect on the turbulent flame speed as a function of the laminar flame speed and
the Reynolds number (based on the Taylor micro-scale), showed the correct trends.
Cant (1993) has extended the formulation to the variable-density case. The basic
modelling follows on from Cant ef al. (1990). Certain results from the Bray—Moss
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theory were employed together with a flamelet library for CHs—air combustion in
order to investigate the same simplified test case as described above. The results
once again yielded a plausible evolution for the flame profiles.

The performance of various flame surface density models has been investigated
by Prasad and Gore (1999) and Prasad et al. (1999). In Prasad and Gore (1999) the
results obtained with four different flame surface density model formulations and the
Bray—Moss model are compared with measurements in a simple premixed jet flame.
All of the models predicted the increase in flame brush thickness with downstream
distance and reasonable agreement with experiment. The different models did,
however, display differing sensitivities to the inlet turbulence characteristics. The
models investigated in Prasad and Gore (1999) have also been applied to non-
isenthalpic premixed flames in Prasad et al. (1999). Here it was found that the
Mantel and Borghi (1994) and Bray—Moss (1977) models gave best results, but that
the other FSD models with slight adjustments of the model constants could provide
similar agreement.

Peters (1992) investigated premixed turbulent combustion in the flamelet regime
by a level set method (Sethian, 1998) where the instantaneous flame contour is
described in terms of an iso-scalar surface of the scalar field G(x, t). The condition
for the flame front G(x, t) = G, (an arbitrary constant) divides the flow field into
two regions where G > G, is the region of burnt gas and G < G, that of the
unburnt mixture. The scalar difference G — G, was interpreted as the distance
from the flame surface. The Markstein length, £, which is a characteristic length
scale for flame response and proportional to the flame thickness, was introduced into
the G-equation by expressing the laminar burning velocity (subjected to stretch) in
terms of the unstretched burning velocity and terms associated with flame curvature
and flow divergence. The result was:

DG 9G D|VG]|

— = VG = u; |VG| +DV?G — L . (4.46
Y at+y ur ol VG| + D (D )M (4.46)

where D, = u; L, with D being referred to as the Markstein diffusivity. u; , and
L were defined with respect to the unburnt mixture, so that v was the velocity condi-
tioned ahead of the flame. Peters then constructed (through Reynolds decomposition
and ensemble-averaging) transport equations for G and G'2 which contained sev-
eral terms requiring closure. In particular, unclosed terms were identified in the G'2
equation which were associated with the smoothing of the flame front and which
were argued to be most effective at different scales of turbulence. Guidance for
the modelling of the G'? equation was obtained from consideration of constant-
density homogeneous isotropic turbulence. The existence of an equilibrium range
for the scalar field under consideration was hypothesised, and consequently between
wavenumbers (k) representing the reciprocal of the integral and Gibson scale, the
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scalar spectrum function I'(k, ) assumed a universal form. I'(«, 7) = 4K’ (g:\z(/c, 1),
where g2(k, t) is the Fourier transform of g2(r, t) = G/(r, t)G'(X + r, t). Introduc-
tion of a gradient transport hypothesis permitted closure of the I'(x, ¢) equation,
thereby constraining the modelled terms to be a function of the local wavenumber.
The resulting linear differential equation was solved exactly by the method of char-
acteristics, and integration of the differential equation over wavenumber space and
comparison with the constant-density homogeneous analogue of the G2 equation
completed the closure. Modelling of the G equation remained. A term representing
the product of the flame surface area per unit volume and the unstretched lami-
nar flame speed was modelled using intuitive arguments and dimensional analysis,
with the result that the closed term involved k /¢ as a characteristic time scale. The
turbulent transport and Markstein diffusion terms were combined and modelled as
a curvature term incorporating a turbulent diffusivity. Calculations were performed
for plane and oblique flames for which the curvature term disappeared, and while
no direct comparison with measurements was made, the predicted flame brush
thickness and position agreed qualitatively with experimental observations.

An alternative flamelet formulation for premixed turbulent combustion has been
adopted by Bradley et al. (1998b), see also Bradley (2001). Combustion is described
in terms of temperature, used to define a reaction progress variable, and the flame
stretch rate, s. A joint pdf, P(c, s), is then introduced to evaluate the mean volumetric
heat release rate that appears in the transport equation for mean temperature, viz:

sT 1
qg= f41(C, s)P(c, s)dcds, (4.47)
-0

N

where ¢;(c, s) is the heat release rate in a stretched laminar flame and where s~
and s are the flame extinction limits under negative and positive stretch rates. The
volumetric heat release rate, ¢(c, s), is then obtained from:

a(c,s) = f(s)q(c,0), (4.48)

where the function f(s) depends on s and the Markstein numbers of the mixture.
For turbulent flow the function is written in terms of the dimensionless strain rate,
§ = stg, where Tk is the Kolmogorov time scale and the results of computations of
spherically propagating laminar flames are used to construct suitable forms for f(5).
The variables ¢ and § are assumed to be uncorrelated so that Eq. (4.47) becomes:

1

q :ff(&)P(§)dsfq1(c, 0)P(c)dc, (4.49)

0
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where fs a f(§)P(5)ds represents the ‘probability of burning’, P,. In Bradley et al.
(1998a,d) the functional forms of the two pdfs, P(§) and P(c), are assumed a
priori to be a near-Gaussian distribution and a beta function, with the former being
suggested by DNS results.

5 Partially premixed, premixed and non-premixed combustion

The combustion models described so far are restricted to either premixed or non-
premixed turbulent combustion and the availability of models that are equally appli-
cable to all regimes of burning is severely limited. The model perhaps most widely
used in commercial CFD codes is the so-called ‘eddy dissipation’ model. In this
approach, together with the presumption of a single step reaction, the mean fuel
consumption rate is given, typically, by:

I in( 7, Yo (4.50)
, min , — . .
1—|—r]: F Ir

While the formulation has some similarities to Spalding’s eddy break-up model
for premixed combustion, it appears to have little rigorous basis in general and is
based on ad hoc assumptions. From a practical point of view the constant Cy is
far from universal, and a very wide range of values have been used — and results
are extremely sensitive to the value of Cy. Further ad hoc modifications are also
required for burning near solid surfaces.

The premixed turbulent flame model of Bradley et al. (1998b) has been extended
to partially premixed combustion, Bradley et al. (1998c). It is assumed that burning
takes place in the form of premixed flamelets of varying mixture strength, and the
model is augmented by the addition of mixture fraction and the associated joint
pdf, P(&, c, s). This joint pdf is expressed as:

~ &
d)F = —CB@Emin <

P(&,c,5) = P(s)P(c|§)P(&), (4.51)

where the conditional pdf, P(c|£), is assumed to be a beta function. The model has
been successfully applied to the calculation of flame lift-off heights and blow-off
velocities for methane jet flames and the results were in excellent agreement with
the available experimental data. In a related approach, Bondi and Jones (2002)
have formulated a model, based on the flame surface density and mixture frac-
tion, for premixed flames with varying stoichiometry. The model led to reasonable
agreement with measurements in a natural gas fuelled burner.

The G-equation method of Peters (1992) has also been extended (Chen et al.,
2000), to partially premixed combustion by the addition of the variables £, £ and
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h for which transport equations are solved. The approach led to good agreement
with measured lift-off heights, and further details of the method can be found in
Peters (2000).

5.1 The transported pdf approach

If the assumption of ‘thin’ flame burning or ‘fast’ chemistry, invoked in practically
all of the combustion models described so far, is not appropriate then the problem
of evaluating averaged species net formation rates is unavoidable. For example, the
successful prediction of CO and unburnt hydrocarbon emissions from combustion
systems requires account to be taken of finite-rate chemical processes. In addition,
the low NO, combustion chambers currently being developed involve partial pre-
mixing of the fuel and air prior to combustion, and here also averaged net formation
must be determined. To achieve this the joint probability density function for the
temperature and mass fractions of the necessary chemical species must be known.
One and perhaps the only method of obtaining this is from solutions of the evolu-
tion equation for the probability density function of the relevant scalar quantities.
The joint pdf of a set of scalars, P(y, ..., ¥n;X, t), contains all single point,
single time moments of the scalar field. Consequently, in the exact transport equa-
tion for P(yry, ..., ¥n;X, t) the chemical source terms associated with reaction
appear in closed form, though, as in all statistical approaches, the equation itself
is unclosed. The unknown terms represent micro-mixing in the ‘scalar’ space and
turbulent transport in physical space, and it is the former of these which represents
a central and only partially resolved difficulty. Nevertheless, providing sufficiently
accurate approximations can be devised, then the inclusion of chemical reaction
should in principle present little further difficulty. Pdf transport equation modelling
has been investigated for well over two decades, but it is only relatively recently that
the methodology has become a potential tool for engineering calculations. Whilst
this is in part due to the successful development of Monte Carlo solution algo-
rithms, it is mainly because of computer hardware developments which provide the
increased resource necessary to obtain solutions to the pdf equation. Essentially
for the reasons above there is currently considerable interest in the pdf transport
approach to turbulent combustion; reviews of the topic can be found in O’Brien
(1980), Pope (1985), Kollmann (1990, 1992), Jones and Kakhi (1996) and Jones
(2001).

5.1.1 The governing equations

The terms representing chemical source terms appear in closed form in the balance
equation for the joint pdf of the relevant scalar quantities. For combusting flows the



Turbulent flames 155

density-weighted pdf defined by:

P(wl,...,wN;x,t)zMP(%,...J#N;XJ) (4.52)

is appropriate and an equation for this may be derived from the exact conservation
equations by standard methods. For high Reynolds number turbulent flow and with
the assumption of equal molecular diffusivities this may be written as:
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The pdf equation contains two types of unknown terms for which closure is required;
that representing turbulent transport and that describing micro-mixing — the final
term in Eq. (4.53). In this latter term the quantity

M 9%a 395
Sc dx; dx;
represents the scalar dissipation conditioned on ¢ = .

For the turbulent flux of pdf a gradient trans_port ‘model is usually adopted so
that:

o= v)
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where the value of o, is assigned the value of 0.7 and where u, is obtained from the
k—¢ turbulence model, Jones and Launder (1973). An alternative is to use the joint
pdf for velocity and the necessary scalars, e.g. Wouters et al. (2001), in which the
turbulent transport terms are closed, though there are other terms that then require
modelling.

The micro-mixing term is of central importance and its closure represents a major
difficulty in the pdf transport equation approach. Though there have been a number
of proposals, it appears that none are entirely satisfactory, even in inert flows. For
combusting flows modelling represents an even greater challenge for, as is evident,
the dominant contribution to micro-mixing is from the fine scale motions and this
is precisely where combustion normally occurs. Micro-mixing and combustion are
thus intimately coupled and this has clear implications for modelling. Of the models
available at present, it appears that the modified coalescence-dispersion model of
Janicka et al. (1979) and Dopazo (1979), see also Jones and Kollman (1987),
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represents an acceptable balance of complexity and realism. It may be written as:

N N 82 w a¢a 8¢ﬁ ~ i
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The constant Cy is assigned the value 2.0 so that the predicted variance decay rate of
a passive scalar is in conformity with measurements. To complete the description
the mean velocity, U; is needed. This is normally obtained from solution of the
mean flow equations in which the k—¢ model, written in terms of density-weighted
quantities, is used to represent turbulent transport.

The terms in the pdf equation which involve chemical reaction appear in closed
form, and in principle reaction mechanisms of arbitrary complexity may be incorpo-
rated. However, to keep the method tractable it is necessary that chemical reaction
be described in terms of a small number of scalar quantities — that is quantities
such as species mass fraction etc. for which conservation equations must be solved.
Hence the use of reduced reaction mechanisms appears essential with the method.
In addition it is usual to tabulate the chemistry on a once and for all basis in order
to keep computational requirements manageable. The method has been applied
successfully to both premixed and non-premixed combustion, e.g. Anand and Pope
(1987), Jones and Prasetyo (1996), and Jones and Kakhi (1997, 1998). More recently
realistic and quite detailed chemistry has been incorporated with quite impressive
results, Xu and Pope (2000), Tang et al. (2000) and Lindstedt et al. (2000). The pdf
transport equation approach is without doubt a powerful method with considerable
potential for representing a wide range of combustion phenomena. However, while
there are a number of modelling issues which remain to be resolved, the main limi-
tation to its use in engineering applications is the high computational cost involved.
This arises because of the large number of independent variables involved in the
pdf equation (x, ¢ and the scalars needed to describe reaction) which in turn implies
that stochastic solution methods must be used. The resulting computation cost of
solution is thus substantially greater than that required for the majority of other com-
bustion models described elsewhere in this chapter; for three-dimensional flows,
particularly if realistic chemistry is used, the computational requirements may well
be beyond current capabilities.

6 Conclusions

This chapter has attempted to provide areview of the mathematical models available
for predicting combustion in turbulent flows. The processes involved in the vari-
ous regimes are quite different, and so the modelling of non-premixed (diffusion),
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premixed and partially premixed flames has been considered separately. The mod-
elling of non-premixed flames is perhaps the most firmly based and has reached the
most satisfactory state. If only heat release rate is of concern then the single lami-
nar flamelet/conserved scalar/presumed shape often provides a sufficiently accurate
description of burning. This should not be taken to imply that agreement with exper-
iment will always be good; an accurately predicted velocity field — which may not
be forthcoming because of limitations in turbulence models — is clearly a neces-
sary prerequisite for an overall accurate prediction. If local extinction effects are
important or NO, formation, particularly at ambient pressures, is of interest then the
simple flamelet model is clearly not appropriate and the conditional moment closure
and unsteady flamelet model represent viable alternatives. There are many similar-
ities between the two approaches. Both involve a flamelet (thin flame) description
of burning, allow fairly detailed chemistry to be incorporated and account for flame
history effects. Furthermore, the computational costs of the two approaches appear
to be closely similar.

The fundamental assumption underlying practically all of the useful models
of premixed combustion is that burning occurs in the thin flame regime with the
consequence that the flame can be treated much as a propagating material surface,
with a propagation speed being dependent on flame properties such as the stretch
and curvature etc. Of those available the BML model, the G-equation model, the
flame surface density (FSD) model and the model of Bradley et al. appear to be the
most well developed and all are capable of producing good results in the appropriate
circumstances. The main differences between the various formulations appear to
rest mainly on the method adopted to account for the influences of flame stretch and
curvature. It is also possible, however, that some of the differences in the results
obtained with the various models arise because of differences in model calibration
and burning velocity data. At the present time it does not appear possible to conclude
which, if any, of the above models is optimum. To some degree the model to be
selected is a matter of taste though it does also depend on the application to be
considered.

The situation is much less satisfactory in circumstances where the thin flame
burning assumption is not appropriate or where there is a degree of partial pre-
mixing, or where burning in both the premixed and non-premixed regimes occurs
within the same combustion chamber. The partially premixed models of Bradley
et al. (1998c) and Chen et al. (2000) both allow the calculation of lifted diffusion
flames and blow-out. While the agreement achieved is good, an essential assump-
tion is that burning occurs in the form of premixed flamelets. While this may be
appropriate in lifted flames it is inconsistent with the fast chemistry limit described
in Section 3 and this will undoubtedly limit the generality of the methods. Cur-
rently there appears to be no model capable of accurately describing all regimes of
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turbulent burning that is computationally tractable in three-dimensional engineering
applications. The pdf transport equation method is potentially capable of being
such a method, and the results obtained with it to date are impressive. However,
the computational cost of the method is large, particularly if realistic chemistry
is to be used. At present this restricts its use to relatively simple configurations,
though this situation is likely to change with current rapid increases in computing
power.
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Boundary layers under strong distortion:
an experimentalist’s view

J. F. Morrison
Imperial College, London

Abstract

The problems concerning the understanding and prediction of strongly-distorted
turbulent boundary layers are reviewed. Some of the views expressed emanate
from the Isaac Newton Institute (INI) programme on turbulence in 1999; others
are an experimentalist’s view of current modelling techniques and the require-
ments for future work. The purpose of this chapter is, first, to pinpoint research
that has already been carried out in this area and, second, to highlight gaps in
our knowledge where there is a need for specific experiments to enable the sub-
sequent development of existing turbulence models. Attention is not restricted to
Reynolds-averaged Navier—Stokes (RANS) solvers but also considers the prob-
lems regarding the modelling for large-eddy simulation (LES). The subject of this
chapter is vast, and therefore ample use is made of existing reviews by authors
who are experts in specific subject areas. These include ‘extra rates of strain’,
changes in boundary conditions, as well as even more complex phenomena such
as shock/boundary-layer interaction and boundary layers with a variety of embed-
ded vortices. While we have many of the numerical tools required for design and
prediction, it is clear that physical understanding of the dominant mechanisms is
lacking and therefore our ability to predict them is also. As far as our existing
knowledge is concerned, emphasis is placed on an empirical approach for rea-
sons of pragmatism. Some ‘application challenges’ presented during the course
of the INI programme on turbulence are addressed. It is clear that more experi-
ments are required: these should be specific and well defined, and have very clear
objectives.

Prediction of Turbulent Flows, eds. G. F. Hewitt and J. C. Vassilicos.
Published by Cambridge University Press. © Cambridge University Press 2005.

163



164 J. F. Morrison

1 Introduction

The subject of this chapter necessarily involves a wide range of flows that are
ubiquitous in both nature and engineering. It is treated as that class of turbulent
boundary layers subjected to the imposition of a length or velocity scale (or both)
in addition to those necessarily imposed in order that the boundary layer may
exist, namely the viscous length scale, v/u, (where v is the kinematic viscosity
and the wall friction velocity u, = /7 /p) and the boundary layer thickness, §.
The aim of this chapter is to provide a physical description for those interested
in the prediction of, and modelling for, distorted boundary layers. Owing to its
uncertain definition, § is a representative length scale: more pragmatic definitions
exist such as the Rotta—Clauser boundary layer thickness. The velocity scale, u., is
problematical owing to the uncertainties associated with its accurate measurement.
However, as both the log law and the velocity defect law indicate, it provides
the best description of the mean velocity profile, so that there need to be very
good reasons for not using it as the key velocity scale. Additional scales can be
introduced in a variety of ways, essentially through modification of the boundary
conditions, such as through changes in pressure gradient, or by roughness or free-
stream turbulence. Bradshaw’s (1971) article, ‘Variations on a theme of Prandtl’,
was the first of a sequence of articles outlining a definition of a class of ‘complex’
flows: for a fuller treatment see also Bradshaw (1973). Our starting point is therefore
Prandtl’s boundary layer approximation. Here the emphasis is on the prediction of
distorted boundary layers, where the addition of further imposed scale(s) will lead
inevitably to further complexity of the physical processes, and unfortunately, to a
greater level of empiricism in their modelling. As such, the subject of this chapter
is a slightly more formal, but physical, definition of complex flows — those that
cannot be predicted with acceptable accuracy by methods developed for thin shear
layers.

Formally, imposition of an additional scale implies that a distorted boundary layer
cannot be self-preserving, immediately raising questions concerning the suitability
or otherwise of simple eddy-viscosity/mixing-length turbulence models. Effects
due only to the changes in the ratio of the two imposed length scales, §u. /v, we
take to be those of an undistorted boundary layer, and these are usually considered as
‘Reynolds number effects’. However, as is well known, Reynolds number effects
imply the use of a variable length scale in the formulation of eddy viscosity, as
in the viscous sublayer. The case of a rough surface offers further imposed length
scales such as roughness height, roughness element spacing or other measures of the
roughness topology. Taking the effect of roughness to be parameterised only using a
roughness height, k, a roughness Reynolds number, ku . /v, now represents the ratio
of two imposed length scales and, using the definition above, is a distorted boundary
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layer. However, when ku, /v > 100, the boundary layer is ‘fully rough’, that is, the
effects of roughness saturate (the skin-friction coefficient becomes independent
of Reynolds number) and the boundary layer becomes undistorted once again. At
‘high’ Reynolds numbers (the question of how high is ‘high’ is dealt with more
fully below), the viscous length scale will become small and roughness becomes
important. These issues alone constitute a vast topic and are currently a source of
much debate, owing to the availability of new data at very high Reynolds numbers
obtained under laboratory conditions, such as the ‘superpipe’ and HRTF facilities at
Princeton University. See Zagarola and Smits (1998) and McKeon et al. (2004). As
will be seen, these effects are important, and so need to be dealt with here, not least
as a final caveat to those who regard the problem of turbulence as solvable by means
of direct numerical simulations (DNS), inevitably at low Reynolds numbers. We
will, however, refer to some DNS results that are used for a term-by-term assessment
of the modelled equations.

At low Reynolds numbers, the prediction of transition is a particularly difficult
issue and simple correlation techniques of long standing are still hard to beat in
terms of their reliability. In many engineering flows, the background disturbances
can be very large so that transition occurs quickly. Usually, they are ill posed
too, certainly in engineering flows, but even in laboratory experiments too. In an
experiment with very well-controlled boundary conditions, Gaster (2003) shows
that periodic roughness acts as a set of ‘receptivity’ sites: with a roughness height
as little as 63 um in a boundary layer about 5 mm thick, amplification rates are
changed significantly. Clearly then, any prediction method for, say, turbine blades
or wings should consider the effects of erosion or deposition over time. For these
reasons, Reynolds-averaged (RANS) models are unlikely to predict the growth
of small disturbances accurately. In the case of large disturbances (e.g. ‘bypass’
transition), the effects are often treated by weighted functions of the diffusion term
in a suitable transport equation. But it is unlikely that this is an adequate model
of the physical processes (disturbances propagate and amplify at receptivity sites
rather than diffusing) and so it is not clear that such a method will offer a prediction
superior to that of a correlation.

Although boundary conditions can be modified abruptly with fetch, such as in
a step change in roughness (or, more or less instantaneously in time with, say, a
fast-response actuator), the turbulence is usually very slow to adapt. In Reynolds-
averaged terminology, this means that the turbulence does not change immediately
the mean strain rate changes. This is a principal cause for concern because it is
not immediately obvious what might be the most appropriate time scale to repre-
sent these changes. In order to put sudden distortions into context, we define
‘local equilibrium’ to occur when the production, P, of turbulence kinetic energy,
k = %ulz, and its mean dissipation rate, ¢, are equal. Therefore transport effects are
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negligible and energy is dissipated as soon as it is produced; this provides a good
approximation to the energy budget in the log law region. More generally, one may
define ‘equilibrium’ to be P/¢ = f(y/§) only. More often than not, turbulence
models use a single time scale, k/¢. Simple models prescribing streamwise scale
changes using ordinary differential equations are discussed below, together with, for
even more complicated situations, ‘split-spectrum’ models, which permit the use
of multiple time scales. For predictions of highly non-linear phenomena, we need
to retain non-linearity of the governing equations for as long as possible. However,
the results of (linear) rapid distortion theory (RDT) have been useful in provid-
ing insights into particular problems (see Savill 1987, Hunt and Carruthers 1990,
Hunt and Morrison 2000). Savill discusses the role of RDT in helping to model
the transport equations, with particular reference to the pressure-strain terms — it
can give qualitatively useful results even outside the strict limits of its applicability.
For the somewhat idealistic case of grid turbulence impinging on a moving wall,
Magnaudet (2003) has shown that the RDT theory of Hunt and Graham (1978)
offers a leading order approximation capable of describing both short- and long-
time evolutions of shear-free boundary layers in the limit of high Reynolds number.
Even so, it is useful to remember that the RDT approximation requires that the ratio
P/e ~ (Re)% > 1, where, typically, the eddy Reynolds number Re &~ 10%, at least.
Thus we take >’ to mean O(100). With the exception of shock-wave/boundary-
layer interaction, this is a condition seldom attained in external engineering flows,
but RDT is relevant to parts of the cycle in IC engines or in specific areas of
gas/steam turbines in which the working fluid passes from a fixed blade row to a
moving one (and vice versa).

Specifically, we examine both compressible and incompressible flows subject to
large distortion(s) such as:

e ‘extra’ rates of mean strain,

* changes in surface condition — roughness,

¢ changes in streamwise pressure gradient,

¢ changes in flow species — separation and reattachment,

¢ free-stream turbulence,

¢ shock/boundary-layer interaction,

* boundary layers with embedded (usually streamwise) vorticity — this includes three-
dimensional boundary layers in which the embedded vorticity is distributed.

These phenomena are all readily apparent in the global environment and are ubiq-
uitous in both internal and external flows directly related to engineering practice.
Usually they appear either singly or often together in complex interactions such as:

* shock/boundary-layer interaction,
* junction (secondary) flows (e.g. wing/body),
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* vortical flows (e.g. tip-leakage flows, wing tips and delta wings),

* highly skewed three-dimensional boundary layers (e.g. wings),

* trailing-edge flows,

e transition,

* unsteady flows,

 atmospheric surface layer over an urban landscape, and crop or forest canopies.

The first six items above constitute the six ‘application challenges’ outlined by
Atkins et al. (1999) for aerospace applications. Many of the above (vortical flows,
shock-wave/boundary-layer interaction, unsteady flows, transition) are also key
flow interactions in turbomachinery identified by Coupland (1999). Unsteady flows
are taken to include buffeting, a specific fluid/structure interaction for which a linear
treatment suffices and for which ad hoc treatments can be used with some reliability.
This is not the case for flutter, which is non-linear and the problems of it are too
complicated to be included here. The atmospheric surface layer offers particular
difficulties over a change in surface roughness. Other effects such as stratification
are dealt with elsewhere in this volume by Launder; intense sub-kilometre-scale
roll vortices apparent in the surface layer (Wurman and Winslow 1998) have many
of the characteristics we associate with embedded vortices in engineering flows.
The objectives of this chapter are an attempt at providing a framework for the
modelling of the complex interactions above. This will, hopefully, provide a means
of ‘bridging the disconnect’ between the intellectual rigour of the academic and the
pragmatism required by workers in industry. Hence the objectives are to:

¢ summarise the current state of the art of the topics outlined above, providing, where
appropriate, sources for more authoritative views;

* provide recommendations concerning the most appropriate turbulence models for the
application challenges;

* identify gaps in the current state of the art and thus areas in which future research should
be directed.

It is often said that modelling can be taken as a ‘pacing item’ for progress in turbu-
lence. This has certainly been true as far as the end-user is concerned, but every so
often, technology offers us a ‘paradigm shift’. In this context, large-eddy simulation
(LES) is offering just this, although it is probably too early to ascertain whether
the community is merely jettisoning one set of problems for another. Similarly,
the modelling requirements for LES are also likely to be a pacing item. However,
in LES, there is the possibility of a greater degree of universality in modelling
since, physically, the small scales exhibit a degree of universality not found in the
large, energy-containing scales. However, this is most definitely not the case in
near-wall turbulence where all the eddies are ‘small’, and not much bigger than the
Kolmogorov length scale, n, leading to complicated spectral energy transfers. The
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universality of the small scales in general is currently the source of much debate,
a review of which is beyond the scope of this chapter. In any case, the question of
whether or not turbulence exhibits ‘universal equilibrium’, even when not distorted
in the large scales, is largely irrelevant to successful LES modelling: a sufficient
condition for a subgrid model to be considered sound is that it estimates accurately
the low-order statistics of the energy transfer (Meneveau 1994). No review of the
problems concerning the prediction of strongly distorted flows would be complete
without an assessment of the successes (so far) of LES in this area and an assessment
of its potential.

Aerodynamic design extends from a piecemeal approach, with potential flow cal-
culations providing external boundary conditions, to the boundary layer calculation
with displacement effects incorporated by an iterative viscous/inviscid interaction
procedure, to RANS codes with appropriate mesh refinement in the region of sur-
faces or complex interactions. The former approach may not necessarily include
the effects of free-stream turbulence and simple boundary-layer codes do not cater
for surface-normal pressure gradients so clearly evident in shock/boundary-layer
interactions. Similarly, the latter approach may lead to real problems with say,
roughness effects in HP turbines, which are so crucial to performance losses, and
which can be overlooked simply because of the difficulty in prescribing them with
micron-size surface changes being beyond the resolution capabilities of most com-
putational meshes. Only some of these difficulties are likely to be obviated by the
use of LES for which there is a great need for ‘off-the-surface’ boundary condi-
tions to make LES at engineering/meteorological Reynolds numbers viable. These
problems are not new, the earliest consideration of the problems being by Robinson
(1982). Indeed, who would have thought that much of the conditional-sampling
and coherent-structure work of the 1970s and 1980s might now find application to
what is one of the most important and difficult problems in LES?

Where temperature differences or contaminant concentrations are small, the
fluid may be treated as one of constant property, with the major simplification for
calculation methods that the energy equation can be solved consecutively, rather
than simultaneously, with the momentum equations. For even smaller temperature
differences, the velocity field drives the scalar field without the latter exerting any
undue influence on the former. In this case, the scalar field is said to be ‘passive’.
Eddy-viscosity methods may then be extended to the prediction of heat transfer
by using an empirical distribution (with some help from theory) for the turbulent
Prandtl number, Pr; (the ratio of turbulent diffusivity of momentum to that of heat)
in the energy equation. The usual analysis for the law of the wall (see Section 2.1),
together with empirical values for the von Kidrmdn constant, «, and its thermal
analogue in the temperature log law, kg, show that Pry = k /ky, and that it is close



Strongly distorted boundary layers 169

to unity implying that, at least for undistorted flows where the molecular Prandtl
number, Pr~ 1, estimates for heat transfer can be obtained from Reynolds’ analogy
(the Stanton number, St = C¢/2, where Cy is the skin-friction coefficient). However,
even in undistorted boundary layers in which the local-equilibrium approximation
(and therefore the log law) is expected to be valid, Pry = k /ky decreases in the outer
layer and increases in the viscous sublayer so that Reynolds’ analogy will only ever
be approximate. Still-relevant summaries of this difficult area are given by Launder
(1978) and Kays and Crawford (1993). Buoyancy and stratification effects are dealt
with elsewhere in this volume by Launder.

The detailed effects of strong distortion on scalar transport appear to be largely
undocumented in the engineering literature, although the literature concerning the
dispersion of passive contaminants in the environment is burgeoning. In practice,
Reynolds-analogy models for heat transport do not work well for distorted boundary
layers. The reasons are fundamental but clear: heat is, in fact, a poor marker of the
instantaneous vorticity field. Following Batchelor and Townsend (1956), Morrison
and Bradshaw (1991) suggest that high-wavenumber pressure fluctuations, and not
viscous forces, drive the small-scale motion. Moreover, Guezennec et al. (1990)
confirm that, except very near the wall, pressure-gradient forces dominate viscous
forces, but play no rdle in the exchange of heat. Physically, this is because velocity
and pressure fluctuations extend over much shorter distances than temperature
fluctuations, the latter stages of mixing of the scalar field occurring by molecular
diffusion even though large eddies are brought together by mean flow advection.
Thus momentum exchange is more efficient and fluid is likely to retain its heat
marking for significantly longer than its momentum. This shows that even the
more successful Lagrangian dispersion models that rely on a complete neglect of
molecular diffusion are at variance with a key physical process. Therefore it is
hoped that DNS will be used more extensively than hitherto to highlight ways in
which simple Reynolds-analogy-type models are likely to be of limited value and,
more positively, suggest improvements to current practice.

Many industrial applications require predictions in compressible flow. It is usu-
ally assumed that for Mach numbers up to about five, Morkovin’s (1962) hypothesis
applies and that the time scales for the turbulence follow that of the mean flow.
Thus, in consideration of such topics as shock-wave/boundary-layer interaction, it
is assumed that Morkovin’s hypothesis applies, and that density change effects need
not be considered explicitly. Similarly, the transformed mean velocity exhibits a log
law with approximately the same constants as those used in incompressible flow.
See Bradshaw (1974) and Smits and Dussauge (1996) for further details. Huang
et al. (1992) provide details of changes to model constants caused by the effects of
compressibility.
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The next section is devoted to a description of the physical effects we wish to
model within the framework of multiple imposed length or velocity scales. Here it
should be noted that only length scales are independent of the frame of reference,
while mean velocity scales are not. Practically, this means we need to take particular
care in defining velocity scales for the turbulence as distinct from those for the mean
flow. We begin with undistorted flows (i.e. boundary layers with two imposed length
scales only) that include Reynolds number effects and surface roughness. We then
look atdistorted boundary layers in terms of extra rates of strain and interacting shear
layers. Section 4 offers general views on the major limitations of current RANS
and LES modelling. Implicit in the present approach is the now-accepted wisdom
(and a major outcome of the INI Programme) that no turbulence model is likely to
be reliable in flow regions subject to different imposed length scales. This leads to
the idea, first suggested by Kline (1981), of ‘zonal’ modelling. Section 5 attempts
to address each of the above application challenges by providing a ‘route-map’
for the choice of a suitable turbulence model. No such recommendation would be
complete without a clearly defined operation zone, outside of which a given model
is unlikely to be reliable. We conclude with a brief summary of the areas in which
there is a demonstrable need for future work.

2 Undistorted boundary layers

These are the simplest types of boundary layer that we consider and they help us
to clarify what is meant by a distorted boundary layer. We should be reasonably
confident that these types of boundary layers could be accurately predicted by
algebraic models.

2.1 Reynolds number effects

Reynolds number similarity is an essential concept in describing the fundamental
properties of wall turbulence. Unlike the drag coefficient for bluff bodies, that
for a turbulent boundary layer continues to decrease with increasing Reynolds
number because the small-scale motion near the surface is directly affected by
viscosity at any Reynolds number. Table 5.1 indicates the scale of the problem.
Turbulence models for design calculations, but validated in detail using laboratory
data obtained in facilities at atmospheric pressure and temperature, are likely to
involve extrapolation of quantities like drag coefficients over changes in Reynolds
number of four orders of magnitude. Worse still, use of the log law,
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Table 5.1 Typical Reynolds numbers

Re
Sun 103
Ocean/lower atmosphere 10°
Boeing 747/submarine 103
Superpipe/HRTF 107
Natural gas/water main 107
Laboratory experiments at STP 104
DNS 103

as the surface boundary condition places much faith in the value of the von Kédrmén
constant: a change in « from 0.41 (an accepted value) to 0.436 (as recommended
by Zagarola and Smits 1998) corresponds to a change in skin-friction coefficient of
2% and a change in drag coefficient of 1% at Re ~ 10”. It should be remembered
that classical derivations of the log law (Millikan 1938) use the method of matched
asymptotics: that is the log law appears in the limit of infinite Reynolds number
using both inner and outer scaling, and that at the lower Reynolds numbers met in
real situations, higher-order Reynolds-number dependent terms could be required.
In the limit y* = yu,/v > 1 and y/8 < 1, y becomes an important length scale
and its neglect in calculations therefore requires a very good reason. The superpipe
data (Zagarola and Smits 1998, McKeon et al. 2004) suggest that, for a log law
to appear (that these higher-order terms are negligibly small), the von Karman
number, R™ = Ru. /v > 5000, and that once established, a power law appears for
600 < y* < 0.12R™". k is auniversal constant, so that one may realistically suppose
that its value for engineering estimates, at least, is valid for both internal and external
flows. Yet there is no universal agreement. Using independent measurements of the
surface friction in a boundary layer, Osterlund et al. (2000) suggest a value of k as
low as 0.38. However, the highest Reynolds number of this dataset is only Reg =27
000, equivalent roughly to R™ ~ 1500, somewhat lower than that at which true self-
similarity (the log law) appears in the superpipe data. One of the attractive features
of fully developed pipe flow is that it offers a very well conditioned flow for study:
Kk is obtained from friction factor data and then cross-checked with mean velocity
profiles on both inner and outer scaling. With additional data and a revised analysis,
McKeon et al. (2004) suggest k = 0.421. The significant difficulty in estimating
the value of x using boundary layer data is the reliable estimation of the surface
skin friction. Whatever the outcome of this debate, it is clear that more accurate
experimental techniques have shown that boundary layers are far more sensitive
to the surface condition than was previously thought. As a rule of thumb, it is
likely that the wake region of a boundary layer becomes independent of viscosity at
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Rey ~ 10 000 (i.e. at the Reynolds number at which the log law appears), and not
at Rey ~ 5000, as previously thought and as deduced from the constancy of Coles’
wake parameter.

At any point, the turbulence consists of a range of scales so that simple similar-
ity of the higher statistics may only exist under a restrictive range of conditions.
The situation is complicated by the fact that wall turbulence is highly anisotropic,
owing to the different effects of the viscous constraint (the ‘no-slip’ condition) and
the impermeability constraint. The latter leads to a reduction in the wall-normal
v-component at a streamwise wavenumber, k;, that is roughly inversely propor-
tional to the distance from the wall, y. The effect of this ‘blocking’ or ‘splatting’ is
to increase the wall-parallel components down to the viscous sublayer. This leads to
the expectation that the spectrum for the v-component at low wavenumbers depends
only on y, while spectra for the wall-parallel components depend on both y and an
outer length scale such as the boundary layer thickness, &.

A particularly useful concept that explains much of the foregoing is Townsend’s
theory concerning ‘active’ and ‘inactive’ motion (Townsend 1961). The active
motion comprises the shear-stress, — puv-bearing motion which therefore scales on
y and u, only. On the other hand, the inactive motion is of large scale, does not bear
any significant shear stress, to first order, resides only in the u- and w-components
and is the result both of large-scale vorticity and of irrotational pressure fluctuations
generated in the outer layer (Bradshaw 1967b). Townsend (1956, 1976) described
the inactive motion as a ‘meandering or swirling’ motion that contributes ‘to the
Reynolds (shear) stress much further from the wall than the point of observation’,
but not, as noted by Bradshaw (1967b), ‘at the point of observation’. The purpose of
these details is that they lead to the question of whether or not the Reynolds stresses
are likely to exhibit simple similarity, as the mean velocity does. Unfortunately, the
answer is ‘no’: Morrison et al. (2002, 2004) show, using data from the Princeton
superpipe, that the horizontal stress, u2, exhibits no simple scaling with u,. From
the above, it is also clear that the other horizontal stress, ﬁ, also with contributions
from inactive motion, will not either. On the other hand, the wall-normal stress, v,
is more likely to do so, but given that the concept of inactive motion is a linear,
first-order approximation, it would be unwise to assume that v2 will show simple
similarity. Moreover, laboratory data for Re > 107 are still lacking, although cross
hot-wire data from the Princeton superpipe are beginning to appear.

On balance, there is a recipe to be offered, even if, while most of the ingre-
dients are known, their relative proportions are not. Marusi¢ et al. (1997) have
suggested:
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where A and By are constants, V, and W, are functions that represent, respectively,
a viscous deviation term operative at small y*, and a wake deviation term effec-
tive at large y/R. It should be made clear that, while the logarithmic function has
some theoretical support, in the form of a supposed self-similar kl_1 range in the
u-component spectrum, Morrison et al. (2002, 2004) suggest that the similarity is
incomplete. Therefore, the form of (5.2) has rather less theoretical support than the
log law (5.1). This also makes clear that A; and By, as well as any constants in the
functions V, and W,, will be empirical. Morrison et al. (2003) show further that
(5.2) requires an additional function that quantifies the inactive contribution near
the wall. The equivalent equation for EJF will be the same as (5.2), with different
constants, and that for ﬁJr will be of the form

U—Z—B—V[+]—W[X] (5.3)
u 2 ely tlsl’ '
where the absence of the log expression indicates that this component is the active
component — a manifestation of the ‘blocking’ effect. It is possible that the form
of (5.3) would not need to be modified to include a term that represents the effect
of inactive motion near the wall. The equivalent expression for zv * would be the
same as (5.3), with different constants, of course.

The above is predicated on the assumption that a single appropriate velocity
scale, u,, is sufficient. As the velocity-defect and log laws show, u, is proba-
bly the best choice, although there are possible alternatives (Zagarola and Smits
1998, George and Castillo 1997, DeGraaff and Eaton 2000, Morrison et al. 2004).
Whatever the choice, it is unlikely to be the mean velocity, which is frame depen-
dent, while the turbulence statistics are not. Put statistically, this merely means
that the first moment of a probability distribution function says nothing about the
shape of the distribution, and therefore the higher moments. Fernholz and Finley
(1996) provide the most complete review of the existing data to date. In sum-
mary, it seems best to use (5.2) and (5.3) as a functional form for correlations
using data at higher Reynolds number when they become available. Correlations
should also be used for the skin friction, rather than placing too much confidence
in the constants of the log law (5.1). At least this approach has the virtue of
consistency.

2.2 Roughness effects

For an estimate of skin-friction drag at high Reynolds numbers, roughness will
become important. An equivalent expression for the log law written for a rough
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surface is

v _lh (2)+s. (5.4)

Uz K k

The dimensional analysis leading to the log laws (5.1) and (5.4) proceeds via the
integration of

U _ te, (5.5)

dy Ky
Therefore, the length scale used to normalise y in the log argument is merely a
constant of integration and may be freely chosen, as self-similarity implies. It is
usually taken to be the dominant imposed length scale so that its influence on the
additive constant is removed, that is, k¥ = ku, /v > 100. If, however, k* < 100,
that is k ~ v/u., then three length scales are imposed, Millikan’s (1938) overlap
analysis becomes unworkable, and complete (self-)similarity is therefore not pos-
sible, that is, a universal log law is not possible. This rather simple analysis that
shows that a log law cannot be universal in transitionally rough boundary layers
appears not to be always appreciated. Rather, given the appearance of a log law
on a smooth surface at sufficiently high Reynolds number as well as on a rough
surface at sufficiently high roughness Reynolds number, many workers accept a log
formulation for a transitionally rough surface in the form:

v_1y (2) + B, (5.6)

Uz K k

where the additive constant is, in fact, an additional roughness function. On the
grounds of pragmatism only and in the absence of well-developed laws for tran-
sitionally rough surfaces, it would seem sensible to retain (5.6) as the basis of a
correlation, provided the difficulties over the choice of surface origin can be over-
come. Given the numerical difficulties of calculating boundary layers on rough
surfaces, estimates of skin friction from predictions using codes that attempt reso-
lution of the near-wall region or use the log law as a wall function should be strongly
resisted. There are even stronger reasons for advocating correlation techniques: it is
clear that many other roughness parameters are required to parameterise roughness
effects and that large roughness elements exert a disproportionately large effect
(Bradshaw 2000).

3 Types of distortion

We define a distorted boundary layer by its opposite, that is, by one that is
undistorted and therefore in equilibrium in the sense that it exhibits approximate
self-preservation. This means that a single velocity scale and a single length scale
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are sufficient to represent the mean velocity and the higher moments adequately,
that is, they will be accurately predicted by an eddy-viscosity model. The log law is
a special form of self-preservation. One definition of self-preservation that derives
from the Falkner—Skan family of exact solutions for laminar boundary layers is one
in which the free-stream velocity, U; o x“, where x is the streamwise fetch and a
is a constant. Clauser’s (1956) definition has a more physical appeal, in which the
ratio of pressure-gradient forces to wall shear forces,

_ 8*dp

Ty dx’

B (5.7)

is constant. Thus a distorted boundary layer may also be taken to be one in which
B is not constant. Clauser also put forward his ‘black-box’ analogy in which a self-
preserving boundary layer is suddenly perturbed and its behaviour is observed as it
asymptotes to a new self-preserving state. This idea has a similar degree of physical
appeal, and is one to which we return. However, it should be remembered that truly
self-preserving boundary layers are very rare, requiring éu, /v = constant, a con-
dition attainable only with very specialised (or very simple) boundary conditions.
For boundary layers, this condition is prohibitive, while for internal flows such a
condition results in very simple flows, such as fully-developed pipe flow. Thus a
more pragmatic definition of a distorted boundary layer is simply that of a complex
flow (Bradshaw 1971, 1973, 1975, 1976).

Prandtl’s boundary layer approximation assumes (using ‘shear-layer axes’: x,
streamwise; y, surface-normal):

(1) d8/dx is small, i.e. §/x < 1;
(2) gradients of normal stresses and dp/dy are negligible. Then the only significant Rey-

.. 0(—puv) — = =3 _
nolds stress gradient is %,even though u? ~ v? ~ w? ~ —uwv. The x-component

y
momentum equation is then simple, with resulting simplifications in the form of calcu-
lation method.

This can be generalised to other types of shear layer (e.g. jets, wakes, mixing layers)
to give the thin-shear-layer approximation. In doing so, one has to be careful in
making order-of-magnitude estimates of dé/dx and the normal-stress gradients,
both of which are larger in free shear layers than in boundary layers. With thin-
shear-layer approximations and using shear-layer axes, the momentum equation
is

U—+V—=
8x+ ay pdx  Jy

U U  1dp 9 [ aU
- P (v —), (5.8)
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Table 5.2 Effect of extra rates of strain (reproduced from Bradshaw 1975)

Effect of e on turbulence

structure
Simple shear | 10 o ligibl
imple shear layer negligible
p y AU /3y ghig
Thin shear layer 30 /dy <1 possibly significant!
. . 10e
Fairly thin shear layer < probably large
aU/ady

fas long as order (ﬁ) < order (d§/dx).

and the equation for the turbulence kinetic energy, 2k = ? = u? + 02+ u?,

becomes
U8k+V8k _ U 0 —_|_1T 5.9
— — =—uv— — — [ pv+ =qg?v | —¢. .
ax 'y oy oy \PVT 21

These equations will require additional terms for types of shear layer with growth
rates larger than §/x < 1.

3.1 Extra rates of strain

Complex shear layers involve extra rates of mean strain, e, which appear explicitly as
production terms in any transport equation. Thus the effect of ¢ may be summarised
as in Table 5.2, where ‘<’ means a factor of 100, and ‘<’ means one of 10. The
effect of extra rates of strain also appears explicitly in some of the other terms in
transport equations (notably the turbulent transport terms) but not in the destruction
terms. The most important effect of extra strain rates is that their effect on the turbu-
lence is very roughly ten times that which would be expected from the size of these
extra terms alone. Therefore, in addition to the appearance of yet further terms
such as surface-normal pressure gradients, prediction methods require empirical
corrections for the effects of these extra strain rates. Figure 5.1 (Bradshaw 1975)
shows examples of extra rates of strain such as streamline curvature, streamline
divergence, bulk dilatation, and system rotation.

The concept of extra strain rates sits well within the current framework of defining
distorted boundary layers by the additional imposed length and/or velocity scales.
A time scale for the turbulence is k/¢; using the local-equilibrium approximation
and taking k &~ —uv, k/e ~ (dU/dy)~" (Bradshaw 1996). Thus the imposition of
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Fig. 5.1 Extra rates of strain (from Bradshaw 1975).

additional length and/or velocity scales is qualitatively equivalent to an additional
rate of strain, e. Empirical corrections to, say, the mixing length, /, can be applied
by

=1 (1+a ), (5.10)

oU/dy
where the empirical constant, o, is of order ten, but of either sign. o will depend on
the extra strain rate considered. Near walls, when 0U /9y is large, the local effects
of e are likely to be small, becoming larger further from the wall. An estimate of the
combined non-local effects of e together with the /local effects that depend directly
on dU/dy near the wall may be estimated by writing the dissipation length scale,
L.:
1 aU/ady

L7 =5 = Ag— + Ag , (5.11)

- =
u3 y Uy
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where Ag & 0.3 and Ag ~ 0.7 are estimated empirically (Hunt et al. 1989). A physical
justification for the first term on the right-hand side of (5.11 — in which the direct
proportionality, L, oy, is the result of the assumption of a self-similar structure) is
that blocking attenuates v2 at wavenumbers inversely proportional to the distance
from the wall. This process is non-local in the sense that, near the wall (where
dU/dy is large), v2 o y*. Therefore the production of —v, v20U /dy  y* also,
and, in turn, this leads to a reduction in the production of u?, —uwdU /3y o y*. The
second term on the right-hand side represents a local-equilibrium approximation of
L. These local effects are opposite to the increase of u? by blocking or splatting, as
in inactive motion. The relative importance of these two influences is determined
by the values of the constants (Lee and Hunt 1989, Hunt 1984). Hunt ef al. (1989)
suggest that they are approximately the same for a wide range of boundary layers. A
recent demonstration of the non-local blocking effects at low wavenumbers and the
local shear effects at high wavenumbers is provided by Coates Ulrichsen (2003).
Writing the additional energy production due to e as the (small) difference between
the much larger production due to dU/dy, and & = u3 /L., the effect that e has on

& will be significant even if aUe 5 is small. Equation (5.5) suggests that this will

lead to a significant change in U /9y also.

Additionally, distortions arise when two shear layers meet (see Fig. 5.2, taken
from Bradshaw 1975), such as the interactions of corner flows in a duct (Prandtl’s
secondary flow of the ‘second kind’), or when two boundary layers meet immedi-
ately downstream of an aerofoil or turbine blade. These interactions are inevitably
non-linear, and immediate questions arise concerning the suitability of linear super-
position techniques. Thus, would one simply take the average of the outer length
scale in each boundary layer for an approximation of their combined equivalent?
Such interactions are particularly relevant to turbomachinery (Bradshaw 1977,
1990, 1996, Purtell 1992, Lakshminarayana 1986). Specific interactions are dealt
with below.

3.2 Changes in surface roughness

Smits and Wood (1985) provide a comprehensive review of the behaviour of dis-
torted boundary layers under the influence of one or more sudden perturbations.
When these are introduced at the wall (such as through changes in surface rough-
ness) where the time scales are significantly shorter than the time scale of the
energy-containing turbulence, then the boundary layer takes a very long time to
adjust, the initial response being the development of an internal layer with scales
determined by the local wall friction velocity. Such changes are often manifest by
a jump in turbulent transport across the layer (usually expressed as a ‘stress bore’),
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Fig. 5.2 Interacting shear layers (from Bradshaw 1975).

leading to a failure of the local-equilibrium approximation and thus the modelling
on which it is based (local equilibrium is also a special form of self-preservation).
Intrinsic to the response is of course its non-linearity, and this becomes a significant
problem in the case of multiple perturbations: the combined effect of two or more
disturbances is seldom given by the summation of their separate effects.
Roughness changes are particularly important in meteorological applications,
and largely for this reason, the effects are quite well documented. Nigim (1996)
shows that the rate of recovery to equilibrium is generally very slow, but is much
quicker in highly adverse pressure gradients: in such cases the gradient of Reynolds
stress close to the wall is increased and it seems probable that this increases the rate
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at which the influence of the new wall condition is established. Lin et al. (1997)
have used LES to examine the effects of roughness change in the surface layer: they
suggest that the internal boundary layer following a rough-to-smooth or smooth-
to-rough change in surface condition grows as the 4/5th power of the time. This
result provides a useful calibration of numerical models.

3.3 Changes in streamwise pressure gradient

Smits and Wood (1985) also deal with changes in pressure gradient. The momentum
equation (5.8) shows that, for a thin shear layer, the pressure gradient is experienced
across the whole layer (dp/dy = 0). However, the transport equation for U /dy in
a thin shear layer has a source term that consists of the gradients of the turbulent
stress and the viscous stress, vaU /dy, only. In the outer layer, the latter is small and
so dU/dy cannot respond immediately the pressure gradient changes. Therefore
the production term for k in (5.9) does not either, and so the turbulence in the outer
layer responds only slowly. But close to the wall, voU/dy is large and balanced
approximately by the pressure gradient. Thus dU/dy is directly coupled to the
pressure gradient and the turbulence responds more or less immediately.

More recently, Fernholz and Warnack (1998) and Warnack and Fernholz (1998)
have completed an extensive study of boundary layers undergoing rapid streamwise
strain followed by relaxation from it. Although complicated by the effects of both
Reynolds number and axisymmetry, in all four cases of favourable pressure gradient,
the log law breaks down and, moreover, the effects cannot be parameterised by a
single variable. History (lag) effects are dominated by near-wall advection. Thus
the comments concerning the failure of self-preservation (and thus the modelling
assumptions based upon it) are just as relevant here also.

3.4 Changes in flow species — separation and reattachment

The best-documented example of such a change is flow over a backward-facing step
(Driver 1991, Heenan and Morrison 1998a,b, Castro and Epik 1998, Spazzini et al.
2001, Furuichi and Kumada 2002). As such, it is one of a class of separated flows in
which separation from a salient edge is followed by reattachment. We concentrate
on the ‘backstep’ problem because it is a popular test case for RANS, LES and DNS
alike. It represents a severe test for all turbulence models, as well as LES boundary
conditions and models, comprising several zones with a distinctive feature in each.
Thus the curved mixing layer at separation experiences streamline curvature and
streamwise acceleration as well as carrying the history effects introduced by the
change in species at separation — the turbulence hardly ever changes as soon as the
mean strain rate does. As yet, there is no simple but accurate way of estimating the
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combined effects of multiple distortions that are inevitably non-linear (Smits and
Wood 1985).

More subtly, the whole flow undergoes a global low-frequency oscillation,
‘flapping’ (Heenan and Morrison 1998a,b, Spazzini et al. 2001). Explanations
of its cause vary, but a plausible two-dimensional explanation may be based on
the imbalance between the entrainment rate of fluid into the bubble and the rate
at which fluid is advected downstream, the balance being made up of a random
shedding of vorticity. Fortunately, the time scale is so large (greater than ten times
the time scale of the turbulence in the mixing layer) that conventional models can
cope, at least as far as this unsteadiness is concerned. The flapping is, in fact, highly
three-dimensional so that spanwise pressure gradients are set up. Thus there are
significant mass fluxes across the span of the bubble during a flap. The use of a
permeable surface by Heenan and Morrison (1998a,b) in the reattachment enables
this spanwise (as well as streamwise) mass flux and inhibits the flapping motion.

Castro and Epik (1998) show just how slowly the reattaching layer relaxes to
even a quasi-equilibrium condition. Moreover, the response is not monotonic, the
turbulent stresses falling below those of the equilibrium condition before rising
again. Physically, this is because of the splitting of the reattaching structures as
opposed to a rapid distortion at impingement: large structures at reattachment are
torn in two as opposed to their passing whole in opposite directions. What follows
is a large transport of turbulent momentum towards the wall where the new internal
boundary layer is growing, subject to a new surface condition.

3.5 Free-stream turbulence

Free-stream turbulence involves the imposition on the boundary layer of an addi-
tional single velocity, u., and a single length scale, L,. While the wake component
of the mean velocity profile is decreased (and can become negative), the skin-
friction coefficient and the shape parameter are increased. Hancock and
Bradshaw (1983) showed that the dependence of skin friction could be correlated
with a single parameter

[Vie/v]

=—"°¢ 5.12

U L,/642 (5.12)

Roughly, a free-stream turbulence intensity of about 1% increases the surface skin
friction by about 3%. Hancock and Bradshaw (1989) showed that the shear cor-
relation coefficient is decreased owing to the large diffusion of energy into the
boundary layer. Even so, the production and dissipation are still large by compari-
son, and therefore local-equilibrium results such as the log law remain valid. Thole
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and Bogard (1996) have investigated the use of very large free-stream turbulence
levels (10 < [V ﬁ/ U]l. < 20%) and show that large-scale turbulent eddies pene-

trate nearly to the wall. Unpublished work at Imperial College confirms that the
turbulence intensities are increased, but only for scale sizes comparable to the
boundary layer thickness and above. At smaller scales, the turbulence intensity
is actually decreased. Generally therefore, it would appear that length scales for
the boundary layer should be defined using the shear stress (e.g. L, = (—W)% /€)
rather than the turbulence kinetic energy. The situation is analogous to the inactive
motion of an undistorted layer, and free-stream turbulence may be viewed as the
imposition of a large-scale disturbance on the near-wall motion, producing addi-
tional kinetic energy there by both large-scale vorticity and pressure fluctuations,
which penetrate to the wall. When the interactions are very large, these ideas of
linear superposition break down, of course.

Kalter and Fernholz (2001) have thoroughly documented the effect of free-
stream turbulence on quite large bubbles in which the separating layer is already
turbulent. They show that, with quite small free-stream intensities (<6%) and with
length scales of the same order as the boundary layer thickness, the bubble can
be eliminated altogether. Like many other flows involving a change of species,
the history effects are very long term. In a similar configuration, Na and Moin
(1998) provide DNS data, albeit at low Reynolds number, which could be used
for testing turbulence models. Other work concerning the effects of free-stream
turbulence has tended to focus on quite large separations from salient edges (Cherry
and Latour 1981, Saathoff and Melbourne 1997, Castro and Haque 1988), but the
general effect is much the same: a shortening (but not the elimination) of the
bubble.

Free-stream turbulence can have a particularly strong influence on boundary
layers in turbomachines, and therefore on their heat transport properties. In this
case, it is highly unlikely that Reynolds’ analogy would hold even though this
was the basis of much earlier work (McDonald and Fish 1973). In this context,
free-stream turbulence is also very important in its effect on separated flows and
on blade boundary layers, which may be of low Reynolds number and/or laminar
and therefore susceptible to bypass transition. Castro (1984) showed that, at low
Reynolds number, free-stream turbulence of length scale equal roughly to that of
the boundary layer thickness causes an increase in skin friction and a reduction of
the wake component that are less than those which would occur at higher Reynolds
numbers. Blair (1983) found similar effects and Bandyopadhyay (1992) revised
Blair’s ‘damping factor’ to give

B’ = [1 + 3 exp(—Reg /425)]. (5.13)
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Moreover, there is a reversal in the Reynolds number effect when £ (5.12) is small,
so that he suggests

F = fB for f>0.01,
and
F=f/g forf <00l (5.14)

The effect of free-stream turbulence is arguably never more important than in the
context of bypass transition, simply because the increase in skin friction through
transition can be as much as five to ten times that in a boundary layer that remains
laminar at the same Reynolds number. Therefore heat transfer rates are similarly
affected. Here, we are considering the process, in which the relatively slow, vis-
cous transition by way of Tollmien—Schlichting (TS) waves is bypassed by an
inertial effect with a much greater time scale, §/U. Bypass mechanisms have been
recently summarised by Jacobs and Durbin (2001). Using simulation data that offer
a complete picture not easily matched in experiment, they show that streaks are, in
fact, quite stable, only becoming receptive when lifted. This local breakdown then
becomes recognisable as a spot that has its origin at the outer edge of the boundary
layer, so earning the description of ‘top-down’ spots. These are not of the distinctive
arrow-head shape (Emmons’ spots), but rather with pointed regions facing not only
downstream, but also upstream because they overtake the main turbulent motion.
Only the low frequency modes with a convection velocity different to that of the
free stream penetrate to the wall, a phenomenon known either as ‘shear-sheltering’
(Jacobs and Durbin 1998), or, more usually as ‘receptivity’, producing lower fre-
quency modes that are amplified and elongated in the streamwise direction by the
mean shear. This leads to the streaks (so-called Klebanoff modes) also seen in
experiments (Matsubara and Alfredsson 2001). Intrinsic to the formation of spots
are long ‘backward’ jets (i.e. they travel more slowly than the local mean velocity)
that are the precursors to spot formation when they become locally unstable.
What constitutes the initial coupling between the free-stream turbulence and the
appropriate parts of the boundary layer remains an open question. The physical
description above that involves several different key processes is likely to under-
mine confidence in prediction methods based on simple modelling assumptions and
make correlation a desirable route for progress, at least in the shorter term. Both
Matsubara and Alfredsson (2001) and Reshotko (2001) identify transient growth
processes as key. The point here is that it is non-modal, that is, it does not involve TS
waves, and that, certainly in the initial stages, it is a linear process, even if subse-
quently non-linear effects must be included. Initial growth rates of the disturbance
in the boundary layer often appear to be proportional to x2, that is, with the same
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growth rate as that of the boundary layer itself. Transient growth also provides an
explanation for roughness-induced transition (Reshotko 2001, Gaster 2003). Roach
and Brierley (1990) provide one of the most established datasets (T3A and T3B),
with data of apparently high quality. As such, they are often used for the validation
of turbulence models (e.g. Savill 1993).

3.6 Shock/boundary-layer interaction

Smits and Dussauge (1996) provide a full and recent review of supersonic boundary
layers undergoing a variety of perturbations. In the case of interaction with a shock,
the boundary layer is subject to multiple perturbations (most of which are dealt with
separately), and the resulting boundary layer is rapidly distorted by the jump in free-
stream pressure. They also consider therefore the applicability of RDT. It is clear
that large turbulent structures can distort the shock, leading to large oscillations
in pressure gradient with local regions of separation. Moreover, shock curvature
inevitably leads to the generation of vorticity and, as in the cases above, relaxation
to equilibrium will be lengthy.

Given the complexity of the interactions, it is a slight comfort to find that the
results of many different types of shock/boundary-layer interactions are similar.
Even so, care is necessary in interpreting experimental data since the effects of a
sudden pressure rise are complicated by those caused by, for example, a prolonged
adverse pressure gradient, bulk compression/dilatation (Bradshaw 1974), stream-
line curvature and spanwise curvature. Thus experiments in which shocks are gener-
ated by a compression ramp (Adams 2000) will also exhibit the effects of concave
streamline curvature. Similarly, the use of axisymmetric models to avoid three-
dimensional effects will induce significant changes in flow direction that have large
effects. In addition, such a model will exhibit the effects of spanwise curvature. Sev-
eral turbulence amplification/generation mechanisms are present (Smits and Wood
1985). These include (a) ‘direct’ amplification as a result of the jump condition;
(b) ‘generation’ of turbulence by incident acoustic and entropy fluctuations; (c)
‘focusing’ caused by distortions of the shock front; and (d) direct conversion of
mean-flow energy into turbulence by shock oscillation. Of these, (a) and (d) are the
most significant.

If the shock is strong enough, mere boundary layer thickening becomes a prob-
lem of local or even complete separation (Green 1970). Then the reflected waves
and their interactions can be complicated and the interactions are not necessar-
ily steady. Even with boundary layer thickening, it is not trivial to separate the
dilatational effects of the extra rate of strain, V(U), from those of the concomitant
streamline curvature, d V /dx, or even the effect of the sudden change in pressure gra-
dient that appears directly in the equations of motion. Turbulence measurements in
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shock/boundary-layer interactions are relatively recent and were mostly performed
by the Princeton group (Smits), or in France by Dussauge or by Délery and their
colleagues. Immediately downstream of the shock, the Reynolds stresses increase
sharply, and the amplification continues for some distance: this is partly because
the pressure rise in the boundary layer is ‘smeared’ in the streamwise direction and
partly because of the relatively slow non-linear response of the turbulence to sudden
changes. However, details will vary from one experiment to another depending on
how the shock is generated and the associated effects of, say, streamline curvature.

A complete review of test cases is provided by Fernholz et al. (1989), who also
offer an assessment of the data. See also Fernholz and Finley (1981). In terms of a
test case for turbulence models, this distortion represents something of a specialist
interest, not only because of the complexity of the interaction, but also because of
the special requirements of the numerical scheme (e.g. shock capturing, change in
form of the equations below the sonic line).

3.7 Vortical flows

Bradshaw (1987) provides an extensive review of boundary layers with embedded
streamwise vorticity, both discrete (secondary flows, junction flows) and distributed
(three-dimensional boundary layers). Steady vortices embedded in turbulent bound-
ary layers have been studied in detail, see Shabaka et al. (1985), Mehta and
Bradshaw (1988), Cutler and Bradshaw (1993a, b). Given the significant anisotropy
of vortex flows, a minimum requirement for a realistic prediction is that an eddy
viscosity should have some directional sensitivity, or possibly better, that a full
Reynolds-stress closure is used. However, Shabaka et al. (1985) and Mehta and
Bradshaw (1988) show that eddy diffusivities for the Reynolds stress are very ill
behaved, going to infinity where the stress gradients go to zero. The behaviour of
the triple products is extremely complicated, so much so that bulk transport veloc-
ities for the transport terms (Section 4.1.2) are also ill behaved. Second-moment
closure is similarly unsuccessful, especially if the vortices fill the boundary layer.

This area is likely to become increasingly important owing to the use of vortex
generators for flow control. These can be stationary ‘sub-boundary layer vortex gen-
erators’, or, more likely, time-dependent ‘on-demand’ (‘massless’ or ‘synthetic’)
jets with zero time-averaged mass flux, or local surface deformations that form
periodic vortices, which lead to such effects as vorticity streaming. These are com-
plicated processes, and control goals such as separation delay have to be modelled
accurately. Information concerning time-dependent embedded vortices in turbulent
boundary layers is virtually non-existent. Embedded vortices are also important in
the context of laminar flow control on swept wings. The spatial evolution of both
stationary and travelling cross-flow vortices arises from inflections in the velocity
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profile during transition. Disturbances arise through receptivity to free-stream tur-
bulence, noise and roughness (Joslin 1995).

Owing to the ubiquity of junction flows in both internal and external aerody-
namics, the physical processes are quite well documented, although this does not
always mean that well-defined test data are available. Owing to the complexity of
the interactions, datasets are often partial, or the boundary conditions ill defined, or
not defined at all. Seal et al. (1997) and Khan et al. (1995) provide detailed analyses
of the vortex interactions for the purpose of improving understanding. Devenport
and Simpson (1992) provide comprehensive datasets against which established
turbulence models may be tested.

4 RANS and LES
4.1 RANS

Up to 1992, the most complete review of the capabilities and potential of RANS
models was given by Bradshaw (1992). For a more concise consideration, see
Bradshaw et al. (1996). Concentrating primarily on thin-shear layers, the princi-
pal conclusion was that second-moment closures are more accurate and adaptable,
especially in regard to complex flows, but that the greater cost involved was not
always taken into account by the participants in the collaboration. Significant weak-
nesses stem, not unexpectedly, from the weaknesses in the modelling assumptions
for the dissipation equation and from the treatment of the viscous wall region.
Spalart (2000) provides a more recent overview.

It is generally accepted that the ‘constants’ for turbulence models are, in fact,
not constant, and vary from one flow to another. For an exemplary use of DNS
data in helping to elucidate the behaviour of turbulence models, and particularly, a
term-by-term assessment of the ‘constants’ in k ~ ¢ and standard Reynolds-stress
models, see Cazalbou and Bradshaw (1993). This therefore raises the issue of ‘zonal
modelling’ (Kline 1981, Ferziger et al. 1990), which we discuss below. We also
touch on some developments since 1992, with a view to suggesting ways in which
models might be improved and highlighting areas in which our understanding is
still incomplete. For a recent review of current models (not restricted to distorted
boundary layers) see Bardina et al. (1997).

4.1.1 Modelling of the dissipation equation

This is probably the most significant single intractable problem in RANS owing to
the lack of physical insight in the modelled form. Some progress has been made
by Jovanovié et al. (1995) who suggest that the dissipation be decomposed into
homogeneous and inhomogeneous parts, as originally suggested by Chou (1945).
This suggestion does not appear to have been taken up. It is worth remembering
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that one is really trying to measure the spectral drain from the energy-containing
scales rather than the physical dissipation effected by the smallest scales. More
empirical forms of a transport equation that offer the required length scale also
exist, the most developed being the k ~ @ model (Wilcox 1998), where w is the
turbulence dissipation per unit turbulent kinetic energy. Its advantages over the k ~ &
model are mixed and depend on the flow type. But it does have the advantage that
its coefficients appear not to need Reynolds-number dependent adjustments near
the wall.

4.1.2 Transport models

Gradient diffusion is not a realistic model for turbulent transport — turbulent eddies
do not diffuse like molecules. Moreover, there are other more acceptable methods:
Hong and Murthy (1986) use the concept of ‘bulk convection’; Younis et al. (1999)
use a rational procedure to account for the non-invariance of some diffusion models.
Transport effects are usually large in distorted boundary layers (Section 5.4).

4.1.3 Zonal modelling

This technique, originally due to Kline (1981) (for a more easily available reference
see Ferziger et al. 1990), derives from the recognition that no single model will
cope adequately with a distorted boundary layer with established values for the
‘constants’. A particularly difficult, well documented, example is that of turbulent
flow over a backward-facing step, which can be characterised as a set of several
interacting zones, all of which are distorted in one of the ways indicated above.
The approach is to view a complex flow as a composite of several simpler ones in
which the details of the model are tied to the local characteristics of the turbulence.
Different zones have to be patched. Obviously, this is easier if adjacent zones have
the same model but with different constants, i.e. a base model. The change from
one zone to another should be as smooth as possible — a simple first-order, linear
differential equation could be used to express the rate of change of the constants
between zones. This example is especially difficult since some zones have multiple
distortions: see above. The calculation of a complex flow by this method implies an
iterative process in which the model constants are ‘tuned’ in a process of refinement
by comparison with experimental data. The model can then be used in a truly
predictive sense for flows of the same type.

The choice of base model is important: it should obviously be capable of pro-
viding reasonable accuracy at the desired level of detail. Therefore it would be
unwise to use as a base model one that relies on the use of, say, an isotropic eddy
viscosity for a flow in which anisotropy is a dominant feature (e.g. boundary lay-
ers with embedded vortices). The principal and, as yet, un-addressed difficulty of
zonal modelling is the implementation of rational decisions for the type and extent
of each zone that would make a prediction method using zonal modelling genuinely



188 J. F. Morrison

predictive, that is, it should function without user-defined input. Within the present
framework of imposed length and/or velocity scales, a decision-making process
can be invoked based on the length/velocity scales of the energy-containing eddies.
This is dealt with in Section 5.5.

4.2 LES

A succinct review of the successes (up to 1990) and prospects of LES is given by
Reynolds (1990). The area is developing rapidly — for more recent assessments, see
Jiménez and Moser (2000) and Spalart (2000). The most intractable problem is the
modelling of near-wall turbulence, in terms of both the modelling of the unresolved
scales that are smaller than the filter or grid size (‘subgrid’ scales) and the imple-
mentation of an appropriate surface condition. This arises because near a surface, all
the scales are ‘small’ so that the energy-containing scales may be smaller than the
grid size. Voelkl ef al. (2000), Nikitin et al. (2000) and Marusi¢ et al. (2001) offer
novel methods for near-wall modelling with a physical basis. Grid requirements
make the use of approximate ‘off-the-surface’ boundary conditions very attractive
(Piomelli and Balaras 2002). Subgrid-scale (SGS) modelling is particularly difficult
near solid surfaces where the energy spectrum becomes complicated by the preva-
lence there of ‘backscatter’, the transfer of energy away from the small scales to the
large ones (Piomelli et al. 1990). Meneveau (1994) has discussed which statistics
a SGS model should reproduce in order to be considered sound. Such quantities
include the low-order statistics of the energy transfer. Popular eddy-viscosity mod-
els present difficulties because they are absolutely dissipative: Mason and Thomson
(1992), for example, show that only with the use of a stochastic backscatter model
can the log law be obtained accurately even if it is used as a time-dependent surface
boundary condition. The dynamic model of Germano et al. (1991) also presents
problems concerning backscatter (Carati ef al. 1995), although Porté-Agel et al.
(2000) have generalised the model to improve predictions of a neutral atmospheric
surface layer. Recent attempts by Redelsperger et al. (2001) to use SGS models
based on the supposed self-similarity of surface-parallel velocity spectra as a func-
tion of streamwise wavenumber will probably lack generality: Morrison et al. (2002,
2004) have shown that spectra of the streamwise velocity component do not exhibit
self-similarity even at very high Reynolds numbers. Further difficulties arise in the
definition of a suitable SGS length scale, which is usually related simply to the
grid size. The grid has to be highly anisotropic to capture the essential properties
of the turbulence, but a model with a single length scale is unlikely to represent
spectral transfer in wall turbulence accurately. Anisotropy of the turbulence near
the wall extends to anisotropy in the SGS stresses. Further difficulties stem from
the fact that, in order to obtain the required level of detail, some surface models
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are developed using linear stochastic estimation applied to simulation databases
(Nicoud et al. 2001). However, Morrison et al. (2004) have recently demonstrated
that the anisotropy of turbulence increases as the Reynolds number increases.
Akhavan et al. (2000) have suggested that spectral energy transfers in a free jet
comprise two effects: one involves forward scatter from non-local interactions that
could be modelled by eddy viscosity; the other involves local interactions around
the cut-off that generate bi-directional transfers. Dunn and Morrison (2003) show
that this is also the case in wall turbulence. They also show that the pressure-gradient
term effects negligible energy transfer, consistent with nearly all current LES
models.

It is clear that some fresh ideas are required and it seems likely that modelling
of the near-wall region is crucial. Robinson (1982) showed that the instantaneous
velocity profile is likely to be far from the log law for the mean velocity, so much
so that the log law is an unrealistic choice of surface boundary condition. Ideally,
one would like the first mesh point to be in the log region (assuming that in a
boundary layer far from equilibrium this is still a meaningful proposition). Marusié
et al. (2001) have made measurements of the correlation between the streamwise
velocity (at the first ‘mesh’ point) in a boundary layer and the local surface shear
stress in order to improve the specification of a wall boundary condition. How-
ever, it seems that the problems of SGS modelling and implementation of a surface
boundary condition (Piomelli et al. 1989) are inseparable. Yet models for near-wall
turbulence in equilibrium flows are still in their infancy. These can be based on
the extensive knowledge of near-wall structure and some ideas are beginning to
emerge — Marusi¢ et al. (2001). Dunn and Morrison (2003) have used a wavelet
decomposition of the Navier—Stokes equations (see Meneveau 1991) to investigate
the relationship between structure and energy flux. The basic question is whether
near-wall ‘ejections’ and ‘sweeps’ may be used as the basis of a structure-based
SGS model and surface boundary condition simultaneously. The work, in its early
stages, is based on the assumption that ejections and sweeps in the local-equilibrium
region constitute a ‘first-order’ inertial subrange, a sufficient criterion for which is
that energy sources or sinks are a small fraction of the energy transfer. Formally,
this does not require local isotropy in a wavenumber range in which the spectral
shear correlation coefficient may be expected to be rapidly decreasing with increas-
ing wavenumber (Saddoughi and Veeravalli 1994). Bradshaw (1967a) suggests a
suitable criterion for a first-order subrange is that the Taylor microscale Reynolds
number, R; > 100 only. This is a much less stringent condition than local isotropy,
which is not justifiable even at high Reynolds numbers if the mean rate of strain is
not small. Dunn and Morrison (2003) have shown that ejections and sweeps make
up nearly all of the energy transfer between the resolved and subgrid motion, as
well as being key determinants of the local wall shear stress.
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It is likely that structure-based near-wall models will take some time to emerge.
In the meantime hybrid RANS/LES techniques are likely to fulfil the rdle. In any
case, the development of RANS models in practical situations may be necessary
for the near-wall (under-resolved) region undergoing such distortions as roughness
changes. This approach can be regarded as an extension of zonal modelling — see
Peltier et al. (2000) and Speziale (1998).

5 The application challenges

Some general, technical comments that summarise the views expressed during the
INI Programme are well worth making in order to emphasise their importance.

¢ There was a general consensus that there is no such thing as a ‘universal’ turbulence
model. This has been generally accepted over the past twenty years or so and calls for
pragmatic procedures such as ‘zonal’ modelling: see Ferziger ez al. (1990). This pragmatic
approach strongly influences the content of this review.

¢ Currently, we have a plethora of turbulence models, which have been largely developed
for simple shear layers and there is a need to document existing models more fully so that,
for a given flow, a ‘best’ model may be readily selected. Existing models should be made
more robust, with validation including a specification of limits to accurate prediction.

¢ There is scope for development of turbulence models including the suggestions made in
Section 4.1, especially in relation to modelling of the dissipation equation, wall functions
for boundary layers far from equilibrium, and modelling of turbulent transport.

* Two advances in modelling require special mention, with the suggestion that these models
be further developed. Durbin (1991, 1993) replaces local modelling of the pressure-strain
term by an integral over a volume, so that near-wall inhomogeneities are represented
more accurately. Similarly, the structure tensor of Kassinos et al. (2000) also represents
a significant advance.

¢ Turbulence exhibits a universal state only at very high Reynolds numbers and then only at
high wavenumbers. Thus Kolmogorov’s hypotheses are essentially correct, although this
is currently the source of some debate. The details of the Kolmogorov scales are irrelevant
to RANS modelling, and probably to LES as well. However, the energy-containing scales
(those that require modelling) are Reynolds-number dependent. This issue is addressed
here only as a caveat in the interpretation of DNS data.

* DNS will not replace experiments, owing to the prohibitive rise in degrees of freedom
with Reynolds number.

¢ There is a need for well-defined experiments involving parametric studies. Many existing
experimental data are insufficient for assessing turbulence models, owing to the lack of
attention paid to adequate specification of the boundary conditions or to the accuracy of
the data themselves.

* The response times of the velocity spectra, E(k), and the dissipation spectra D(k) ~ k*E(k)
are different, particularly for distorted or non-equilibrium flows. This calls for the further
development of split-spectrum models (Schiestel 1987).
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* There is a need for DNS at higher Reynolds numbers. It is conceivable that simulations at
Reynolds numbers four times those of ten years ago will soon be possible (see Sandham’s
chapter in this volume).

* The use of LES in replacing DNS or experiments for fundamental studies and/or com-
parison with RANS solutions is of questionable value since numerical dissipation does
not mimic physical dissipation correctly.

* The development of wall functions for calculations of distorted boundary layers is
extremely important, both for use in RANS and LES. This might now be regarded as
the ‘pacing item’ in determining our ability to predict this class of flows at high Reynolds
numbers.

Here we address the application challenges by specifying a minimum level of clo-
sure required to achieve reliable results of integral parameters (e.g. the skin-friction
coefficient, or displacement thickness). This is likely to mean that, in practice, we
also require adequate modelling of the Reynolds stresses. Justification is provided
for those cases in which full second-moment closure is recommended. In principle,
closure at second-moment level will not require the ad hoc modifications required
of eddy-viscosity based models. Such modifications for, say, effects of extra rates of
strain do not offer significant improvements and, arguably, better modelling of the
dissipation is more important. It is probably the case that two-equation modelling
is the current standard in industry.

5.1 Vortical flows

This category deals with junction flows, embedded vortices existing either singly
or in pairs, flow in curved and/or rectangular ducts, jets in a cross-flow and three-
dimensional boundary layers with distributed streamwise vorticity. The exact trans-
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(e.g. Bradshaw 1987). Terms 1-5 represent:

1. Intensification of €2, by vortex stretching.

2. Augmentation of 2, by skewing of either of the other two vorticity components by mean
strain. While vorticity is generated by the ‘no-slip’ condition, this augmentation is an
inviscid process and is also known as Prandtl’s “first kind’ of streamwise vorticity. This
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is the exchange of vorticity between components, the most obvious example being a
curved duct.

3. Generation of €2, by the anisotropy of the Reynolds stresses (Prandtl’s ‘second kind”)
which invariably occurs in the corners of ducts. In turbulent flows that are not exactly
two-dimensional, mean strain rates can produce Reynolds stresses that make this term
non-zero.

4. Very similar to 3, also involving anisotropy of the Reynolds stresses in the (y, z)-plane.

5. Viscous diffusion of mean vorticity.

By their very nature, these flows are highly anisotropic, and because vortices are
stretched in the direction of the mean strain rate, induce significant transport in the
(v, 2)-plane. A three-dimensional boundary layer has distributed €2,. At the wall,
the streamwise and spanwise momentum equations reduce to:
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respectively. Equation (5.17) indicates that a spanwise pressure gradient is an
inevitable concomitant of €2, so that the thin-shear layer approximation is invali-
dated.

The dominant shear stresses are —puv and —pvw. The dimensional analysis
that leads to the law of the wall and so to the log law leads also to the local-
equilibrium approximation and the ‘constant stress’ layer. Dimensional analysis
and the extension of the above to three-dimensional flows gives the mixing length
formula:

{(—wv)? + (—vw)*)? = 12{(0U/ay)* + (W /dy)). (5.18)

The use of (5.18) in boundary layers with distributed €2, is well established (van
den Berg 1975), but real problems will arise in the case of discrete vortices where
transport effects are large, so invalidating the local-equilibrium approximation, and
the shear stresses are not operating in the same direction as the strain rates. This
creates particular difficulties in defining an accurate wall function, for which it is
often assumed that a log law provides a suitable basis. Similar problems arise in the
outer layer of any three-dimensional flow where the presence of €2, that is either
distributed or appearing in more discrete vortices invalidates a simple relationship
between shear stress and mean strain rate. Therefore (5.18) is of limited use.

In general it is unlikely that anything less than a full Reynolds stress closure will
provide adequate predictions. Even then, special refinements will be required to
produce adequate estimates of cross-stream intensities and shear stresses that appear
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in terms 3 and 4 of (5.15) and which control the generation of €2,. Devenport and
Simpson (1992) suggest that the Cebeci—Smith (1974) and algebraic stress models
provide satisfactory estimates of the shear stress in junction vortices. However,
Liandrat et al. (1987) show that eddy-viscosity based models are satisfactory for
single vortices, but partly fail with vortex pairs, such as a jet in a cross flow. It is
therefore likely that the lowest level of modelling is likely to be a full Reynolds
stress closure. While amenable to LES, vortex flows face difficulties in terms of
the surface boundary conditions required. A particular advantage of LES of vortex
flows lies in the calculation of pressure, so avoiding the inherent difficulties that
arise in these flows in respect of the pressure—strain correlation that relies either on
the anisotropy of the Reynolds stresses (‘slow’ term) or the anisotropy of production
(‘fast’ term).

5.2 Transition

Given that this process depends on so many factors (surface finish, noise, external
disturbances), it seems sensible to resort to simple correlation techniques which are
quite old and could usefully be replaced by more modern ones using measurements
specific to the application of the correlation. Such an approach has been used in the
aerodynamic design of steam turbine blades (Morrison 1989, 1991).

In the case of natural transition, an eddy viscosity may be weighted by an ‘inter-
mittency’ factor,

[ dx
Yoe=1—exp| -G — xtr)/ U (5.19)

Xir

where x,, is the location of the start of transition, G is a spot-formation rate parameter
(Dhawan and Narasimha 1958, Chen and Thyson 1971):

iUS —1.34

G=—5—=%
2 .2 xtr
Civ

, (5.20)

xtrUe 1.92 . .
where Re, = and C; = 60.0 + 4.86M,~°~ (Cebeci and Smith 1974).
v

The location of transition onset has been correlated by Abu-Ghannam and Shaw

62 dU,
(1980), where, for Ay = — —<:
v dx
F(hg) = 6.91 + 12.754 + 63.6422; Ay < O, (5.21)

F(hg) = 6.91 4+ 2.48%5 — 12.2722; Ao > 0. (5.22)
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The value of Rey at transition onset is defined by:

T
Regs = 163 + exp {F(Ag) - F(kg)é} : (5.23)

where Tu is the free-stream turbulence intensity,

2k
3
Tu = x 100. (5.24)
Abu-Ghannam and Shaw (1980) use:
Rog = 540 4 183.5(Ry x 107° — 1.5)(1 — 1.4Ay), (5.25)

which gives a quadratic equation in 6g. Ry, is the transition-length Reynolds
number.

For the case of transition occurring through a separation bubble, Horton (1969)
has proposed the criterion:

A
9_1 =4 x 10*Re;], (5.26)

S
where 1] is the streamwise distance between separation and transition (assumed,
with some experimental support, to occur instantaneously) and 6 is the momentum
thickness at separation. Roberts (1980) subsequently reviewed the experimental
data and suggested that Horton’s correlation gives a delayed indication of bursting
of the bubble and therefore proposed:

A log[coth(10 x T.
M _ 55 1ot 0gleoth(10 > TH)] (5.27)
s Reg;

to replace (5.26), where TF is a factor related to the turbulence intensity. Here we
have left this undefined partly because these correlations are often specific to the
application. For example, TF can be adjusted to account for straining effects in a
turbine cascade. This really makes the point that workers in industry are probably
advised to use their own correlations!

More recently, Savill (2002) has used parabolised Navier—Stokes (PSE) methods
to predict the location of transition, followed by the more traditional approach
of an intermittency-weighted eddy-viscosity model to complete the calculation.
However, despite the appeal of pragmatism, such an approach lacks a physical
description, as already made clear in Sections 1 and 3.5.



Strongly distorted boundary layers 195

5.3 Shock/boundary-layer interaction

This application challenge is the most intractable one of all, owing primarily to the
fact that this interaction is not one, but a varying mix of several perturbations. This
leads to at least two problems. First, the perturbations often occur simultaneously,
so that it is difficult if not impossible to dissociate the separate effects for the
purposes of modelling. Even then, the combined effects will not be the linear sum
of the separate ones. Second, the application of zonal modelling (Section 5.5) to
shock/boundary-layer interaction will be limited because it is not yet clear what
the important effects are in any given zone (Section 3.6). Therefore it is not yet
possible to determine how individual terms in a model equation might best be
adjusted from one zone to another. Below we consider the somewhat simpler case
of flows dominated by a change of species (e.g. separation) which is amenable to
zonal modelling.

The principal requirement of any model is that it should be able to cope with
the sudden jump in Reynolds stresses. Not all of the stresses are amplified equally,
implying that a stress transport model is the minimum level at which adequate pre-
diction will be possible. However, this questions the adequacy of current datasets in
calibrating existing Reynolds-stress models. This is therefore a key area in which
a set of experiments with an incremental approach to shock/boundary-layer inter-
action (as a general term embodying all the effects mentioned in Section 3.0) is
clearly necessary.

In the shorter term, prediction methods will continue to use a variety of
approaches from algebraic modelling to standard two-equation models (Wilcox
1998) and (non-linear) RDT. Terms in the stress transport equations are almost
bound to need term-by-term empirical adjustments to account for all the effects
mentioned in Section 3.6. Yet, currently, we lack the knowledge for making such
adjustments on a rational basis. Therefore attempts at implementing refinements to
a full Reynolds-stress closure are not justified at present.

5.4 Change of species

We take this to be a general description of flows involving at least one region of either
separation or reattachment (Section 3.4). In common with free-stream turbulence
above a turbulent boundary layer (Section 3.5), these problems involve essentially
the interaction of regions of turbulence governed by different length scales and
velocity scales, as well as the relaxation from the effects of one (or more) imposed
length scale(s) and/or velocity scale(s) to those of others.

The primary difficulty lies in determining how regions involving interactions
should be treated. In short, we require a simple correlation of the form (5.12) that
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describes the response of key variables (e.g. skin friction, turbulent shear stress,
turbulence kinetic energy). The relaxation of these variables from one species to
another can be treated by simple ordinary differential equations such as:

d
C¢a¢ = ¢ — ¢o, (5.28)

where Cy is a ‘time’ constant, or by

o _ 3%
T C 9332 (5.29)
where C </1> is an exchange coefficient. Physically, (5.28) and (5.29) are justifiable
based on what we know already: Wood and Bradshaw (1982) show that a plane
mixing layer at reattachment experiences the effect of the wall before the point of
mean reattachment via the pressure field. In fact this will be true for any sufficiently
strong perturbation in subsonic flow. Similarly, the effects of reattachment persist
for considerable streamwise distances and the behaviour is not monotonic (Heenan
and Morrison 1998a,b, Castro and Epik 1998), as evidenced by such structural
parameters as the shear correlation coefficient, R,,,,, ora; = —uv/2k. The purpose of
(5.28)or(5.29)istoactasa ‘governor’ to changes in model constants going from one
zone to another. While zones are determined by local variables, some recognition
has to be taken of non-local effects: an obvious example is the location of zero
strain rate in a wall jet where the shear stress does not go to zero.

Linear superposition is not necessarily a satisfactory approximation: how good
is it and how might it be improved? Dean and Bradshaw (1976) show that linear
superposition is accurate for the symmetrical interaction of shear layers in a duct.
Physically this is justified by the observation that the large eddies ‘time-share’ and if
their transport properties are similar, a time-average of the turbulence properties in
the merging region is simply obtained as the fractional time contribution from each
of the merging layers. This also implies that ‘fine-grain’ mixing is not important.
For more asymmetric interactions (Andreopoulos and Bradshaw 1980, Weir et al.
1981) such as the trailing edge of a high-lift aerofoil when the differences between
the scales of each layer are large, it is clear that such a simple summation will not be
realistic because the cross-stream transport of key quantities will be asymmetric.
Under these conditions it is necessary to decouple the Reynolds stresses from
the mean velocity profile and this rules out eddy-viscosity models. This is a key
assertion: the shearless mixing layer (see, for example, Heenan et al. 1994) is
ample evidence that turbulence mixing proceeds by the imbalance of turbulence
quantities and not by the mean velocity gradient. This also raises the question of
the suitability of the gradient diffusion hypothesis (Section 4.1.2) and whether the
hypothesis of bulk convection is better in the case of shear-layer interactions. Bulk
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convection velocities for the turbulence kinetic energy and shear stress are given
by, respectively,

'y kv
o w2
Ve = w (5.31)
uv

which are generally a better model of turbulent transport in the case of the shearless
mixing layer (Heenan ef al. 1994), and in flows dominated by discrete vortices
(Shabaka et al. 1985, Mehta and Bradshaw 1988). However, for the latter case,
these transport velocities are still too ill behaved to be of use.

5.5 Determination of zone dependencies

In an undistorted shear layer, large eddy ‘lifetime’ may be measured as the ratio
of energy content to the rate of production of energy, k/(—uv dU /dy). Typically,
in an undistorted boundary layer, —uv ~ k/3 and dU /0y ~ 0.3 U, /§. Therefore
a large eddy has a lifetime of 10 §/U,, or equivalently, it travels ten boundary
layer thicknesses before breaking up. Length scales are frame invariant; the mean
velocity is hardly ever a scale for the turbulence. An appropriate velocity scale may
be taken to be (—W)% = u.. This is a better choice than k2 which, close to a wall,
receives non-local contributions from the large scales (so-called ‘inactive’ motion).
This means that the non-local effects apparent in £ make it an inappropriate choice
of scale for determining the extent of a zone. Where distortions are local (even if
their effects persist), it is important to use a local scale. Taking an undistorted flow
to be one in which production of turbulence kinetic energy and its dissipation are in
approximate balance, we have L = (—W)% /€ as an appropriate length scale, and
T = (—uv)/¢ as the corresponding time scale. A corresponding Reynolds number
is (—uv)?/ev, rather than the more often-used k% /ev. In local equilibrium, both
Lu;/vandT u%/v are equal to ky" = ky u,/v. Note that the use of ¢ rather than
the production also allows us to define local scales that are not related to the mean
motion, as in the case of the mixing length hypothesis.

In distorted boundary layers (additional imposed length or velocity scales), one
can expect such quantities as L to change significantly over distances that are small
compared with L. By way of example, a short length of surface roughness causes two
new internal layers, one emanating from the smooth-to-roughness changes (S — R,
thickness §;1), the next, from the rough-to-smooth change (R — S, thickness §;).
Andreopoulos and Wood (1982) show that, as the distance from the wall increases,
L exhibits non-monotonic behaviour, decreasing below the equilibrium value for
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8 <y < §;1 and increasing above it for y > §;;. Modelling of such a flow is not
amenable to simple superposition techniques. Moreover, the relaxation distance
to equilibrium is large: following an R — S step, the outward propagation of the
internal layer increases the shear stress towards the fully developed rough-wall
distribution, and this high level of shear stress will take a significant length to revert
to the smooth-wall distribution.

It is proposed therefore that L and/or T may be used to form the basis of a
predictive decision-making process for zonal modelling in which these parameters
are used to delineate zones so that constants in a baseline model can be adjusted
from one zone to the next. A suggested scheme is:

1. Obtain solution with baseline model using standard constants.

2. Identify deficiencies in veracity of solution.

3. Determine from the solution with baseline model fractional changes in L to form the
basis of decisions in determining zone boundaries.

4. Make changes to model constants, either on ad hoc basis, or by making them functions
of simple algebraic relationships such as those used to quantify the effects of extra strain
rates, such as (5.10).

5. Use simple ordinary differential equations (5.30), (5.31) to take account of non-local
effects.

Initially, this algorithm would be iterative, but experience and some code develop-
ments would obviate the need for this.

6 Conclusions

There is a clear need for the further development of existing turbulence models for
the prediction of distorted boundary layers. Principally, this involves the acceptance
that models and their constants need to be adjusted according to the specific nature
of the distortion and that a single form of distortion can lead to different areas of a
boundary layer in which the dominant features of the turbulence are not the same. In
turn, this implies the need for zonal modelling which, unfortunately, lacks universal
appeal. A substantial effort with international collaboration is required. Models
require ‘calibration’ for specific types of distortion and constants recommended for
each. Specific areas for development work include wall functions as well as more
physically plausible models for dissipation, turbulent transport and the pressure-
strain term. Multiple time scales should also be used. Suggestions for these areas
have been put forward.

There is also a clear need for new experiments, specifically good ones that make
up for the relative lack of funding for experimental work over the past 20 years
or so. These should take advantage of new and improved experimental techniques
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such as PIV and need to be conceptually adventurous: a good experiment should
have at its heart a hypothesis that requires testing. The onus is therefore on the
experimenter to be able to, more than anything, conceive the ‘right’ experiment.
This is not easy. An example might serve to illustrate the point: the law of the
wall has for nearly 60 years been one of the few cornerstones in the whole subject
of boundary layers, but its limitations (and those of the related assumptions of a
constant-stress layer, and local equilibrium) in distorted boundary layers remain
largely undocumented, with the result that it is called upon for use in situations
for which it is ill suited. Thus there is a great need for well-defined experiments,
with clear objectives. Given the importance of dissipation, new facilities should be
geared around an appropriate degree of resolution to ensure that it can be measured.
Often, this will require large-scale facilities. Owing to the increasing importance
of DNS and LES, there is a very great need for facilities that enable measurements
at full-size Reynolds numbers so that Reynolds number effects may be more fully
documented.
Specifically:

* Thereis still a very significant requirement for high-profile, highly-accurate measurements
in ‘canonical’ (undistorted) flows such as fully-developed turbulent pipe flow, turbulent
boundary layers, jets and wakes over Reynolds-number ranges of at least three orders of
magnitude. Of these, experiments of the first two are currently under way in the Princeton
group, in respectively the superpipe and HRTF compressed-air facilities. The experiments
are to test fundamental theories such as the log law.

* Measurements at high Reynolds number in compressed air have their limitations in terms
of transducer resolution and streamwise fetch. The first difficulty may be improved by the
use of improved technology (e.g. MEMS). The second is of fundamental importance —
do shear layers ‘remember’ their origins? Is there, in practice, a limiting state attained by
the turbulence, which may be described as self-similar? Answers to these questions really
require the use of a large facility in which shear layers with a streamwise fetch of several
thousand shear-layer thicknesses can be obtained. This second requirement also makes
possible measurements with conventional transducers that have a resolution of the order
of the Kolmogorov scales, and this makes possible investigations of high-wavenumber
similarity. Such measurements should also be used for assessing wall functions in both
RANS codes and ‘off-the-surface’ boundary conditions for LES. For economic reasons,
such a tunnel would have also to be commercially relevant to near-market vehicle and
environmental technologies.

* Measurements with modern instrumentation of shear-layer interactions are required of
up to third-order (transport) statistics. An incremental approach is required, starting with
symmetric interactions and leading toward strongly asymmetric interactions. These are
to replace older experiments in which the source of the fluid in the interaction was iden-
tified using heat. The arguments of Section 1 (supported by measurements) indicate that
the use of heat as a passive contaminant is not a reliable marker of momentum (and
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energy) transport. Such measurements should also be used to test the gradient diffusion
hypothesis in these flows. The use of heat markers should be replaced by more sophisti-
cated conditional-sampling techniques.

* The response of turbulent shear layers to a change of species is quite well documented.
However, their response to time-dependent perturbations either local or global in nature is
barely documented, if at all. The response is important in terms of flow control technology.
At a more fundamental level, time-dependent forcing of turbulence is an important tech-
nique in elucidating the fundamental properties of turbulence, as suggested by Clauser in
his ‘black-box analogy’.

¢ A systematic study of shock/boundary-layer interaction is required, including contempo-
rary heat transfer measurements and at both supersonic and hypersonic speeds. Attention
should be paid to how the shock is generated so that its effects, as distinct from those
produced by extra rates of strain, can be measured. A new programme is due to begin at
Imperial College (R. Hillier, private communication).

¢ ‘Experiments’ involving the post-processing of DNS databases should continue to test
fundamental concepts and ideas. They should not be used as the ultimate arbiter in the
validation of existing turbulence models. In particular, we need a better understanding of
wall turbulence in both equilibrium and non-equilibrium conditions: our understanding
of the importance to energy transfer of near-wall dynamics is still poor and the level of
detail is beyond current experimental techniques. Thus DNS databases at higher Reynolds
numbers are required to ensure that the spectral transfer is representative of that at much
higher Reynolds numbers. The development of models for LES may be regarded as the
pacing item for the development of LES codes for practical situations.
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6.1 Introduction

Computer simulation of turbulent flows is becoming increasingly attractive due
to the greater physical realism relative to conventional modelling, at a cost that
is reducing with continuing advances in computer hardware and algorithms. The
first turbulence simulations appeared over 30 years ago, since when we have seen
increases in computer performance of over four orders of magnitude such that
many of the canonical turbulent flows first studied by laboratory experiments can
now be reliably simulated by computer. Examples include turbulent channels (Kim
et al., 1987), turbulent boundary layers (Spalart, 1988), mixing layers (Rogers &
Moser, 1994), subsonic and supersonic jets (Freund, 2001, Freund et al., 2000) and
backward-facing steps (Le ef al., 1997). Where simulations can be reliably made,
they provide more data than are available from laboratory experiments, even with
modern non-intrusive flow diagnostics. In these situations they provide insight
into the basic fluid mechanics. This can be at a very simple flow visualisation
level, where a conceptual picture of what is happening in a flow can be quickly
obtained from computer animations of key features, or at more advanced levels
where the simulations provide statistical data to assist Reynolds-averaged model
development. Indeed, several important recent turbulence models have come out
of groups who do both simulations and modelling, examples being the Spalart &
Allmaras (1994) model and Durbin’s K—e—v? (Durbin, 1995), and it is rare to
come across a turbulence modelling paper that has not used simulation data as a
reference.

Despite the major advances in simulation capability it is still not feasible to
simulate reliably a great many practical flows. For some application areas it is
just a question of the level of computer resources required, and with projected
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improvements in hardware many flows will become amenable to simulation-based
approaches. In these cases users need to decide the right time to invest in the
computer hardware and software resources required for simulation, rather than
using Reynolds-averaged Navier—Stokes (RANS) approaches. If simulations turn
out to be reliable and cost effective they will assist the design process, to the benefit
of the company that made the decision to invest. If a wrong decision is made then
money spent on expensive computers may well have been wasted. By contrast
some flows, such as high Reynolds number near-wall flows, will perhaps never be
amenable to the simulation approach. In these cases, however, there may still be
a role for simulation and the decision to be made is whether a set of simulations
encompassing the most important physical phenomena can lead to improvements
in modelling those phenomena. It is never a bad thing to understand flows better
by doing simulations. However, the insight obtained often does not directly lead
to model improvements. Modelling is a complex business and, except for routine
calibration exercises, depends on flashes of inspiration that cannot be programmed;
it can take years before physical insight into a fluid flow is followed by a suitable
modelling strategy, and ultimately some flows may never be well predicted with
single-point models.

In this chapter we provide a background to simulation methods and discuss the
advantages and disadvantages of the various possible approaches, hopefully to a
level such that the reader can begin to make rational decisions as to whether a simu-
lation, rather than modelling or other approach is appropriate to their turbulent flow
problem. We begin in Section 6.2 with a review of the direct numerical simulation
(DNS) approach, where one minimises errors by simulating the full Navier—Stokes
equations. This is clearly the most desirable solution if computer resources allow.
In Section 6.3 we discuss the large-eddy simulation (LES) approach, whereby only
the large turbulence eddies are computed, while the smallest are modelled. We
include in the discussion some recent developments on LES, including deconvo-
lution approaches to recovering the small scales, and the popular detached eddy
simulation (DES) approach, which switches between LES and RANS according
to local criteria. We end (Section 6.4) with a summary of test cases together with
recent developments in compressible flow LES and the rapidly emerging area of
computational aeroacoustics, which, for particular problems such as jet noise, relies
heavily upon turbulence simulation.

6.2 Direct numerical simulation

Direct simulation of turbulence aims to resolve all the relevant scales of turbulent
motion and is increasing in realism (complexity and Reynolds number) as computers
increase in performance. Moin & Mahesh (1998) gave a review of the role of DNS
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in turbulence research and Sandham (2002) gave an introduction with examples.
Here we give a brief introduction and review some recent extensions in capability.

We restrict the discussion initially to incompressible flow for which the governing
equations for the three velocity components u; and pressure p are

au,-

=0, 6.1
5%, (6.1)
du;  O(uju; 19 9%u;
“ +M = _. v “ , (6.2)
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with p the fluid density and v the kinematic viscosity. The equations are nonlin-
ear and unpredictable, in the chaotic dynamics sense that small changes in initial
conditions will ultimately lead to different realisations.

Space permits only a brief overview of numerical methods for direct numerical
simulation and the reader is referred to the cited literature for more details of the
schemes that have been used. Many studies have been made with spectral meth-
ods, which decompose the flow variables into, for example, Fourier or Chebyshev
modes, while finite difference and finite volume methods have also been widely
used. Important characteristics of numerical methods for application to turbulence
simulation include:

* accuracy and consistency (behaviour of the truncation error);

* wave resolution (behaviour considered from the modified wavenumber point of view);
* treatment of aliasing errors (especially for spectral methods);

* stability;

¢ efficiency.

DNS has to be time accurate, and fully implicit methods are usually ruled out on cost
grounds. For incompressible flow, however, the continuity equation is a constraint
that has to be satisfied implicitly, and for boundary layer flows it is usual to treat the
viscous terms implicitly as well. Thus one usually ends up with explicit treatment
of the nonlinear terms and implicit treatment of pressure and viscous terms. The
actual time step that can be used is usually determined from a stability (Courant
number) condition, rather than on accuracy grounds.

6.2.1 Turbulence scales and resolution requirements

Turbulence is broadband, covering a wide range of spatial and temporal scales.
Estimates for the smallest scales are available from the Kolmogorov microscales,
obtained from dimensional analysis assuming dependence only upon the fluid kine-
matic viscosity v and the rate of dissipation of turbulence energy to heat €. The
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length and time microscales are respectively

3 a
nK = <;) (6.3)
and
vy o
% = (;) . (6.4)

If the length and velocity macroscales of the problem are L and U and if we assume
that the rate of dissipation is proportional to the rate of production of turbulence
energy at the large scales, i.e. scaling as U?/L, we have

L_ R4, (6.5)

Nk
where the Reynolds number is given by Re = UL/v. Thus the difference between
the largest and smallest length scales in turbulence increases as the Reynolds num-
ber increases. Since there are three spatial dimensions the number of grid points
required to resolve turbulence increases as the cube of Eq. (6.5), i.e. as Re”/*. When
the time step (CFL) restriction is factored in, one ends up roughly with compu-
tational cost increasing as the cube of the Reynolds number. This means that for
every doubling in Reynolds number we need to wait eight times as long for a
numerical result. To get from the current boundary layer simulations at displace-
ment thickness Re = 2000, perhaps taking one week on a supercomputer, up to a
full scale on a large transport aircraft of say Re = 64 000 we will have to wait 23
weeks, or 630 years! This kind of scaling makes high Reynolds numbers impos-
sible to simulate. However, many phenomena in turbulence appear to have a high
Reynolds number asymptote (free shear layer growth rates, near-wall mean profile
etc.) and so numerical simulations at a ‘high-enough’ Reynolds number to cap-
ture these phenomena can already contribute greatly to understanding and model
development.

We use the term ‘direct’ numerical simulation to refer to computations where all
relevant spatial and temporal scales are adequately resolved for the given applica-
tion. Some applications, such as those requiring statistics involving higher deriva-
tives, will require more resolution than others. The precise number of grid points
needed depends also upon the numerical method. The preference for flows in sim-
ple geometries has been for spectral or high-order (greater or equal to fourth order)
finite difference or finite volume methods. Detailed grid refinement studies show
that, away from walls, grids of the order of 5k (recall that nyk is based on dimen-
sional arguments alone) are sufficient for most purposes, such as prediction of mean
flow and second moments of turbulence as well as all the terms in the turbulence
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kinetic energy transport equation. A rule of thumb is that second order methods
require as much as a factor of two more points in all directions. However, such
methods may be quite efficient per grid point and more suitable for extension to
complex geometry. Given that DNS on present-day parallel computers tend to be
limited by run time rather than memory, there are some applications where such
methods can be used. Upwind methods, unless they be of high order, are generally
considered to be too dissipative for use in turbulence simulation (analysis in terms
of the modified wavenumber is needed to check the wave-resolving powers of such
methods). Unstructured grid calculations (Laurence, 2002) are expected to require
more nodes in total to compute a given phenomenon, but estimates of the additional
computational cost are not yet available.

The usefulness of direct numerical simulations has increased with the rise in
power of computers. Simulations carried out in the early 1980s on Cray X-MP
computers (for example isotropic turbulence at low Reynolds numbers, or the early
stages of transition) can now be carried out on personal computers. Larger com-
puters can now be used to simulate higher Reynolds numbers and a wider range
of geometries. Plots of computer performance against time show improvements
ranging from 10 times speed up every 5 years to 10 times speed up every 10 years.
In the light of this, let’s consider again our example of a full-scale boundary layer
calculation which would take 630 years on a current computer. If we take processor
performance as doubling every two years, it will take 30 years to get a computer
215 times as powerful, that will let us do the Re = 64 000 calculation in one week.
This kind of extrapolation does assume that computer performance can continue to
grow at the same rate. Shrinking chip sizes do eventually run into quantum effects,
but we can also expect larger and larger parallel computers being developed to
continue to push the boundaries of what is possible. Nevertheless, it is clear that
turbulent flow at very high Reynolds numbers is not going to be solved any time
soon by the purely numerical approach. The tendency in practice appears to be to
use the increased performance to move to more complex flows, rather than just
extend existing flows to higher Reynolds numbers.

Implementation of DNS numerical methods for massively parallel comput-
ing entails additional considerations. The implementation of a spectral method
described in Sandham & Howard (1998) used a global transpose method which
involved the parcelling of small ‘cubes’ of data on each processor, labelling these
with the address of the processor that requires the information, transferring the
data, reading it by the receiving processor, and reconstructing the flow field. Both
the PVM (parallel virtual machine) and MPI (message passing interface) libraries
have been used successfully for this purpose. With the demonstrated success of
such simulations up to 512 processors, there appears little to prevent simulations in
the near future on machines with several thousands of processors. In passing, we
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note that another application of parallel processing to turbulence DNS is in the use
of ensemble averaging to obtain averages for unsteady turbulence computations.
In computing the temporal development of turbulence (and assuming that the time
taken to converge to the base flow is not the critical element), one is often limited by
the need to obtain ensemble averages by running the same code several times with
independent initial conditions. This is easily done on a parallel computer by running
multiple realisations at the same time. For example, in one 256-processor job, four
realisations each requiring 64 processors, or eight realisations each requiring 32
processors, can be run at the same time.

6.2.2 Validation procedures

All codes for simulation of turbulence need validation, and the lack of relevant exact
solutions of the governing equations makes this more difficult. A list of suitable
tests is as follows. Ideally all of these would be satisfied for a simulation to be
accepted. In practice this is only true of one or two flows to date.

¢ Validate code against analytic solutions and asymptotic limits. This could include com-
parisons with exact solutions of the Navier—Stokes equations, boundary layer solutions,
linear growth rates of small disturbances, etc.

* Carry out systematic grid resolution studies, varying resolution in one direction at a time
and checking convergence for quantities of interest, e.g. turbulence statistics.

¢ Carry out systematic box size variations to check that the computational domain is large
enough to contain the relevant flow physics. Decay of two-point correlations to zero is a
test that can be applied after a simulation has completed.

¢ Compute budgets of statistical quantities such as Reynolds stresses and check for balance.

¢ Carry out tests with a reduced time step to check for time discretisation errors.

¢ Compare results for the same problem between two different numerical methods, ideally
from two separate, independently programmed codes. This is perhaps a little extreme, but
controversial new results may well require this step before they are accepted.

For some flows the above criteria have been distilled down to a few ‘rules of thumb’.
For example, in free shear layer calculations if one preserves, say, six decades of
roll-off in the energy spectrum, one may reasonably expect good second moment
turbulence statistics. For attached turbulent flow over walls computed with high-
order or spectral methods, grid spacings of streamwise Ax™ = 12, spanwise Az" =
6 and ten points for y* < 10 are usually reckoned sufficient for good statistics related
to budgets of the Reynolds stresses. (Note that (-)* variables have been normalised
by the viscous length-scale v/u., where the friction velocity u, = /Ty/p With Ty
the wall shear stress.)



Turbulence simulation 213

6.2.3 Post-processing DNS data

Besides accumulation of statistical data, perhaps the first thing a user wants from
a simulation is a snapshot, or even computer animation, of the three-dimensional
structure of the turbulence. Velocity vectors and planar contour plots are quite lim-
ited since turbulent flow is highly three-dimensional. Identification of 3D vortex
structures from simulations is a recurring problem, partly because there is no uni-
versally accepted definition of a vortex: measures such as vorticity are difficult to
conceptualise since they register both shear layers and vortices, which we usually
like to think of as different phenomena.

One rigorous definition is in terms of local critical point theory where foci or
centres occur wherever complex eigenvalues of the local velocity gradient tensor
exist. In DNS this can be plotted using a known discriminant, which separates
foci/centres from saddle point/node structures. (See Chong et al., 1990, for a com-
plete discussion.) Rather than plotting surfaces of the zero of the discriminant, it is
usually more revealing to look at surfaces of (arbitrary) positive values of

1 Bul- Buj

— . 6.6
2 a)Cj 8)6,' ( )

0=

In practice this measure emphasises small-scale structure and may not easily iden-
tify the largest-scale structures. Another measure for identifying vortices that is
commonly used is low pressure, relative to some arbitrary reference level. This
certainly picks out the strongest structures, but may be ineffective in flows where
mean pressure is changing spatially. Jeong & Hussain (1995) introduced a new
definition based on the second eigenvalue A, of a combination of the symmet-
ric strain rate and antisymmetric rotation rate tensors S;Sk; + $2ix 2, where by
definition S;; = 1/(0u;/dx; + du;/dx;) and €2;; = 14(du;/0x; — du;/0x;). This
was developed following a detailed critique of other measures and is based on an
approximation (steady, inviscid) to an equation for the pressure Hessian 3%p/ 0x;0x;.
Our experience for near-wall flows studied in Southampton is that this method is
very similar to plotting surfaces of constant Q. An alternative definition employed
by Kida & Miura (1998) uses the pressure Hessian itself, together with a projection
of the local flow on a plane perpendicular to the vortex axis, making use of a two-
dimensional discriminant to ensure that low pressure cores correspond to swirling
flow. The resulting definition of ‘vortex skeletons’ is advantageous in that it does
not require any user-defined threshold to be set.

Visualisation is really a matter of data reduction. A DNS produces many GBytes
of raw data. The end user will require this to be reduced to a few images or anima-
tions that show the key phenomena. In the process the simulator will want to look
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at many aspects of the flow to try to make sure nothing important has been omitted
from the final set of images. Suggestions of things to look at include

¢ contour plots of raw velocity and pressure in instantaneous realisations in all three prin-
cipal co-ordinate directions, with several slices in each;

¢ velocity vectors and instantaneous streamlines, which may be helpful in some situations
along with contours of derived quantities such as vorticity;

* surface plots and animations of Q and/or A, and a relative pressure;

¢ Side-by-side comparison of instantaneous flow with the time- or phase-averaged flowfield.

6.2.4 Recent progress

Carefully controlled DNS are assisting in understanding the mechanisms of near-
wall turbulence. This is an area where the main features are already captured at
moderate Reynolds numbers and the simulations provide complete information
to evaluate theories. The most obvious structural features are low-speed streaks,
which are rather passive streamwise-elongated regions of relatively low momentum
fluid, and vortex rolls, which are much shorter regions of intense transient vortical
activity. It has been demonstrated by Jiménez & Pinelli (1999) and Jiménez &
Simens (2001) that there exists an autonomous near-wall region that is capable of
self-sustaining turbulence without external forcing. This is not to say that there will
not be interaction between inner and outer regions of a turbulent boundary layer,
but does encourage the idea that a complete model for the inner region is at least
possible, and which can later be coupled to the outer region, perhaps via a ‘smart’
LES boundary condition. A simplistic picture of what is happening is a ‘regeneration
cycle’, where vortices produce streaks and streak instability leads to new vortices.
Ongoing theoretical work includes streak instability analysis (Andersson et al.,
2001), low dimensional modelling (reviewed by Rempfer, 2003), Reynolds-stress
anisotropy modelling (Nikitin & Chernyshenko, 1997) and application of non-
normal mode (optimal perturbation) theory (Butler & Farrel, 1993). It is known
that if streaks grow beyond a critical amplitude they become locally unstable and
a short-duration ‘burst’ will occur, leading to new vortices. However, the idea
that the observed vortices produce streaks is challenged by recent work of Baig
& Chernyshenko (2003), who use a combination of passive scalars to show that
streak spacing is a function of mean profile shape, independent of the vorticity field.
In their view, streaks form by optimal non-normal mode growth of any (random)
background disturbances, unrelated to the vortices seen in the vicinity of the streaks.

Although this work on near-wall turbulence is far from complete, it does indicate
arole for simulations that we haven’t discussed yet, namely the isolation of flow phe-
nomena by modification of the Navier—Stokes equations. In the case of Jiménez &
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Pinelli (1999) this was achieved by inserting a buffer zone into a near-wall turbulent
flow, preventing the inner region nearest the wall interacting with the outer region,
which was filtered back to a laminar flow. Extreme care is called for when carry-
ing out such simulations, lest the modified equations introduce spurious effects.
Nevertheless, this kind of approach can be quite useful when looking at cause-and-
effect relationships in turbulent flows, and are the kind of experiments that certainly
cannot be contemplated in the laboratory.

The technology of DNS is currently being pushed into more complicated and
practically relevant flows. Wu et al. (1999) have carried out DNS of bypass transi-
tion in which passing wakes triggered turbulent spots in a flat plate boundary layer.
The simulations were modelled on an experimental/modelling study by Liu &
Rodi (1991), which in turn modelled the environment in which transition on a gas
turbine blade may occur. In the simulations travelling wakes, using data from a
precursor simulation, were imposed upon a laminar boundary layer profile. Some
disturbances were immediately ingested into the boundary layer as streaks, but did
not cause transition. Instead turbulent spots developed further downstream, near
the boundary layer neutral point, where disturbances from the free-stream entered
the boundary layer. The terminology ‘top-down’ spots was used to describe these
turbulent regions, which appear different to the classical ‘bottom-up’ spots, trig-
gered by disturbances imposed at the wall. An extension of this to the more practi-
cally relevant geometry of a low-pressure turbine stator passage was considered by
Wu & Durbin (2001), who showed how the wakes from turbine blades are severely
distorted as they pass through the stator passage. Near-wall vortices on the con-
cave side of the blades were seen to form from this wake deformation mechanism,
rather than from a Gortler-type of instability. A clear progression of this work
is certainly feasible, leading to simulations of complete turbine stages, including
transient separation bubbles and wake-induced transition to turbulence. Another
area where DNS is contributing is in flow control. Continuing the turbomachinery
theme, Yao & Sandham (2002) looked at DNS of trailing-edge flow control, via
base blowing and a secondary splitter plate. At a base Reynolds number of 1000,
based on trailing edge thickness and local flow velocity (note that this is about a
factor of five below full-scale turbomachinery applications), they were able to carry
out parametric studies of the control methods. For base blowing it was found to
be better to blow slowly out of a wide slot, rather than rapidly from a narrow slot.
Significant increases in base pressure (corresponding to reductions in drag) were
observed for the rectangular plate configuration used, for moderate base mass flow
rates. Secondary splitter plates were found to have an even more marked effect on
base pressure coefficient, with increases of 25% achieved with secondary splitter
plates with a length equal to the trailing edge thickness, increasing to 50% with a
length equal to five times the base thickness. Figure 6.1 shows several visualisations
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(a)

(b)

Fig. 6.1 Flow over a rectangular trailing edge (a) side view, (b) top view, (c) top
view with base blowing. Dark surfaces are of constant pressure, enclosing a low
pressure region, while light surfaces are of positive Q.
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of the three-dimensional flow over the trailing edge, illustrating some of the flow
visualisation points mentioned earlier. The dark surfaces are of constant pressure,
enclosing low pressure regions, while light surfaces are of positive Q. It can be
clearly seen how the base blowing, shown on Fig. 6.1(c), is effective in pushing
turbulent structures further downstream and reducing the turbulence levels.

6.3 Large-eddy simulation techniques

The large-eddy simulation method has its roots in predictions of atmospheric flows
in the 1960s, and like DNS has grown in importance as computers have increased
in size and performance. Commercial computational fluid dynamics (CFD) codes
increasingly offer options to carry out LES, and as a result the user community is
expected to grow significantly in the next few years. For recent reviews of LES the
reader can consult Frohlich & Rodi (2002), Piomelli & Balaras (2002), Piomelli
(1999), Lesieur & Métais (1996), Hirtel (1996) and Ferziger (1996).

6.3.1 The Smagorinsky model

Large-eddy simulation works by low-pass filtering the equations of motion and
modelling only the smallest scales of motion. In one spatial dimension a filtered
variable ii is defined by

o0

i = / G(x — xDHu(x")dx'. (6.7)

—0o0

Typical filter kernels G(z) have a defined filter width A and include the Gaussian

Giz)=——— (6.8)
o\
with & = A /+/6, and the top hat filter
1
G(z) = A for z < A (and zero otherwise). (6.9)

The filtering operation can be applied to the original Navier—Stokes equations (6.1)
and (6.2) leading to

oil;

ox;
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=0, (6.10)

, (6.11)
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Fig. 6.2 Schematic representation of the one-dimensional energy spectrum E,,
as a function of wavenumber k, showing the effective spectrum simulated by the
large-eddy simulation approach.

where we have assumed that the filtering operation commutes with the differentia-
tion operators (see later discussion). The stress term

Tij :u’fﬁj —ﬁiﬁj (612)

must be modelled in terms of the primary filtered variables to close the set of
filtered equations. A simplified form of an LES spectrum is shown in Fig. 6.2.
Below some cutoff wavenumber one should recover the usual —5/3 Kolmogorov
spectrum, whereas above this cutoff the turbulence has to be modelled.

The first, and still very widely used, model for 7;; is the Smagorinsky model,
the form of which has its origins in the Richtmyer—von Neumann shock-capturing
scheme. This can be written in the form of an eddy viscosity

1 ~
Tij — gtkk&-j = —2VTS,']', (613)
where S’I-j = 1/2(851,»/8)6]- + 0it;/0x;) is the strain rate tensor based on the filtered
velocity field. The isotropic part of the stress term Ty is a scalar unknown and can
be combined with p to form a modified pressure variable. The eddy viscosity is
expressed as

vr = (esA)* 8], (6.14)
where

18] = /2885, (6.15)
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Here A is the filter width and cg is the Smagorinsky constant. With this basic
Smagorinsky model, no explicit filtering is required — we work exclusively with
filtered flow variables. In finite difference and finite volume schemes the filter
width A is usually set equal to the grid spacing and the term ‘sub-grid scale’ (SGS)
denotes the turbulence that has to be modelled. In three-dimensional calculations
with grid spacing Ax; in each direction it is usual to take A = (Ax;Ax; Ax3)% and
the Smagorinsky constant as cs = 0.1. Increasing cs may be thought of as a method
of increasing filter width and having more of the flow computed with the sub-grid
model. One then needs more grid points to compute the same range of large scales,
but one expects reduced influence of numerical issues (different numerical methods
can have as big an influence as different sub-grid models, which leads to difficulty
in making comparisons between different models implemented in different codes).
We note in passing that, although derived from a very different perspective to the
Smagorinsky model, the so-called ‘structure function’ modelling approach can be
written (see Lesieur & Métais, 1996) in a form very similar to (6.14) and (6.15),
with the addition of a term involving vorticity magnitude. This may lead to different
local modelling of different structural features.

Near a wall this basic Smagorinsky model cannot be applied without further
refinement. The eddy viscosity must be reduced to account for the wall proximity, for
example by applying a van Driest multiplicative function fyp to the eddy viscosity,
with a simple form given by

fp=1—c b5, (6.16)

Itis possible to choose other functions that give more accurate near-wall asymptotic
behaviour, however, the practical implications are small (there are worse approx-
imations in LES than this). In meteorological applications it is common to intro-
duce stochastic fluctuations in the near-wall region. These mimic the effect of
backscatter — energy transfer from sub-grid scales to resolved scales. This addi-
tional realism has two benefits: firstly, improving the wall layer results (Mason &
Thomson, 1992) and secondly, enabling the issue of predictability (sensitivity to
random fluctuations) to be addressed (Leith, 1990). For engineering applications
such explicit additional backscatter is not routinely used, but special treatment of
the impermeable wall boundary condition is required. Rather than go all the way to
the wall and apply no slip conditions, it is more efficient to apply a time-dependent
wall shear stress condition that connects what is happening at the wall to events
further away, possibly as far as the log law region. Schumann (1975) proposed

<t

T = (T) —=, (6.17)
(up>
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where (- ) denotes some space-averaging procedure, ( - ), denotes the value on the
boundary, and (- ), denotes the control volume adjacent to the wall. An improve-
ment to this is the procedure introduced by Werner & Wengle (1991), which inte-
grates an approximation to the local mean flow to get a direct connection between
the horizontal velocity components associated with the control volume next to the
wall and the wall shear stress. To write the scheme, we introduce Ry, = u,Ay/v
as a Reynolds number based on the cell size Ay and velocity u, (note that in
the usual incompressible finite volume scheme the horizontal velocity compo-
nents are located halfway up the faces of the control volume). Instantaneous wall
shear stresses are assumed to be in phase with the velocities, with the magnitudes
given by

2
|7:ub2| _ for Rup <170,
puy Ry
e (6.18)
Tubl /. p Rup for Ry, > 70,

2 8/7
puy, Rup

with a, = (140%7 — 7.2)/70 for continuity of the function. (It should be noted that
some of the constants have been rounded relative to the original to simplify the
equations.) A similar procedure can be used for the other stress component .y,
using the local velocity w,. As demonstrated by Werner & Wengle, the method is
applicable to attached flows and to bluff body flows with large recirculation regions.
Separation from a smooth surface is a much more difficult problem for LES, without
using very high (quasi-DNS) resolutions.

6.3.2 Dynamic modelling

Large-eddy simulations of engineering flows are nowadays more likely to be
based on dynamic formulations of the Smagorinsky model, originally developed by
Germano et al. (1991). These rest upon the Germano (1992) identity

-~

Ijt,'ljtj—lil‘lftj Z‘ET—fij, (619)

L.: g

L

where (A) represents a second filtering operation, called a ‘test’ filter, and

T = Uil — U

Ko

; (6.20)

is the stress term arising from filtering the Navier—Stokes equations firstly with
the original filter and then with the test filter. The important point to note is that,
although we can’t compute either 7;; or t;, we can compute the quantity L;; just
by combining filtered velocities.
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The dynamic procedure can in principle be applied to any sub-grid model. For
the Smagorinsky model given above we can equate L;; to a term CM;;, where M;;
is given by
S

M =-2 (Az §,-j — Azm) , 6.21)

where A is the test filter width. It is not possible to get a single value of the scalar C
that works for all 7, j combinations so some approximation is needed at this point.
The procedure of Lilly (1992) selects C to minimise the square of the errore = L;; —
CM;; by taking averages (denoted with (- )) over some sample of the flow:

C= M (6.22)

(M;;M;j)

If (L;;M;;) is found to be negative, we would get a negative eddy viscosity. Since
this often leads to numerical instability it is usual to apply a limiter to (L;; M;;),
for example by only allowing positive values. With C determined in this way and
vr = CA?|S| there are no free parameters, save for the choice of filter type and
ratio of filter widths A /A. Operationally A/A = 2 is usually used. The procedure
defined by (6.22) is not unique and also introduces the problem of how to carry out
the averaging operation. For flows that are homogeneous in one or more directions
it is usual to average in those directions. For more general flows local averaging
is required. Models that avoid averaging altogether (known as ‘localisation’ mod-
els, see for example Ghosal ef al. (1995)) are attractive for complex geometry
applications.

The dynamic modelling approach is especially well suited to transitional prob-
lems and relaminarisation, and can handle near-wall turbulence without additional
corrections, so long as the near-wall structures are reasonably well resolved (within
a factor of four of a DNS, for example, and perhaps even better in the wall-normal
direction).

Both the basic Smagorinsky and dynamic Smagorinsky models are at heart rather
basic eddy viscosity representations directly relating sub-filter stresses to the strain
rates of the filtered flow variables. They actually work surprisingly well given
that the normalised correlation between stress and strain rate is only of the order
of 0.2 (Jiménez & Moser, 2000). Jiménez & Moser offer a partial explanation,
pointing out that both the Smagorinsky and dynamic Smagorinsky approaches
have an inbuilt self-adjustment property which makes them relatively insensitive to
the precise value of the constant. If the constant is too low energy builds up in the
high wavenumbers, leading to increased dissipation, and vice versa. Another key
point from a practical point of view is that the models will always work well when
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the proportion of shear stress carried in the sub-grid model is significantly less than
the shear stress of the large eddies.

6.3.3 Mixed models

Despite the successes of the dynamic Smagorinsky approach in comparisons of
LES prediction with experiments (known as ‘a posteriori’ testing) it possesses a
number of shortcomings. In practical implementations there is usually no permitted
backscatter from sub-grid (strictly we should say ‘sub-filter’) to resolved terms. So-
called ‘a priori’ tests, where sub-grid turbulence computed from filtered DNS is
compared with predictions from eddy viscosity modelling, show that the models
are in this respect extremely poor. Filter widths as small as possible are employed,
but this introduces another potential problem in that the filter and test filter may be
placed in a part of the spectrum close to the grid scale where numerical errors may
distort results. Bearing these facts in mind, the hunt is still on for better formulations
for the SGS terms, making optimum use of information already contained in the
simulation variables.

Mixed models are SGS models that combine two different elementary models.
The first example, proposed by Bardina et al. (1983), used the basic Smagorinsky
model in combination with a scale similarity model,

T = ity — it — 2 (csA)? 18185 (6.23)

By itself the scale similarity part (the first two terms in (6.23)) performs well in
a priori tests, but is considered insufficiently dissipative for practical applications.
Another early model proposed for LES was the tensor eddy diffusivity model of
Leonard (1974, 1997). For a Gaussian filter Leonard has shown that the shear stress
terms can be represented exactly by

© (o2\" 1 it %t
o3 () = - 6.24
fij Z(z) k! axk axk 29

The full series would recover a ‘DNS’ result for 7;; but is obviously not practical.
Instead it was proposed to use only the first term as a sub-grid model:

0’2 812,- aﬁj
Tijj = — —.
T2 x dxg

(6.25)

As with the scale similarity model, (6.25) by itself is insufficiently dissipative, and
may become unstable. However, it has been combined with an eddy viscosity model
to give good results (Vreman et al., 1997, Winckelmans et al., 2001, Leonard &
Winckelmans, 1999).
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Those that try mixed models usually come to the conclusion that they do better
than the regular Smagorinsky or dynamic Smagorinsky models. A comprehensive
study of models for the transitional compressible mixing layer is given by Vreman
et al. (1997). In order of overall accuracy they had

. dynamic mixed: Smagorinsky plus scale similarity;

. dynamic mixed: Smagorinsky plus tensor eddy diffusivity;
. dynamic Smagorinsky;

. scale similarity;

. tensor eddy diffusivity;

. Smagorinsky.

AN B W=

The first three performed significantly better than the last three, while the last two
were actually worse than no model at all, although this would depend on the numer-
ical method used in the ‘no model’ test case. Further demonstration of the benefits
of mixed models in other flows has been provided by Winckelmans et al. (2001) for
decaying isotropic turbulence and channel flows, where a variant of model 2 above
was used. Note however that Kobayashi & Shimomura (2003) report an inherent
instability in near-wall turbulence with this approach. Obviously there is much
work to do in classifying the performance of all the different possible combinations
of models across a wide variety of flows and important numerical issues have to be
addressed, so that results can be applied in different codes. However, a preliminary
conclusion is that mixed models do well in both a priori and a posteriori calculations.
An explanation for the good performance of mixed models was offered by Shao,
Sarkar & Pantano (1999). In this work a decomposition of the velocity field into a
mean plus fluctuation u = (u) + «’ is combined with the filtering operation. The
shear stress is then written as 7;; = rir;‘pid + 77°", where the ‘rapid’ part includes
all terms with a mean velocity, and the ‘slow’ part includes terms only involving
fluctuations. The slow part would always be present in LES, while the rapid part
would only be active when mean velocity gradients were present, but would imply
a rapid reaction of sub-grid stresses to changes in the mean velocity profile. Two
models were analysed by Shao et al. The scale similarity model was found to predict
energy transfer effects corresponding to the rapid part, while Smagorinsky could
represent the slow terms. This offers a useful rationale for mixed models and sug-
gests that such models will be essential to compute flows involving rapid changes of
mean flow or flows that are far from a production equal to dissipation equilibrium.

6.3.4 Numerical errors in LES and guidelines for application

An often neglected aspect of LES is the influence of the numerical scheme on the
results. Geurts (1999) presents the current state of LES as a delicate balancing act
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between competing sources of error, both numerical and modelling. To separate
the many sources of possible error he uses explicit filtering, following Vreman
et al. (1996a) and Ghosal (1996) and writes equations for general non-uniform fil-
ters, such as would be implicitly used in calculations on stretched grids. Additional
terms appear due to the non-commutation of the filter operator with the differentia-
tion operator. In Geurts & Leonard (2002) it is postulated that not all the errors may
be removed by using optimised filters such as in Vasilyev et al. (1998). Demonstra-
tions of typical magnitudes of errors are given in Geurts (1999) for various ratios
of filter width to grid spacing A/h. Using data from Vreman’s simulations, Geurts
shows that for A /h = 1 modelling errors are actually less significant than numerical
errors for three different numerical schemes, while for A/h = 2 numerical errors
are reduced and modelling errors are larger. In fact there is cancellation of errors
taking place, since the sign of the modelling error may be opposite to that of the
discretisation error. This illustrates that for LES one can expect that research groups
using different numerics may report different, even opposite, conclusions about the
comparative performance of models and filters.

Geurts & Leonard (2002) concludes with guidelines for careful application of
existing LES technology and addresses the issue of whether LES is actually ready
for complex engineering calculations yet. The lack of a definitive ‘yes’ in their
conclusions should be taken as a warning to those who propose that LES will replace
RANS for practical calculations at high Reynolds numbers over the foreseeable
future. The Geurts—Leonard guidelines are worth summarising again here to show
how a new user may begin to gain trust in results obtained from a present-day LES
code. (The validation procedures given for DNS in Section 6.2.2 are also relevant.)

Validate the code against simpler theory and DNS databases.

¢ Use smoothly varying near-orthogonal grids and avoid dissipative numerical methods.

* Vary numerical and physical parameters (grid, box size, numerical method etc.).

¢ Use dynamic modelling (mixed models are especially recommended).

¢ Use explicit filtering and incorporate LES predictions at different A/h into the flow
analysis.

6.3.5 Algorithmic approaches to LES

Several different but related techniques are based on the suggestion that an approx-
imate inversion of the filtering operation can be used to infer sub-filter stresses,
without the use of a turbulence model at all. The inverse modelling approach is laid
out in Geurts (1997) and a related sub-grid estimation method of Domaradzki &
Saiki (1997). Here we focus on a new deconvolution methodology as described by
Stolz & Adams (1999) and Stolz et al. (2001a,b).
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Given a filtering operator G such that it = G * u an approximate inverse Q can
be written as a truncated series

N
Q=) (-G, (6.26)
k=1

where [ is the identity operator and N would typically be taken as 5. Stolz and
Adams demonstrate the procedure using a family of non-negative filters based on
Pade approximants. The cutoff wavenumber of the filter can be adjusted according
to numerical method so that the numerical errors at high wavenumbers do not
contaminate the solution. The model is completed by the use of a secondary filter,
only active above the cutoff wavenumber of the primary filter. This secondary filter
removes energy from the system, but acts only at the highest wavenumbers. It does
entail the introduction of a new constant, but the authors claim the results are not
very sensitive to the precise choice of this. A priori tests and full calculations for
channel flow are given in Stolz et al. (2001a), showing good performance of the
model for this standard test case.

A striking application of the approximate deconvolution procedure was given
by Adams & Stolz (2002) for shocks in the one-dimensional Burgers and Euler
equations. Here, model problems with discontinuities were solved without the
use of explicit shock-capturing algorithms by reconstructing the steep gradients
by deconvolution. This opens up the possibility of a unified sub-grid treatment
that can handle sub-grid turbulence or near-discontinuities in an efficient manner.
There are obvious applications to the problem of shock wave interaction with tur-
bulent boundary layers, for which numerical methods are cumbersome and often
inefficient.

A development from recent analysis is the Navier—Stokes alpha (NS-«) model,
presented in Foias et al. (2001). A modified Kelvin’s theorem is assumed to hold,
using integration around a loop moving with a spatially filtered velocity. Equations
comparable to the Navier—Stokes equations are obtained as

oil;
=0, (6.27)
8xi
du; ou; il ; 19 9%u;
e AL AV (6.28)
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where #; is a filtered form of u;, or inversely
2 ~
2 d u;

anaXJ.

u =u; — o

(6.29)

Numerical simulations of isotropic decaying turbulence with the NS-« equations
are given by Chen et al. (1999), demonstrating some features of the model. The
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length scale « is fixed according to the smallest scale required to be accurately
computed by the simulation. Compared to Navier—Stokes, the NS-o model shows
a roll-off in energy spectrum of k=3 rather than k=>/3 at high wavenumber k. Thus
fewer modes are required to compute the same number of decades of the energy
spectrum, with considerable savings in computer time compared to DNS of the
Navier—Stokes equations. The model is not the same as conventional LES since
an equation like (6.28) for i&; would include time-dependent terms on the right
hand side, which has not been tried in LES. A related approach to NS-« is to
use a regularised (Leray) formulation of the Navier—Stokes equations. Geurts &
Holm (2003) describe the method and present some sample calculations of LES at
arbitrarily high Reynolds numbers, something that challenges conventional LES.

It is early days to make definitive conclusions about the various algorithmic
approaches available. However, they do have several attractive features compared
to the sub-grid modelling approaches. ADM is a procedure that extends in a much
more straightforward manner to compressible flow than the modelling approach,
while the NS-« and Leray-regularised methods separate the modelling from the
numerical solution procedure.

6.3.6 LES/RANS hybrids

RANS and LES fix a length scale in different ways. In RANS it is determined by
K3/? /€, or near a wall by «y, where « is the Karman constant, while the smallest
scale (comparable to a Kolmogorov scale) in a ‘Smagorinsky fluid’ (Muschinski,
1996) is cs A. Hybrid strategies are often employed near walls by switching length
scales from filter width to wall distance as the wall is approached. Early examples
are the methods of Schumann (1975) and Mason & Callen (1986).

A modern hybrid method that has gained considerable popularity is the detached
eddy simulation (DES) approach, originally introduced by Spalart et al. (1997).
The RANS model employed is the Spalart—Allmaras (1994) one-equation model,
which has an eddy viscosity relation

vr =D F(/v) (6.30)

and a transport equation for ¥ of the form

Dv .

Dr g(u;, v). (6.31)
The full form of the functions f(¥/v) and g(u;, ¥, d) can be found in the original
paper or in the text by Wilcox (2000). The important point from our perspective is

that the right hand side contains an external length scale d. In the basic model this
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is the distance from the nearest wall, but this can be easily replaced by
d = min(d, CpgsA), (6.32)

where Cpgs is a constant and A = max (Ax;, Ax>, Ax3). We can see that near the
wall the model will reduce to RANS, but that away from the wall we will have a
one-equation sub-grid model for an LES.

This basic DES model is now being applied to many flows. It appears especially
useful for flows where separation occurs abruptly, for example from sharp corners
or on massively stalled wings. Here, as noted by Spalart et al. (1997), the costs
of doing reasonable LES are prohibitive, whereas DES can already be attempted.
Separation from smooth surfaces is still a problem: if DES reduces to RANS at
a wall we still have all the limitations of the underlying RANS model. Another
problem that has emerged is in the blending region where the model changes from
RANS to LES. Here Piomelli et al. (2002) see a step in the middle of the log law
region and unrealistically long characteristic times. Similar issues were found by
Temmerman et al. (2002) with a RANS/LES hybrid based on a one-equation model
for the turbulence kinetic energy.

The practical issues concerned with application of DES often relate to the com-
putational grid. Spalart (2001) identifies zones within a DES calculation that have
different grid requirements. RANS regions have typical RANS requirements, down
to Ay™ less than 2 near walls with highly anisotropic grids (large spacings are
allowed in wall-parallel directions). In the LES region the spatial extent of the fine
grid, sufficient to resolve the turbulence, must be specified based on a guess as
to where this region is. Uniform grid spacing Ax = Ay = Az is recommended in
these regions. Overall, however, limits on grid stretching factors need to be applied,
making the patched RANS/LES grid quite difficult to construct. It should be noted
that the same issues apply in LES and even DNS of complex geometries, where
the required grid can only be sensibly specified after a preliminary calculation has
been carried out; these issues have been brought out in DES simply because it is
being applied to some complex geometries already.

6.4 Applications and concluding remarks
6.4.1 LES test case studies

Rodi et al. (1997) and Rodi (2002) evaluate the status of LES using several
bluff body test cases. These included the flow past a square-sectioned cylinder at
Re = 22000, flow past a circular cylinder at Re = 3900 and Re = 140000,
flow past a single wall-mounted cube, oriented face on to the oncoming flow at
Re = 40 000, and flow past a periodic array of wall-mounted cubes in a channel at
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Re = 3823 based on the cube side. The flows are all characterised by large-scale
vortex shedding and the test case results demonstrated clear superiority of LES over
RANS, even though the LES simulations were significantly more expensive. No
clear conclusions were reached regarding the relative performance of various sub-
grid models, but comparisons did identify bad numerical practices to be avoided
in LES, such as excessive grid stretching and the use of upwind schemes. Even
at the modest Reynolds numbers considered, LES had problems where particular
flow features, such as the thin reverse-flow region on the square cylinder test case,
could not be resolved. For the circular cylinder case most practitioners avoided
the higher Reynolds number subcritical test case. Those that tried it reported grid
problems and a large influence of sub-grid model, which is perhaps not unexpected
since affordable simulations could not fit enough grid points into the boundary lay-
ers without using extreme grid stretching. This test case is probably at the current
limits of LES technology. The flows over wall-mounted cubes at low Reynolds
numbers, on the other hand, were much better predicted by LES, and for these
flows LES is already superior than RANS, albeit a factor of more than 25 more
expensive.

A recent European collaborative project attempted LES of flow around an
Aerospatiale-A airfoil at a chord Reynolds number Re = 2 x 10°. The results,
described by Mellen e al. (2003), were generally disappointing, although per-
haps not unsurprising given our previous discussions. Good results were only
obtained when very high (and computationally expensive) numerical resolution
was employed, suggesting that LES is currently not a cost-effective tool for aero-
foil flows, even at these moderate Reynolds numbers. The largest calculations used
18 million grid points, but only computed a 1.2% of chord in the spanwise direc-
tion, which must be insufficient when separation occurs. Particular problems were
caused by the process of transition to turbulence, which effectively had to be directly
simulated. Turbulent trailing edge separation was also poorly predicted. An overall
conclusion was that resolution was the key to good simulations. None of the various
sub-grid treatments employed at low resolution were able to simulate adequately
the physics of transition and separation.

6.4.2 Compressible flows

Although more expensive to compute than incompressible flows, high-speed com-
pressible flows are increasingly being simulated, including the technologically
important area of shock/boundary-layer interaction. This is an area where DNS
has already proven its worth for theoretical developments, following simulations of
homogeneous turbulence by Sarkar et al. (1991) and of mixing layers by Vreman
et al. (1996b). The possible presence of shock waves, however, complicates the
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numerics. The principal issue in shock-wave/turbulence simulations is that good
numerical methods for turbulence are generally inefficient for shock flows, while
the best shock-capturing schemes are much too dissipative for accurate resolu-
tion of turbulence. Three main techniques are commonly used in shock-turbulence
simulations: full shock resolution, essentially non-oscillatory (ENO) schemes, and
hybrid methods, in which the method varies depending upon whether a shock wave
is detected. The former two methods have proved too expensive for routine calcu-
lations and consequently hybrid methods have most commonly been used. The first
DNS of a shock/turbulent boundary-layer interaction problem was a Mach 3 ramp
flow case, simulated by Adams (2000). The simulation provided turbulence data in
the interaction region where the shock oscillated due to the turbulence structures,
and the turbulence in turn was changed by passing through the shock wave. In par-
ticular the Reynolds stresses were amplified by a factor as high as four, with normal
stresses affected differently from shear stresses. The Reynolds analogy, commonly
employed in modelling, was found to be invalid in the interaction region. As well
as providing insight, this particular DNS provided a compressible flow test case for
the approximate deconvolution model. Stolz et al. (2001b) demonstrated that this
model served to capture sub-grid turbulent scales as well as the non-turbulent sub-
grid scales associated with the shock wave. Another advantage of their approach
was that the energy equation could be treated in exactly the same manner as the
momentum equation. With conventional sub-grid modelling one would have to go
term-by-term through the energy equation, decide whether a particular sub-grid
term (there are six in all) needed modelling and if so, how to do the modelling.

LES is beginning to be applied to other shock/boundary-layer interaction prob-
lems. Garnier et al. (2002) have studied oblique shock impingement onto a Mach
2.3 turbulent boundary layer, while Sandham et al. (2003) simulated transonic flow
over a circular arc bump. In the latter case the shock was relatively stationary, but
there was strong streamwise variation of turbulence quantities in the separated shear
layer immediately below the shock wave. Comparative studies of sub-grid models
and numerical schemes are still in the early days for such flows.

6.4.3 Aeroacoustics

The field of computational aeroacoustics is growing rapidly and turbulence sim-
ulation is at the heart of recent advances. The framework for much of this work
was set with Lighthill’s famous acoustic analogy formulation, which rearranged the
Navier—Stokes equations into a wave equation on the left hand side, representing
wave propagation, and all the other terms (the ‘sources’) on the right hand side.
In this way the acoustics part of the problem was essentially solved fifty years
ago. However, further progress was limited by an inadequate representation of the
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sources in turbulent flow, so actually the problem of aeroacoustics is essentially a
problem of turbulence, to which simulations are now contributing.

At a direct numerical simulation level (reinvented as ‘direct noise computation’
(DNC) by the acoustic community) we can simulate both the turbulence and the
sound field. However, this is expensive even by DNS standards if one wants to
compute anything more than the near field sound. Of the order of ten points per
sound wavelength are needed to compute a sound wave accurately (depending on
numerical method) so the grid requirements rapidly make this approach impracti-
cal. Additional difficulties relate to boundary conditions since acoustic calculations
are highly sensitive to wave reflections from artificial computational boundaries. A
whole range of ‘buffer’ zone boundaries have been developed. These are typically
‘black box’ regions around the edges of a computation where the Navier—Stokes
equations are solved only in a modified form that attempts to damp any waves that
reach the boundary. A healthy degree of scepticism is appropriate for these boundary
conditions, since they are usually tuned specially for the problem under considera-
tion and may not be appropriate to other flows where different wavelengths, wave
amplitudes and wave orientations are present. Despite these additional difficulties
several successful DNS of sound generation by turbulent flows have been pub-
lished. Two of the most impressive have been the supersonic (Mach 1.92) jet sound
calculation by Freund et al. (2000) and the high subsonic (Mach 0.9) jet calculation
by Freund (2001). The supersonic jet noise problem is the easier proposition since
the acoustic waves are stronger. If the sources of sound are also supersonic relative
to the quiescent external flow then the sound will align predominantly with the
Mach direction.

Extending the DNS beyond the immediate near field requires more effort.
Freund et al.’s (2000) approach is to couple the DNS to a wave equation that
is then solved by finite difference methods. This works if one is interested in com-
puting out to a few tens of jet diameters, but to go further towards the acoustic far
field alternative approaches are required. A method that is gaining in popularity
involves the insertion of a surface into the computational domain. A generalisation
of Lighthill’s equations by Ffowcs Williams and Hawkings to include surfaces is
then appropriate. The relevant terms can be accumulated on the surface during the
calculation, followed by a post-processing exercise to extract the sound field. This
approach has been demonstrated by Brentner & Farassat (1998) to be superior to
the Kirchhoff surface approach used in acoustics.

Besides predicting the far field sound, the simulation approach can be used to
study the physical nature of sound sources. Hu et al. (2003) extracted the acoustic
sources from turbulent channel flow DNS and demonstrated the relative importance
of fluctuating dissipation (monopole), wall shear stress (dipole) and Reynolds stress
(quadrupole) sources of sound. In particular the influence of the wall shear stress
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dipole, a subject of considerable debate in the literature, has been clarified by these
simulations. The zero wavenumber limit of both wall shear stress and wall pressure
fluctuation spectra was found to be non-zero, implying a non-zero dipole source of
sound. Predictions of the sound field suggest that this dipole source is dominant at
low Mach numbers, but is overtaken by the quadrupole source as the Mach number
increases.

6.4.4 Concluding remarks

DNS is a maturing technology, routinely used alongside laboratory experiments for
scientific investigations of transitional and turbulent flow. As with any advanced
technique it must be carefully applied, and there is scope for continued improve-
ments in numerical algorithms, especially as more complex geometry flows are
attempted. There is still much to be learned from simple geometry flows, however.
We note that the highest Reynolds number boundary layer DNS is still that of
Spalart (1988) at Ry = 1440. For its day this was an extremely large calculation,
but hardware has already progressed to the point where one can conceive of further
calculations at Ry = 2880 and Ry = 5760. Such simulations would complement
experiments by providing complete datasets for Reynolds number trends to be stud-
ied and compared with theoretical predictions. Another interesting approach is the
idea of the strained channel (Coleman et al., 2000), where complex strain fields
are imposed on turbulence in a simple geometry. This allows turbulence models to
be checked for their ability to represent the turbulence response to (and relaxation
from) imposed strain fields, clearly separated from issues of numerical resolution.

By contrast LES is not a mature technique. We have presented a variety of
approaches, but it is not clear where these will line up in the final reckoning. More
theoretical work is needed to place the actual techniques used on a sounder basis,
and more careful studies need to be made of the comparative performance of models,
both separately and in combination with particular numerical schemes, for more
complicated flows than the isotropic turbulence and plane channel flow that have to
date formed the main test beds for developing new models. Common practice
at present in the engineering community is to use dynamic models and resolve
near-wall structures such as low-speed streaks. A factor of four less resolution
in all directions can be used relative to DNS, which represents a considerable
saving. However, the scaling with Reynolds number is such that it is impossible
to extend the method to applications such as flow over an aircraft wing. Such
simulations are something of a ‘poor man’s DNS’. They are not sufficiently resolved
to provide reliable data for investigations of flow physics and model validation
(although they are undoubtedly a better representation of the flow physics than
RANS models), while at the same time they are not demonstrating LES technology
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for applications, since the Reynolds numbers are still too low. Better wall treatments
are needed to enable applications of LES to higher Reynolds numbers. Test cases
involving DNS of flows with turbulent separation and reattachment should be of
some assistance in developing models that have some useful range of applicability.
Another hope for the future is that some of the fundamental knowledge being gained
about near-wall turbulence mechanisms and control strategies can be applied to LES
modelling.
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1 Introduction

Computational modelling is assuming a greater and greater role in the study of
multi-phase flows. Although it is not yet feasible to predict complex multi-phase
flow fields over the full range of velocities and flow patterns, computational methods
are helpful for a variety of reasons which include:

(1) They enable insights to be obtained on the nature and relative importance of phenomena
and are a natural aid to experimental measurement. Indeed, itis often possible to compute
quantities which cannot be readily measured.

(2) When coupled with experimental observations and empirical relationships, computa-
tional methods can give predictions which are reaching the stage of being useful in the
design and operation of systems involving multi-phase flows, particularly for dispersed
flow situations. This fact is reflected in the growing number of commercial computer
codes which are available for application in this field.

In this chapter, we will deal first with the application of single-phase prediction
methods in the interpretation of two-phase flows. Here, a brief description is given
of the available turbulence models and examples cited of the application of this
approach (flows in coiled tubes, horizontal annular flow and waves in annular
flow).

Animportant class of two-phase flows is that where one of the phases is dispersed
in the other, for example dispersions of bubbles in a liquid (bubble flow), dispersions
of solid particles in a gas or liquid (gas—solids or liquid—solids dispersed flows) and
dispersions of droplets of one liquid in another liquid (liquid—liquid dispersed flow).
Section 3 deals with these types of flow and begins with an overview (Sections 3.1
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and 3.2) of some of the key phenomena which affect the modelling (particles in
turbulent structures, particle-wall interactions and particle—particle interactions in
dense suspensions, etc.). The types of modelling methods (random walk models,
multi-fluid models, PDF methods and more advanced models such as DNS, LES,
etc.) are then reviewed in Sections 3.3 and 3.4. Section 3.5 then presents some
examples of the application of multi-fluid models for dispersed flows. Increasingly,
nowadays, the multi-fluid model is being applied to multi-dimensional dispersed
flows. Basically, the phases are treated as inter-penetrating media and conserva-
tion equations are written for each phase, with closure laws written to describe
their interaction. These closure laws are often empirically based. Examples are
presented in which the model is implemented with various levels of sophistication
in turbulence modelling. Applications with multiple bubble fields are also briefly
reviewed.

In the multi-fluid model, the behaviour of the dispersed phase is represented only
in terms of its phase fraction and velocity. The behaviour of individual dispersed
phase elements (droplets, particles or bubbles) is lost in the modelling. There are a
number of cases where it is advantageous to model (‘track’) the motion of the indi-
vidual inclusions of the dispersed phase, and this type of modelling is introduced in
Section 3.6; one form of such modelling (‘bubble tracking’) is described by way
of example. Multi-fluid models for fluid—fluid dispersed flows (bubble and drop
flows) do not usually take account of the deformability of the fluid—fluid interfaces
(except implicitly through closure laws). Moreover, many two-phase flows occur-
ring in practice are totally or partially separated (e.g. annular or stratified flows)
and, again, interface deformation and structure is a crucial factor. Thus, in the clas-
sical multi-fluid models for such separated flows, special (and empirical) closure
laws are required for interfacial friction, which is strongly affected by the interfacial
structure. In Section 4.1, a brief discussion is given of the use of the multi-fluid
model for separated flows.

For both dispersed and separated flows, there has been, in recent years, an increas-
ing focus on the use of computational modelling to try to predict the detailed devel-
opment of interfacial configuration. The ultimate objective of this work can be seen
as to provide an alternative to the present empirical closure strategies. Though, for
flows of engineering significance, this objective is often far from being achieved,
some fascinating results and insights are already being generated. This work is
reviewed in Sections 4.2 and 4.3 and begins (in Section 4.2) with a survey of
available methods (boundary integral, VOF, level sets, front tracking, molecular
dynamics, lattice gas, lattice Boltzmann). In Section 4.3, examples of calculations
with the various methods are presented.

The chapter closes with a brief overview in Section 5.
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2 Single-phase flow modelling applied to two-phase flow systems

Where the flow fields are separated, each field can be calculated by conventional
single-phase computational fluid dynamics (CFD) methods, often using available
commercial codes. In such calculations, the assumption is made of continuity of
velocity and shear stress at the interface; this condition can be fulfilled by carrying
out iterative calculations in which the shear stress and velocity of one phase at
the boundary can be used as a boundary condition for the calculation of the other
in a cyclical process. In many modern commercial computer codes, this process
is executed automatically. A specific problem in this approach is the question of
turbulence. It is normally assumed that turbulence is damped on either side of the
interface, with continuity of shear stress being obtained by the existence of large
velocity gradients in the vicinity of the interface and in both phases. To a first
approximation, it may often be assumed that the gas phase flows over what approx-
imates to a solid surface. However, in considering liquid phase calculations, it is
important to take account of the velocity and shear stress distributions.

The single-phase flow field treatment can often be useful in dealing with separated
flow fields such as those found in stratified flow, annular flow and (using computa-
tional domains which travel at the slug velocity) in slug flow. Inter-entrainment of
the phases cannot, of course, be dealt with readily by this technique.

The calculation of single-phase turbulent flow fields is, in itself, extremely diffi-
cult, particularly at Reynolds numbers of engineering significance. In these cases,
a turbulence model has to be used, and a brief review of some models is given in
Section 2.1 below. Specific examples of the application of the single-phase flow
methodology to gas—liquid flows are then given in Section 2.2, 2.3 and 2.4 for flows
in coiled tubes, horizontal annular flow and flow in disturbance waves in vertical
annular flow, respectively.

2.1 Turbulence modelling

For a turbulent single-phase flow, the momentum conservation equation takes

the form:
) , (7.1)

where U; is the time averaged velocity in the direction x;, p the fluid density, p
the pressure, v the kinematic viscosity and u; the instantaneous velocity (relative
to U;) of the fluid in direction x;. The term u:uj/ appearing on the right hand side

8U,’ 1 ap 0 8Ul
; = v
/ 0x; pox;  0x;

is due to turbulent motion and the product ,ou;u’j is called the Reynolds stress.

It acts to promote the diffusion of momentum and cannot be obtained by further
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time-averaging alone and has to be modelled. Modelling of turbulent flows is a
major topic in its own right and cannot be dealt with in detail here. A review by
Gibson (1997) gives an entry into the subject. Here we give only a brief survey.

Inthe standard k— model, the turbulent motion is characterised by two quantities,
namely £, the turbulent kinetic energy, and ¢, the turbulent energy dissipation rate.
These values are given by:

] .,/
k= Euiuj, (7.2)
ou’ ou'.
e=v—t.—L, (7.3)
8x,~ ax,'

The Reynolds stress tensor can be expressed in terms of mean velocity gradients
and an effective turbulent kinematic viscosity v, (the Boussinesq approximation)

as follows:
— ou; aU;
ujul = —v, (ax,l- + M’) (7.4)
with v, being given by:
k2
Vo= Cus (7.5)

where ¢, is an empirical constant whose value has been determined from measure-
ment as 0.09. Thus, if the distribution of k and ¢ is known, then the momentum
equation can be solved and the flow field calculated. In the k—e model, transport
equations are written for k£ and &, which have the form:

advection = production — diffusion — dissipation, (7.6)

and these equations for k and &, respectively, are as follows:
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where four new empirical constants have been introduced, namely ¢; = 1.44, ¢, =
1.92, 0y = 1.0 and o, = 1.717. The standard k—¢ described above is valid only at
high Reynolds numbers. Since the turbulent fluctuations are damped near a solid
wall, there will be a region close to the wall where viscous effects are important. In
this region, the local turbulence Reynolds number, defined by Jones and Launder
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(1972) as:
Re, = pk?*/ e, (7.9)

where p is the dynamic viscosity of the fluid, will be small and the high Reynolds
number models are no longer applicable. For this reason, the standard k—s model
cannot be used to calculate the flow right up to the wall through the viscous sub-
layer. Use is made therefore of empirical laws of sufficient generality (such as
the universal velocity profile) to connect the wall conditions such as shear stress
and heat flux to the dependent variables just outside the viscous layer. This ‘wall
function’ approach is not always very satisfactory, and a special low Reynolds
number k—& model can be employed, as proposed initially by Jones and Launder
(1972). In this model, two of the empirical constants used in the original k—& model
(namely c,, and c,) are expressed (Launder and Sharma, 1974) as functions of the
turbulence Reynolds number as follows:

¢}, = cuexp(—3.4/(1 + Re/50)), (7.10)
¢y =c2[1—03exp(—Re})]. (7.11)

t

The transport equations for k and & are also modified to the forms:
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The above equations are, of course, solved by finite element or finite volume
methods; in the calculations described below, the CFX code was used, which offers a
number of options for the differencing scheme. In most of the calculations described
in this section, the quadratic upwind differencing option (QUICK) was employed.

Though the k—& model and its variants are the most widely used, the development
of better models is a major industry! Examples of alternative approaches are as
follows.
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(a) quuxd s (b)

Coil axis

Fig. 7.1 (a) Inverted and (b) non-inverted film thickness distribution in annular
two-phase flow in coiled tubes.

(1) Reynolds stress transport models. There are a number of turbulent fields where the
Boussinesq approximation (Eq. 7.4) is not valid, the point of maximum velocity being
different to the point of zero shear stress, for instance. As an alternative approach,
transport equations can be written for the Reynolds stresses themselves. Thus, more
accurate predictions can often be obtained, though at the expense of extra computer
time. It should be pointed out that the Reynolds stress models have many fitted constants
and usually use wall functions. Nevertheless, they are a useful option for more complex
flows.

(2) Direct numerical simulation (DNS). For low Reynolds numbers (typically below
10 000), direct numerical simulation of turbulent flows is now feasible, though extra-
ordinarily time consuming. Nevertheless, data obtained with DNS can often be useful
in checking out many of the features of turbulence models.

(3) Large eddy simulation (LES). In this methodology, the larger eddies are directly
simulated whilst the small eddies are represented by ‘sub-grid models’. Wall functions
are also required. LES is finding an increasing role in multi-phase flow systems and can
be used up to Reynolds numbers of practical significance.

Even for single-phase flows, turbulence models often have a somewhat insecure
basis. They should be used for two-phase flows with a certain degree of caution!

2.2 Flow in coiled tubes

In annular flow in coiled tubes, an interesting effect occurs which is illustrated in
Fig. 7.1.

Intuitively, one would expect the liquid phase to be concentrated on the outside
of the coil in such systems (Fig. 7.1 (b)) but, in fact, the reverse is often true with
the liquid phase flowing on the inside of the bend (Fig. 7.1 (a)). The transition
between the two conditions is often referred to as inversion. Clearly, such an effect
has considerable significance in the many important applications of evaporation in
coiled tubes.
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Fig. 7.2 Force balance on the liquid film in annular flow in coiled tubes. F. is
centrifugal force.

The application of CFD techniques to the interpretation of the inversion phe-
nomenon in coiled tubes is described by Hewitt and Jayanti (1992) and this treat-
ment is briefly summarised here. The approach was to treat the liquid film by a
simple analytical model with boundary conditions given from a CFD treatment of
the gas core. The basis of the film model is illustrated in Fig. 7.2. The circumfer-
ential shear stress 7y (y) within the liquid film at a distance y from the wall is given
by:

2 3

w0 = 1(0) 5L, pf;;::e 5
where 1,(0) is the wall shear stress, D the diameter of the tube, Ap(6)/A6 the
circumferential pressure gradient, p the density of the liquid, 7 its viscosity and R,
the coil radius. t is the axial shear stress and the third term on the right hand side
of Eq. 7.14 represents the centrifugal force (assuming laminar flow in the film).

(7.14)
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The wall shear stress is related to the interfacial shear stress 7, (8) as follows:

2 A 2sin@ 83
25(0) = 1y(8) + — L5 _ PLTMT O

. 7.15
D Ab R, 3 (7.15)

The circumferential velocity distribution can be determined by integrating with the
boundary condition that the velocity is zero at the channel wall:

w(y) = /y LISV (7.16)
0 n

The circumferential mass flow rate in the liquid film is then determined by inte-
grating the velocity profile across the film and multiplying by the density. The final
result has the form:

Me(0) = ;8 + capd® — cetd’, (7.17)

where the three coefficients on the right hand side of Eq. 7.17 represent the con-
tributions of circumferential shear stress at the interface, circumferential pressure
gradient and centrifugal force on the liquid film to the circumferential flow.

It may be hypothesised that the point of inversion represents a condition where
mg() is zero at all points round the circumference. The critical film thickness
(6¢(0)) corresponding to this condition may be determined as a function of position
via the above solution, provided that the interfacial circumferential shear stress and
the circumferential pressure gradient are known. To obtain these latter two variables,
CFD calculations for the gas core of the flow have to be invoked. Calculations of the
flow field in the flow of a gas in a coiled tube were carried out using the CFX code.
Calculations were done using a variety of turbulence models (see Jayanti et al., 1990
and Jayanti, 1990). A modified form of the k—¢ model gave improved results over
the standard k—e model for this case, but the closest agreement with experimental
data for single-phase flow in coils was obtained using the Reynolds stress model.
Figure 7.3 shows calculations of axial velocity obtained by this technique for a coil
with coil diameter to tube diameter ratio of 25.9. The mean velocity in this case
was 33 m/s. It was found that, over a range of Reynolds numbers between 50 000
and 200 000 the circumferential distribution of axial shear stress, circumferential
shear stress and circumferential pressure gradient around the wall could be scaled
by the mean axial shear stress T, as illustrated in Fig. 7.4. T, can be estimated from
the CFD results or from a standard correlation for friction factor in coils. Thus, it
is possible to estimate the components necessary to solve Eq. 7.4 to obtain §..(6).
Once the distribution of critical film thickness has been calculated, the axial liquid
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Fig. 7.3 Contours of axial velocity in a coil predicted by Reynolds stress model
(Re = 89000, D/d = 25.9, mean flow velocity = 33.0 m/s) (Hewitt and Jayanti,
1992).
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flow can be calculated at each circumferential position if the axial shear stress is
known. This can then be integrated around the circumference to give the total axial
liquid flow for the inversion condition. Thus, a complete solution of the problem
of inversion is possible.

Figure 7.5 shows the results for velocity profile as a function of circumferential
position for a typical inversion condition. As will be seen, though the circumferential
flow rate is zero at each point, the flow near the wall is passing inwards within the
coil and that near the interface is passing outwards. Thus, there is a secondary flow
within the liquid film (as, of course, there is also within the gas core).

The calculation procedure was compared with literature data for inversion and
agreed remarkably well. It is interesting to speculate what happens above and
below the inversion point. Above the inversion point, where the liquid tends to
move towards the inner surface of the tube, the liquid accumulates in that zone and
large waves are formed on the interface from which droplets are torn. The droplets
are accelerated in the gas phase and move towards the outer surface of the coil
where they deposit, forming a liquid film in which the net flow is, again, towards
the inside of the coil. Thus, a recirculation is set up which involves continuous
entrainment, acceleration, deposition and film flow back to the inner surface.

This is consistent with observations of flow in coils. If, on the other hand, the flow
is not inverted, then the liquid flows to the outer surface and would tend to remain
there as a stratified layer since any droplets entrained would fall back into this layer
as the flow proceeds round the coil. Again, this is consistent with experimental
observation.
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lines show approximate fits to curves (Hewitt and Jayanti, 1992).
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Fig. 7.5 Secondary flow in the liquid film in a coil calculated from thin film
analysis with circumferential shear and pressure gradient from CFD calculations
of gas core (Hewitt and Jayanti, 1992).

2.3 Horizontal annular flow

There has been curiosity for several decades about the precise mechanism of hori-
zontal annular flow. In such a flow, gravity often causes a variation of film thickness
around the periphery, with the film at the bottom of the tube being typically many
times thicker than the film at the top of the tube. However, it is interesting to specu-
late why the liquid should flow at all at the top of the tube. What are the mechanisms
which cause liquid transport against the direction induced by gravity? There have
been three main mechanisms proposed for such transport:

(1) The thick film at the bottom of the tube has large waves on it and the interaction between
the gas phase and these waves gives rise to droplets. Russell and Lamb (1965) proposed
a mechanism of annular flow in which the droplets were entrained from the bottom film
and diffused across the channel to the top, where they deposited, forming a new film
which drained down to the bottom, the process being a continuous one.

(2) The large waves formed at the bottom of the tube may tend to be spread around the
tube, and this mechanism was suggested by Butterworth (1971) as being responsible
for the circumferential liquid transport.

(3) Since the interface of the film at the bottom of the tube is very much rougher than that
at the sides and at the top, this variation of interfacial roughness may induce a sec-
ondary flow within the gas core, which gives rise to a circumferential shear stress. This
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circumferential shear stress could transport the liquid film upwards at the interface, with
gravity causing flow downwards in the inner zone of the film (this mechanism is some-
what similar qualitatively to the mechanism suggested above for coiled tubes except
that gravity replaces centrifugal force). This mechanism was suggested by Laurinat
et al. (1985) and received strong support from the work of Lin et al. (1985).

Though the third (secondary flow) mechanism appeared to fit the experimental data
if an arbitrary distribution of circumferential shear was assumed, it was not possible
to measure either the circumferential shear stress or the secondary flow distribution
within the gas core. The only evidence which appeared to support the existence
of such a secondary flow was that the maximum in the axial velocity profile was
shifted towards the bottom of the tube, whereas, in the absence of a secondary
flow, and with a rougher interface at the bottom than at the top, the maximum in
velocity would tend to move towards the top. However, the question still remained
as to whether the expected secondary flows would be strong enough to induce the
predicted circulation. There was some evidence (based on known distributions of
liquid film flow rate and film thickness) of the extent of the variation of roughness
around the tube, and this evidence could be used as input to a CFD calculation of
the flow field in the gas core. These calculations are described in detail by Jayanti
et al. (1990) and will just be briefly summarised here.

To calculate secondary flows of the type postulated in horizontal annular flow, itis
necessary to use models such as the Reynolds stress model, since simpler closures
such as the k—¢ model will not allow the prediction of such secondary flows in
straight channels due to the assumption of isotropy of the turbulence. Using the
CFDS-FLOWS3D code, the distribution of velocities in the axial direction and in a
direction normal to the tube axis were predicted assuming a variation of roughness
around the tube periphery which was consistent with the experimental data for
horizontal annular flow. The results are shown in Fig. 7.6. Secondary flows are,
indeed, predicted and the location of the maximum velocity is displaced towards
the bottom of the tube as expected. This seems to lend support to the idea of the
secondary flow mechanism; however, the actual values of the circumferential stress
are insufficient. Taking actual data for film thickness distribution in horizontal
annular flow, the ratio of the circumferential shear stress 7y to the mean axial shear
stress T, needed to support the film may be calculated. The same ratio may be
calculated from the CFD calculations and the values are compared in Table 7.1.
As will be seen, the circumferential shear stresses are about an order of magnitude
lower than those required to sustain this mechanism. Thus, the secondary flow
explains the shift in the maximum in the gas velocity profile but does not explain
the levitation of the liquid film. Further investigations of the mechanism indicated
that the probable mechanism of transport was related to the formation of disturbance
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Table 7.1

Angular position

Film thickness (mm)

Ty /T, needed to

79 /T, expected

from bottom support liquid film  from secondary flow
45° 0.87 0.375 0.025
90° 0.31 0.157 0.020

135° 0.19 0.085 0.012
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Fig. 7.6 Velocity vectors and contours in tube with varying roughness (Jayanti

et al., 1990).

waves. Regarding the waves as a ring around the channel, their propagation was
such that the ring sloped backwards in the direction of flow. The waves therefore
act as a form of ‘scoop’ which scoops liquid from the bottom of the tube and
transports it around the periphery of the wave to the top where it is shed and
drains back down between the waves. Evidence for this particular form of the
wave transport mechanism is given by Jayanti ef al. (1990). The mechanism by
which the waves spread around the tube has been recently clarified by Fukano
and Inatomi (2003); we shall return to a description of this work in Section 4.3

below.
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2.4 Disturbance waves in annular flow

The occurrence of large interfacial disturbance waves is a dominant feature in
annular flow (see Hewitt and Hall Taylor, 1970). Some characteristics of the waves
are as follows.

(1) Disturbance waves occur above a critical liquid film Reynolds number (around 250);
below this Reynolds number, only small ripples occur on the interface.

(2) The frequency of the disturbance waves falls with distance and reaches an asymptotic
value at large distances. There is some evidence that the initial frequency is close to
that of turbulent bursts. The spacing between the waves is random.

(3) Wave velocities are typically 3—10 m/s and the waves are typically 1-2 tube diameters
in extent.

(4) Shear stress measurements indicate that the wall shear stress is high underneath the
waves.

(5) Visualisation and entrainment measurements confirm that the waves are the main source
of entrained droplets, entrainment being a vital feature of annular flow.

Although there is some suggestion that the waves are associated with turbulence
inception phenomena within the liquid film, their source and nature is still somewhat
mysterious. In the work summarised here (and described in more detail in Jayanti
and Hewitt, 1994), attention was focussed on the flow in the liquid film, the influence
of the gas phase being made manifest by its influence on interfacial shear stress
only. The influence of resolved normal stress (i.e. differences in net pressure force
between the front and the back of the waves) was not taken into account. Further
calculations by Wolf (1995), who calculated both the gas and liquid flow fields,
indicated that this was a reasonable approximation.

A typical disturbance wave was chosen for study and had the following charac-
teristics.

(1) The length of the disturbance wave region was taken as 20 mm followed by a substrate
film region of 80 mm length. The disturbance wave was assumed to be of sinusoidal
shape in its region of influence with a maximum amplitude of 0.75 mm, that is, five
times the assumed substrate thickness of 0.15 mm.

(2) The film flow was assumed to be driven by air with a density of 2.15 kg/m® following
at a mean velocity of 50 m/s. The tube diameter was assumed to be 30 mm.

(3) The wave was maintained in a stationary position in the computational domain with
the wall moving at the wave velocity. The wave velocity may be estimated as that
condition for which the forces on the film are in equilibrium. This velocity was cal-
culated at around 2.6 m/s for the results summarised here (the velocity varied slightly
with the turbulence model chosen), in good agreement with the values measured in
experiments.
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As was stated above, it is necessary to specify reasonable values for interfacial
shear. For the substrate region, analysis of data by Shearer and Nedderman (1965)
for annular flow in the sub-critical (ripples only) regime produced the following
correlation for the substrate region interfacial friction factor f;:

i 85
i = 0.856 + 0.00281 ReGB (7.18)

fe

where fg is the gas phase friction factor, Reg the gas phase Reynolds number, &
the substrate film thickness and D the tube diameter. For the disturbance wave
region, the equivalent sand roughness height was taken to be five times the local
film thickness; this gives reasonable agreement with overall pressure drop mea-
surements but is, of course, only an approximate estimate. The interfacial friction
factor was then calculated using the standard Colebrook—White formula as a func-
tion of position. From the interfacial friction factor, the interfacial shear stress was
calculated for both regions by the equation:

@ = 3 fioc UG, (7.19)

where pg is the gas density and Ug the gas superficial velocity.

Results from the calculations on flows within the disturbance waves are illustrated
in Figs. 7.7, 7.8 and 7.9, which show, respectively, the velocity vector distributions,
the stream function contours and the turbulent viscosity distributions calculated in
each case using the low Reynolds number k—¢ model. It should be borne in mind that,
for presentational purposes, the wave height has been exaggerated (i.e. the scales in
the vertical and horizontal directions are different). It should be remembered that
the wave height is 0.75 mm, whereas the zone occupied by the wave has an extent
of 20 mm.

The first noticeable feature in the results is that of the recirculation pattern within
the disturbance wave. This is evidenced by both the velocity vector plot (Fig. 7.7)
and the stream function plot (Fig. 7.8).

Figure 7.9 shows distributions of turbulent viscosity. The low Reynolds number
k—e model predicts that the flow is turbulent only within the disturbance wave
region.

Using CFDS-FLOW3D, it is possible to predict the temperature distribution in
the computational domain for a situation with heat transfer. The simulation chosen
was that with a fixed wall heat flux and a fixed interfacial temperature (the latter
would be true for evaporation or condensation of a pure vapour). The results are
illustrated in Fig. 7.10.

Perhaps the most interesting result from these calculations relates to average
values for the heat transfer coefficient. Using the low Reynolds number k—¢ model, a
value of 6065 W/m2K is calculated. The calculations were also carried out assuming
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Fig. 7.7 Simulation of disturbance wave. Velocity vectors.
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Fig. 7.8 Simulation of disturbance wave. Stream function contours.

laminar flow in the substrate and disturbance wave, and this gave a coefficient of
4505 W/m?K. Classically, analysis of liquid film heat transfer has been carried out
using one-dimensional analyses, assuming a flat interface and taking the average
value of interfacial shear stress. A calculation of this kind (see Jayanti and Hewitt,
1994) produces a value of 15650 W/m?K. Such calculations are known to produce
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Fig. 7.9 Simulation of disturbance wave. Turbulent viscosity distribution.
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Fig. 7.10 Simulation of disturbance wave. Temperature distribution for a fixed
heat flux and fixed interface temperature.

coefficient values which are significantly higher than those obtained in experiments.
The present calculations using the low Reynolds number k—¢ model also give values
much lower than those based on averaged quantities, showing the limitations of the
averaging process. This has been confirmed in more recent calculations by Wolf
(1995).
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3 Dispersed flows
3.1 Background

Dispersed multi-phase flows with droplets and particles abound in nature, from
clouds, mist and fogs to the long-range transport of fine dust released in desert storms
or in volcanic eruptions. They control the weather and influence the climate. They
play key roles in many industrial energy processes — from spray drying, pneumatic
and slurry transport, fluidised beds, to coal gasification and mixing and combustion
processes. They can have a profound effect on our health and quality of life, e.g. the
inhalation of very fine air-borne particulate (PM10s) damages respiratory functions,
and has led to increased cardio-pulmonary mortality rates and allergic disorders.

Understanding the behaviour of these flows, through modelling and experiment,
is therefore important in our control of the environment, improving our health,
and in the design and improvement of industrial processes. It is crucial to the
development of mitigation strategies to cope with climate change and to the spread
of communicable diseases like Foot & Mouth. We need to know, for instance, how
individual particles are dispersed by the carrier flow, and how they interact with one
another and with the underlying flow. An important feature of all these processes is
that they are statistical — they occur both randomly in space and time. So successful
modelling of these processes means not only understanding the basic physics but
how to average and in what way.

More precisely, dispersed multi-phase flows can be classified as either dilute or
dense, the latter being dominated by inter-particle collisions and two-way coupling
between the gas and dispersed (particle) phase. In dilute flows the mechanisms
of importance are nucleation, agglomeration, condensation or evaporation, phase
change, mixing and dispersion, near wall behaviour, particle—surface interactions
(including impact, adhesion, deposition, erosion and re-entrainment/resuspension)
and particle—field interactions. In dense flows the issues are fluidisation, two-way
coupling, inter-particle collisions, clustering and bubble formation.

3.2 Important underlying features for simulation and modelling

3.2.1 Particles in turbulent structures

Whether in the carrier flow or generated in the wakes of particles themselves,
turbulent structures play an important role in many particle/fluid processes. For
instance, turbulent structures are influential in mixing and dispersion processes,
in agglomeration and breakup, and in nucleation where their intermittency can
give rise to bursts of nucleation. Coherent structures in turbulent boundary layers
closely associated with the turbulent bursting and sweeping mechanisms (ejection
and sweeps) have an important influence on particle deposition and resuspension,
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Fig. 7.11 De-mixing of particles in DNS homogeneous isotropic turbulence
(Wang and Maxey, 1993).

on the phenomenon of roping, and on condensation and droplet formation where
they have a marked influence on the local super-saturation. It is now well known
that particles, depending on their response time to changes in flow (particle Stokes
number), can be de-mixed by a turbulent flow (Crowe et al., 1985). A turbulent
flow field may be considered as a mixture of regions of vorticity and straining: in
situations, for instance, when the flow consists of pairs of counter-rotating vortices,
e.g. near a wall in a turbulent boundary layer, the region of strain occurs between
the vortex pairs. Particles introduced initially, fully mixed with the flow, will be
spun out of the regions of vorticity and segregate in the high straining regions
between the vortices. So in the course of time particles de-mix/segregate — the phe-
nomenon has been referred to as clustering or preferential concentration. Figure 7.1 1
shows an example of a DNS generated homogeneous isotropic turbulent flow con-
taining particles which are fully mixed to begin with (Wang and Maxey, 1993). The
left hand side set of pictures shows snapshots in time of the particle distribution,
alongside of which are corresponding pictures of the scalar vorticity field of the
underlying velocity flow field, where the dark regions correspond to regions of high
vorticity. It is clear from the comparison between the concentration and vorticity
field that particles are segregated in the regions between the vortices. Averaged over
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a sufficiently long period of time, the concentration is uniform, but it is clear that
this de-mixing at the micro-scale level of the turbulence is important in processes
like agglomeration (see e.g. Reade and Collins, 1998), and on two-way coupling
between carrier and dispersed phases, where particles segregating in this way can
have a profound effect on the dynamics of turbulence generation and dissipation
(see e.g. Ahmed and Elghobashi, 2000). In other respects, understanding the way
turbulent structures in jet flows break up droplets would lead to better data and
understanding on droplet size distributions and their control. In order to develop
better models for dispersed flow, new or existing methods (both experimental and
theoretical) of analysing complex flows must be developed or refined, e.g. by proper
orthogonal decomposition (POD) (Kunisch and Volkwein, 2002) to classify and
identify these structures, to establish their statistics and elucidate the mechanisms
by which they influence and control these fundamental processes.

3.2.2 Particle—wall interaction and near wall behaviour

A better understanding of particle/droplet wall interactions and the aerodynamic
forces acting on a particle attached to solid/rough surfaces will lead to better models
for particle sticking/resuspension and erosion and for droplet breakup and fragmen-
tation. In particular, the influence of particle size, shape and surface roughness on
surface adhesion and friction during or after impact needs to be investigated further,
both experimentally and using the discrete element method (DEM), and the results
implemented in more empirically based models.

Particle impact with a bed of particles has not been fully investigated either
theoretically or experimentally, e.g. the mechanisms by which impacting particles
lose energy to the bed, how their impacts can lead to ejections of particles from the
bed, and how individual particles can be resuspended from the bed by aerodynamic
forces, whether singly or as agglomerates. The dynamics of lift and roll and how that
leads to particle resuspension require a more detailed study, both experimentally
and by numerical simulation using DNS.

In the near wall region, a better understanding of the turbulent bursting mecha-
nism in the presence of temperature gradients will lead to better models for turbulent/
thermophoretic deposition of small particles. Here DNS and POD have important
roles to play in identifying the turbulent structures responsible for the buildup
of concentration near the wall and finally depositing particles on the wall. The
effect of thermally generated forces can be so significant that devices called ther-
mophoretic precipitators specifically exploit this mechanism to precipitate particles.
These devices show great efficiency in collecting particles in the sub-micron range.
In particle-laden gases, therefore, the influence of thermophoresis on deposition
rates in a variety of flows and geometries is worthy of further study.



256 G. E Hewitt and M. W. Reeks

3.2.3 Farticle—particle and particle—fluid interactions in dense suspensions

The focus of this work is on the understanding of the behaviour of fluidised beds
where both sorts of interactions are important. Important considerations are the
stability of the bed, bubble formation and coalescence, clustering and mixing of
particles and how in particular these processes depend on the particle size and shape
distributions. Consideration should be given to the form of the particle drag in these
flows — how, for instance, it depends on the influence of other particles. To what
degree is the motion of a particle influenced by the wakes of other particles and
how does that affect dispersion and clustering? To what extent can these features
be included in a rational way in the closure approximations of momentum and
energy coupling between the two phases? An important statistical consideration
when dealing with inter-particle collisions is the degree to which the assumption of
‘molecular chaos’ is justified, given the degree of correlation between the particle
and the carrier gas. In cluster formation and breakup, the dynamics of impact and
adhesion (contact mechanics) is an important area of study using simulation and
separate effects’ experiment.

3.3 Development of models, simulation and computational methods

There are traditionally two ways of modelling a dispersed flow: the Lagrangian
tracking/random walk approach where an individual particle is tracked through
a random flow field characteristic of the turbulence; and the Eulerian two-fluid
approach in which the dispersed (particle) phase, like the continuous phase, is
described by a set of continuum equations which represent the conservation of
mass—momentum and energy of the dispersed phase within an elemental volume
of the mixture. Both approaches are available in most commercial CFD codes and
each has its advantages and disadvantages: in both cases there is a great potential
for improvement as predictive tools for the design and control of particulate flows.

3.3.1 Application of random walk models

The attraction of using simple random walks is that in dilute flows (with no phase
coupling and particle—particle interactions) they are relatively easy to implement
and allow the basic physics (especially the behaviour at the wall) to be introduced in
a straightforward manner. However, they are computationally intensive, which gen-
erally restricts their usage to modelling dispersion/deposition in relatively simple
dilute flows and geometries. Their reliability usually depends on how well the ran-
dom flow models the turbulent flow field of the gas. In simple random walk models,
the underlying flow field has no structure, which leads to the problem of spurious
drift in inhomogeneous flows. In many particle—fluid processes, the length scale
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and structure of the turbulence are important features, and considerable improve-
ment can be made to random walk models if these features are incorporated at the
appropriate level of the kinematics, whilst at the same time satisfying basic prop-
erties like continuity of flow. In this respect the application of POD or PIV can be a
useful tool in identifying the relevant structures. Application of parallel processing
can reduce computing times considerably, with the real possibility of using this
method for analysing complex flows with both two-way coupling and inter-particle
collisions.

3.3.2 Application of two-fluid models and other Eulerian models

Two-fluid modelling is a more efficient way of modelling a dispersed flow. In
principle it can handle complex flows (with two-way coupling and inter-particle
collisions) and geometries using the same CFD infra-structure as for single-phase
flows (making it ideal for incorporation into commercial CFD software). How-
ever, even in the dilute case, there is an even greater uncertainty in the form of
the constitutive relations for a dispersed flow than there is for a single-phase flow.
Furthermore, the boundary conditions imposed at the wall necessary for solution
are incompatible with the natural (physical) boundary conditions. What is needed
is a rational approach upon which both the continuum equations and associated
constitutive relations can be derived in a self-consistent manner, and at the same
time provide a way of dealing directly with the particle-—wall interactions and near
wall behaviour without resorting to the application of artificial boundary conditions.
With regard to both these requirements, the PDF approach is a promising devel-
opment providing a rational framework for dispersed flows in the same way that
kinetic theory provides a rational framework for the gas dynamics. Since this rep-
resents an important development in the modelling of dispersed flows, we discuss
it briefly below.

Other approaches like ADE (advection diffusion equation) (see e.g. Young and
Leeming, 1998) evaluate the particle velocity field separately from the particle
concentration field and, in so doing, offer a much simpler and more attractive com-
putational approach than the two-fluid approach, especially in calculating particle
deposition in dilute flows. However, there are currently problems of closure that
need to be overcome before it can be used as a general purpose model (Reeks,
2003).

Finally, an overriding weakness in commercial codes and models in general
is an inability to deal with the influence of particle shape and size distribution
(this is particularly true when bio-mass fuel is mixed with pulverised coal). Other
weaknesses identified are the inability to deal with the change of phase and in
droplet/liquid film interaction.
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3.3.3 PDF approach to modelling turbulent dispersed flows

The probability density function (PDF) approach provides a general theoretical
framework in which the behaviour of a reacting turbulent dispersed flow of parti-
cles can be formulated. This formulation refers not only to the particle transport
by the carrier phase but also to the particle-wall interactions that constitute the
natural boundary conditions of the flow. So the method can handle the physics of
the particle—surface interactions, e.g. bouncing, deposition, resuspension, fragmen-
tation etc. in a way that is part of the underlying formulation.

The PDF approach was first proposed by Buyevich (1971, 1972a, 1972b) and
subsequently developed and refined by a number of researchers, principally Reeks
(1980, 1991, 1993, 2003), Swailes and Darbyshire (1997), Hyland et al. (1999),
Derevich and Zaichik (1988), Zaichik (1991), Minier and Pozorski (1997) and
Simonin and his co-workers (1993). (See Simonin (2002) and Minier and Peirano
(2001) for a comprehensive account of the PDF approach for gas—particle flows,
and also Swailes et al. (1999) for how the PDF method deals with natural bound-
ary conditions.) The approach is similar to the kinetic theory of gases in that the
so-called continuum equations (the equations for the transport of average mass,
momentum and energy) and their associated constitutive relations can be derived
in a strictly formal way from a master equation or PDF equation analogous to the
Maxwell-Boltzmann equation.

Two forms of the PDF approach are currently in use. The first approach, referred
to as the kinetic method (KM), is based on the traditional form of PDF used in
kinetic theory, involving the particle velocity v and position x at a given time f;
and the second is based on a PDF which, in addition to v and x, includes the
carrier flow velocity encountered by a particle with velocity v and position x. The
second approach has been referred to as the generalised Langevin model (GLM)
approach because the equations for the carrier flow are based on a generalised
Langevin equation, similar to the Langevin equation used in Brownian motion, in
which the carrier flow is driven by white noise, but in this case with response times
of a more generalised nature. The GL equation of motion proposed by Simonin,
Deutsch and Minier (SDM) (1993) is an extension of the GLM equations used by
Pope (e.g. Haworth and Pope, 1986, Pope, 1991), as an analogue of the Navier—
Stokes equation for turbulent flow. The use of such a GLM means that the process
is realisable and the PDF equation is an exact equation for the model.

In the KM approach, the PDF equation requires a closure model for the ‘phase
space’ diffusion current, the simplest such model (from both a practical and theoret-
ical point of view) being a Boussinesq approximation involving velocity and spatial
gradients of the PDF and fluid—particle diffusion coefficients that are functions of
the particle displacements in velocity and position about a given point in particle
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phase space:

(u; W) = — ((u;(x, HAv;) i + (u(x, )Ax;) i) (W) 4+ vg; (W), (7.20)
0 Uj 3)6.]‘

where Av and Ax are displacements in velocity and position, respectively, for a
particle starting out from some initial position and arriving at v, X at time . u(X, f) is
the carrier flow velocity at x, ¢ and () is an ensemble average. If these displacements
constitute a Gaussian process about X, v, t, then the formula for the flux is exact. An
important feature is the presence of the drift velocity vq arising when the turbulence
is inhomogeneous flow and is directly related to the flow structure and the de-mixing
of the particle by the flow. It involves the compressibility of the particle velocity
field along a particle trajectory that is associated with the displacements Av and
AX. In particular vq is given by

t

V= —/ (u(x, HV - v(x, t|s))ds, (7.21)
0

where V - v(x, t]s) is the divergence of particle velocity field along a particle trajec-
tory at time s that passes through x at time . The formula is identical to the formula
given by Maxey (1987) for the enhancement of gravitational settling of a particle
under gravity, but it also contributes to the drift velocity in inhomogeneous shear
flows, especially near a wall in a turbulent boundary layer (Reeks, 2003).

In the second approach the SDM GLM equation gives rise to a transport equation
for the turbulent flux (uW) which contracts to the same form as for the KM approach
for Gaussian processes, but is more general since it is not based on any local
equilibrium assumption but has no drift term (this is because the model for the
turbulence uses a white noise function of time which induces no structure to the
turbulence). However, as a PDF method, it provides a model for the dispersed flow
and also for the underlying turbulence, as in the PDF approach developed by Pope
which is receiving much attention as an alternative to the traditional RANS approach
for turbulence. Both PDF approaches provide a set of mass—momentum and energy
equations for the dispersed phase, together with the necessary constitutive equations
which have been tested successfully on a variety of turbulent dispersed flows from
separating, turbulent boundary layers and jets, and in some cases comparisons have
been made with results from DNS and LES where the flows can be well simulated.

In most of these test cases, the particles have been solid inert particles (see
Simonin, 2002 for many examples). But this has been chosen as a matter of sim-
plicity and convenience — however, the PDF approach has recently been applied
to evaporating droplets to find the distribution of sizes (Pandya and Mashayek,
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2003) and recently extended to two-particle PDFs in modelling agglomeration and
particle separation in turbulent flows (Zaichik and Alipchenkov, 2002).

Simonin (2002) has recently extended the PDF to account for particle colli-
sions, in which case the KM PDF equation is precisely analogous to the Maxwell—
Boltzmann equation. He has suitably modified the molecular chaos assumption to
include the influence of the carrier flow before and after collision, and as a conse-
quence has been able to model the particle kinetic stresses in the dispersed phase
from dilute to dense to granular. The problem of dealing with natural boundary
conditions has also been tackled using the solution PDF near the wall to generate
suitable wall functions.

3.3.4 Application of DNS, LES, DEM, FCM and POD

All of these methods of numerical simulation are not suitable in general as predictive
tools for complex flows and geometries. However, they can provide valuable infor-
mation/data on the small-scale features of particle-fluid interactions that can be used
to construct better closure models for use in more general purpose two-fluid mod-
els, etc. They have been widely used to validate two-fluid models in fairly simple
flows, e.g. turbulent boundary layers but with complex interactions, including two-
way coupling and inter-particle collisions. POD has already been mentioned as an
important method for identifying turbulent structures from experimental and DNS
data. The discrete element method (DEM) has been used successfully to simulate
fluidised beds and to elucidate the particle—particle and particle—fluid interactions
in fluidised beds. The force coupling method (FCM) is a very innovative approach
recently developed for solving for the continuous phase with two-way coupling and
a very accurate way of predicting drag reduction in turbulent boundary layers. LES
probably has the greatest potential for application to complex flows/geometries but
it is not yet clear how it can be adapted to deal with two-way coupling.

3.4 Computational methods

A variety of turbulence closure approximations can be incorporated into a number
of computational schemes based on finite volume or finite element as in CFD for
single-phase turbulence. Though both types of schemes are used in commercial
CFD, in implementing changes for dispersed flows, the user usually does not have
access to the source code and can only make modifications via user defined subrou-
tines. Currently equation solvers for the particle kinetic stresses (as in single-phase
turbulence) with closure approximations for the kinetic energy flux are the most
reliable (because they include the most physics) but increase computational time.
In general the equations for the dispersed and continuous phases are coupled, and
more grid refinement is necessary than in single-phase problems to achieve the same
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accuracy/grid independence. So, for instance, in applying two-fluid Eulerian mod-
els to fluidised beds, 2D and 3D solutions are very sensitive to mesh definition and
small-scale perturbations can grow to dominate the physical mechanisms. Whilst
it is generally recognised that the use of particle-wall functions is a valuable way
of handling natural boundary conditions, unlike their usage in single-phase flows,
no method as yet has been developed for incorporating particle-wall functions into
the solution scheme.

3.5 Example of multi-fluid modelling for dispersed flows

A wide range of applications of the multi-fluid model approach to industrial dis-
persed flow systems have been reported. It is beyond the scope of the present chapter
to review all of these; rather, it has been decided to describe a few cases in more
detail to illustrate the kind of calculation that is now achievable. In the multi-fluid
model approach, separate equations are written for the respective phases, with inter-
action terms between the phases included. These sets of equations are then solved
numerically to calculate the velocity and phase fraction fields. The equations are
exemplified by those of Issa and Oliveira (1996) who write continuity equations
for each phase k as follows:

a
Pk (5 oy +Va l_lk) =0, (7.22)
where @y is the time averaged void fraction and

i = phase averaged velocity = oy /o. (7.23)

The momentum equation for phase k is written as

0
Pk (E oty + V.o, l_lk> =—0;Vp+a, V.5,

+V.a t + prar g+ Fpok,  (7.24)
where
W= u + u. (7.25)
The turbulent shear stress for phase & is given as:

st _ pr(au’u’)

k= (7.26)

(475

In typical applications of the multi-fluid modelling technique, the turbulent shear
stress is calculated for the continuous phase using a single-phase model, and the
turbulent shear stress of the dispersed phase is calculated from that of the continuous
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Fig. 7.12 Centrifugal pump modelled using multi-fluid model.

phase using various forms of response function. The closure relationships for inter-
facial drag, etc. are always a specific difficulty in this kind of modelling and various
semi-empirical relationships are used for the drag term Fpg.

An example of the application of this form of model using the k—¢ model for
turbulence is shown in Figs. 7.12—7.15 (Issa, private communication). The spe-
cific example considered is that of gas—liquid flow through the centrifugal pump
illustrated in Fig. 7.12. With modern gridding techniques, it is possible to repre-
sent the extremely complex geometries (Fig. 7.13) and to obtain solutions for, say,
continuous phase velocity (Fig. 7.14) and void fraction distribution (Fig. 7.15).

It is possible to use more advanced turbulence models in conjunction with the
multi-fluid model, and Fig. 7.16 shows solid volume fraction contours calculated
using the Reynolds stress turbulence model (Fluent Inc., private communication).

Most applications of the multi-fluid model to dispersed systems (bubble flow,
dispersed droplet flow, dispersed solid particle flow, etc.) assume a uniform size
for the discontinuous phase elements (bubbles, drops and particles). To capture
many phenomena, however, it is desirable to take account of the fact that there is
usually a distribution of dispersed phase element size. Studies taking account of
this are reported by Tomiyama (1998), who wrote (N + 1) equations to describe
dispersed bubble flows in which the bubbles were represented by groups having N
characteristic sizes. This gave improved predictions for bubble columns. Another
factor which is important is that of bubble (or drop) breakup and coalescence, which
lead to the development of bubble (or drop) populations as the flow proceeds through



Fig. 7.14 Continuous phase velocity contours in a centrifugal pump predicted by
the multi-fluid model (Issa, private communication).
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Fig.7.15 Void fraction distribution at a given plane in a centrifugal pump predicted
by the multi-fluid model (Issa, private communication).
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Solids Volume Fraction
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Fig. 7.16 Solids concentration distribution in a cyclone predicted using a multi-
fluid model with Reynolds stress turbulence closure (Fluent Inc., private commu-
nication).
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Fig. 7.17 Calculated distributions of concentrations of bubble groups of various
sizes in a gas lift reactor surface using the MUSIG algorithm in CFX (Lo, 1999).
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the equipment. Lo (1999) describes a new algorithm (MUSIG — multi-size group)
which is implemented in the CFX code of AEA Technology. This model incorpo-
rates the model of Luo and Svendsen (1996) for bubble breakup and the model
of Prince and Blanch (1990) for coalescence. Typical results calculated using
the MUSIG algorithm are shown in Fig. 7.17 for the case of a gas lift reactor
system in which circulation is induced by sparging bubbles into one side of the
reactor.

3.6 Dispersed phase element tracking

In the multi-fluid model, the motion of specific dispersed phase elements (bubbles,
drops) is not followed; rather, the dispersed phase is considered as a flow field which
interacts with the continuous phase flow field. However, it is often instructive to
track the position of individual phase elements (bubbles, drops, particles) as they
move and interact with the turbulent flow field and with other dispersed phase
elements.

An example of such phase element tracking methods is bubble tracking. Bubble
tracking methods are reviewed by Tomiyama (1998) who distinguishes two forms
of such models:
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Fig. 7.18 One-way bubble tracking simulation of bubble flow/slug flow transition
(Tomiyama, 1998).

(1) Two-way bubble tracking. Here, the influence of the bubble field on the continuous flow
field is considered. Calculations using this methodology tend to be rather complex and
are limited in scope.

(2) One-way bubble tracking. Here, the bubble behaviour (wakes, coalescence, turbulence,
etc.) is represented without modelling the liquid phase directly. Calculations by this
means are much faster, and an illustration of results obtained is shown in Fig. 7.18.
The bubble flow to slug flow transition mechanism illustrated in Fig. 7.18 corresponds
closely to that observed experimentally, and this illustrates the power of the technique.

4 Modelling of systems with deformable interfaces

In fluid—fluid flows (gas-liquid, liquid-liquid, gas-liquid—liquid), the interfaces
are usually deformed away from the idealised spherical shapes so often implicitly
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assumed in multi-fluid models. Deformations occur due to interactions between
the fluids and due to the influence of body forces such as gravity. In the multi-fluid
model for dispersed fluid—fluid flows discussed above, such interface deformations
are not accounted for directly. They may, however, be included implicitly through
closure relationships; for example, in bubble flows, such closures might include
relationships between bubble rise velocity and diameter which account to some
extent for departure from sphericity of the bubbles. However, the interface defor-
mation can lead to the flows being separated rather than dispersed, extreme cases
being stratified and annular flows. It is clear that the nature of the multi-fluid models
for separated flows will be very different from those for dispersed flows, and we
discuss such models briefly in Section 4.1.

The generality of closure relationships for multi-fluid modelling of both dis-
persed and separated flows is very doubtful, and there has been an increasing focus
on direct prediction of the interfacial geometry including its evolution with time.
A general review of methods for such predictions is given by Tryggvason et al.
(2002). Here, only a brief description is given of some of the alternative methods
(Section 4.2) with some illustrations of the results (Section 4.3).

4.1 Multi-fluid modelling of separated flows

Multi-fluid models are commonly used for annular and stratified flows. For these
cases, the models are usually one-dimensional, a widely researched example being
the six-equation model (including momentum energy and continuity equations for
each of the two phases). This model is used in many nuclear reactor safety codes.
The influence of the deformable interface between the phases is subsumed in clo-
sure laws (for instance, laws relating the interfacial friction to the liquid layer
thickness in annular flows). Many such closure laws are available; the difficulty is
that they are essentially empirical in nature and reflect limited data bases. Khor et al.
(1997) give a taxonomy of interfacial friction relationships for stratified flows and
evaluate these against a data base for three-phase liquid-liquid—gas stratified
flows.

Slug flows have always been a challenge to the multi-fluid method. There are
fundamental problems in applying the averaging procedures used in deriving the
model for this case. However, rather than using averaging methods, such flows
can be predicted as sequences of zones of stratified and single-phase liquid flow.
The formation of slugs by Kelvin—-Helmholtz wave growth in a stratified flow can
actually be captured by the one-dimensional two-fluid model, and this leads to
complete predictions of developed slug flows which are in encouraging agree-
ment with experimental data (Issa and Kempf, 2003, Bonizzi and Issa, 2003a,
2003b).
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Another problem in one-dimensional modelling is that of entrainment of discrete
phase elements of one or more phases in the continuous regions of the separated
phases. An example here is the entrainment of droplets into the gas core in annular
flow. The multi-fluid model can sometimes be extended to such cases, for example
by writing a further set of equations for the droplet ‘field’ in annular flow. However,
this leads to a requirement for additional closure relationships (for instance, for the
rates of entrainment and deposition of the drops).

Despite the above difficulties, multi-fluid modelling often represents the only
viable methodology for many industrial multi-phase flow applications, as is
reflected in its use in both nuclear and pipeline codes. New developments are
more likely to be accepted if they are presented in the framework of such models.

4.2 Direct prediction of systems with deformable interfaces:
survey of methods

The methods used for predicting flows with deformable interfaces have included:

(1) Boundary integral methods. Assuming that the fluid is inviscid and irrotational, the
evolution of a flow with an interface can be reformulated as an integral equation along
the boundary between the fluids. A classical paper on this method was that of Longuet-
Higgins and Cocklett (1976), who used it to predict breaking water waves. The method
has subsequently been used extensively, with a recent example being the work of Xue
et al. (2001) on three-dimensional breaking waves. The method can be extended to
laminar flows. For turbulent flows, however, the basic restrictions of the method render
it generally unsuitable.

(2) The VOF method. In the VOF (volume of fluid) method (Harlow and Welch, 1965),
the flow field in a two-phase flow is considered as a flow field of a single fluid which
has physical properties which vary with a scalar which is transported by the flow. For
an air—water flow, for instance, the density and viscosity may be considered to change
between the extremes of air and water over a small range of variation of the scalar, as
illustrated in Fig. 7.19, and this allows identification of the interface position within the
computational domain. Earlier versions of the VOF method did not take specific account
of surface tension, but, more recently, changes of pressure across the interface due to
interface curvature and surface tension have been taken account of in the modelling.
A detailed review of VOF methods is given by Scardovelli and Zaleski (1999). The
nature of the VOF method means that it can be used (in principle, at least) for turbulent
flows; it can be implemented in conjunction with the whole gamut of turbulence models
ranging from Reynolds averaged Navier—Stokes (RANS) methods to direct numerical
simulation (DNS). The VOF technique offers an extremely useful tool for investigating
interfacial behaviour in multi-phase flows. One of the problems with the method is that
the interface tends to diffuse. A wide variety of ‘interface sharpening’ techniques have
been devised to offset this tendency.
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Fig. 7.19 Variation of physical properties with scalar value in the VOF method.

The level set method. In the level set method, a level set function ¢ is defined which
is the distance from the interface (negative for gas and positive for liquid, say, and
zero at the interface). The local density and viscosity are defined as a function of ¢,
and an advection equation is written for ¢ which allows the position of the inter-
face to be followed. The level set method was originally proposed by Osher and
Sethian (1988), and more recent generalisations of the method are reported by Suzzman
et al. (1994) and Chang et al. (1996). The method is less diffusive than the VOF
method.

Front tracking methods. A methodology which avoids the interfacial numerical diffu-
sion problems associated with VOF is the so-called front tracking (embedded interface)
method. This has been developed, for instance, by Prof. Gretar Tryggvason and co-
workers; earlier work is reported in the papers by Unverdi and Tryggvason (1992),
Juric and Tryggvason (1996), Ervin and Tryggvason (1997) and Loth et al. (1997);
more recent work is cited in Section 4.3 below. The interface is represented as an
unstructured adaptive grid within a fixed Cartesian grid, as illustrated in Fig. 7.20. Grid
points are added or subtracted from the interface grid as the interface changes shape.
The density and viscosity change in a small thickness zone from the values for the gas
phase to those for the liquid phase. In this sense, the method is similar to the VOF
method, though numerical diffusion is avoided. Details of the computational bases of
the method are given by Tryggvason et al. (2001).

(5) Molecular dynamics modelling. The above methods depend on the solution of equa-

tions (inviscid or Navier—Stokes) for the flow fields which are continuous in nature.
Actually, of course, the fluids are not, in the limit, continuous and consist of individual
molecules. The molecular dynamics method starts at a more fundamental level, cal-
culating the detailed motions and interactions of a group of molecules and deducing
the physical properties and bulk motions by suitable averaging. Typically, of the order
of several hundred to several thousand molecules are used in the simulations, and the
methods are computationally demanding even at this level. The methodology is clearly
not well suited for directly investigating turbulent multi-phase flows; however, its use
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Fig. 7.20 Grid system used for the embedded interface method (Unverdi and
Tryggvason, 1992).

can throw light on key phenomena occurring in such flows. An extensive review of
molecular dynamics methods is given by Maruyama (2002).

Lattice gas automata (LGA) and lattice Boltzmann (LBM) methods. Since molec-
ular dynamics models are unlikely to be of interest in the foreseeable future for predict-
ing turbulent flows, increasing attention has been focussed on lattice gas automata
(LGA) and lattice Boltzmann (LBM) methods which model the motions of larger
fluid elements. In the simplest form of LGA, particles (which may be regarded as
‘clumps’ of molecules) of unit mass and speed move from vertex to vertex of a discrete
lattice in discrete timesteps, according to a set of rules. LGA methods are reviewed
by Biggs and Humby (1998); a typical hexagonal lattice geometry is shown in
Fig. 7.21. In more modern LGA models, Navier—Stokes hydrodynamics emerges from
the simple LGA treatment and the models can thus predict both laminar and (in princi-
ple) turbulent flows. To represent a multi-phase system, particles of different ‘colour’
(red and black, say, for a two-phase system) are introduced into the lattice. Separation
of the species into separate phases is induced by biasing collision outcomes in such
a way that black particles head towards regions of highest black particle concentra-
tion, and vice versa for red particles. For flows involving solid surfaces, differences
in wettability are simply imposed by colouring wall sites proportional to the wetta-
bility. If the ‘red’ fluid is perfectly non-wetting, for example, then all the boundary
sites would be coloured black. LGA methods represent an alternative to combining
DNS with VOF methods; however, they have been regarded as having hugely higher
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Fig. 7.21 Hexagonal lattice for use with the LGA method (Biggs and Humby,
1998).

storage and computational work requirements than the already-high requirements of
DNS/VOF (Orszag and Yakhot, 1986). However, more recent estimates show that the
differences, though still large, are now such as to allow these techniques to be used
productively, taking advantage of their inherent simplicity and stability compared to
DNS/VOF (Succi et al., 1988). LGA is particularly well suited to parallel computing
methods.

The lattice Boltzmann (LBM) method grew out of the LGA method. Essentially, it
involves the replacement of the ‘occupancy bits’ of LGA with floating-point numbers
that represent the average of the particle population. The need (in LGA) for averaging
over a number of sites is removed in LBM and the lattice density is reduced. However,
each site requires considerably more memory and it is not axiomatic that LBM is
always more efficient. Also, the finite precision of digital computers mean that LBM
is not guaranteed to march to equilibrium; stability problems may occur as they do in
standard CFD.

Both LGA and LBM methods are restricted (in compressible flows) to relatively
small Mach numbers (see Sankaranarayanan et al., 2003).

4.3 Examples of direct predictions of flows with deformable interfaces

The objective of this section is to illustrate some of the results achieved using the
methods described in Section 4.2. This subject area is a burgeoning one and new
results are constantly appearing. Predictions are becoming possible for more and
more complex systems.

An example of the use of boundary integral methods is reported by Ng (2002),
who used the methods for laminar—laminar and laminar—turbulent stratified flows in
circular tubes. Due to the influence of wetting and surface tension, the interface in
such flows is not planar (as is often assumed). The interface shape can be predicted,
however, if the fluid densities, surface tension and wetting angle are known. The
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B

Fig. 7.22 Prediction of velocity profile in a stratified flow with a non-planar inter-
face (Ng, 2002).

problem then arises of predicting the flow field for the very complex cross sections
of the respective fluids. This is an ideal application of boundary integral methods,
and results were obtained for a large range of conditions, typified by those shown
in Fig. 7.22 for a laminar—laminar flow with the less viscous fluid being the heavier.
The boundary element method cannot be used for turbulent flows; for the laminar—
turbulent case the effect of the turbulence was represented only in terms of the
influence of the turbulent zone on the interfacial shear stress of the laminar region.

The VOF method is perhaps the most widely used approach for predicting inter-
facial structures and development in multi-phase flows. Since it is incorporated now
into several of the commercial CFD codes, this facilitates its use by non-specialists
(though care needs to be exercised!). Quite complex interfacial developments can
be predicted, as are exemplified by the results shown in Figs. 7.23 and 7.24 for a
dam break in a horizontal tube and for a breaking wave, respectively.

Figures 7.25 and 7.26 illustrate calculations using the CFX code of the three-
dimensional tail of a slug in gas—liquid slug flow (Pan, 1996). Figure 7.25 shows the
change in slug tail shape as the mixture (total) velocity increases. At low velocities,
the shape is analogous to a dam break but, at higher velocities, the nose of the
‘bubble’ moves towards the centre of the tube with the shed of liquid draining
circumferentially around the tube. Figure 7.26 shows the effect of tube inclination
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for a constant mixture velocity, with the bubble front becoming more and more
asymmetric as the inclination angle decreases. The results obtained are in good
agreement with experimental measurements.

A good illustration of the power of the VOF method in addressing phenomeno-
logical issues in two-phase flow is shown in Fig. 7.27, where the motions of bubbles
of various sizes in linear shear fields have been calculated (Tomiyama, 1998). In
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Fig. 7.25 Effect of mixture velocity on slug tail profiles in a 77.92 diameter tube.
Calculated by the VOF method using the CFX code (Pan, 1996).

Fig. 7.27, C is the non-dimensional gradient of the velocity, and the Eotvos number
(Eo) and the Morton number (M) are defined as follows:

— d?
FEo = M, (7.27)
o
4 —
M = 82— Pe) (7.28)
PLO

Larger bubbles (i.e., with larger Eotvos numbers) migrate up the velocity gradient
whereas smaller bubbles (low Eotvos number) migrate down the velocity gradient.
This is consistent with experimental observations on bubble flows in tubes.

Very detailed calculations can now be made of atomisation processes in, for
instance, diesel injectors. Leboissetier and Zaleski (2002) describe calculations
of this type and their results are exemplified in Fig. 7.28. The progressive wave
formation and breakup processes are clearly calculated. A very interesting finding
from this work was that the breakup process was strongly influenced by the presence
of turbulent vortices in the emerging liquid jet. In the practical case of a diesel
injector, such vortices arise in the boundary layer formed in the injector nozzle.
However, the VOF calculations can be carried out with (as shown in Fig. 7.28) or
without vortices. In the absence of the vortices, breakup of the jet was inhibited.
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Fig. 7.26 Effect of tube inclination on slug tail profile at a mixture velocity of
4 m/s. Calculated using VOF method in CFX code (Pan, 1996).

As was stated above, the VOF method can be used in combination with the full
spectrum of turbulence models. In the results shown in Figs. 7.25 and 7.26, the
turbulent flow field was modelled using the standard k—e method (see Section 2
above). The VOF method can also be combined with other turbulence models,
including direct numerical simulation (DNS). Hagiwara and co-workers (Hagiwara
et al., 2003, Iwasaki et al., 2001) used DNS combined with VOF to study the
behaviour of droplets in turbulent flows. Figure 7.29 shows some of their results for
near wall droplet behaviour. It was found that the drops changed their orientation
and shape as they approached the wall and that there was a complex effect on
heat transfer arising from near wall droplet motion. This illustrates the enormous
complexity of the hydrodynamic and heat transfer processes in such systems.
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t=25pus t=5us t=17,5pus t=10pus

t=12,5 s t=15 s t=17,5 s t =20 us

Fig. 7.28 Breakup of a diesel injector jet predicted by the VOF method (Lebois-
setier and Zaleski, 2002).
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(a) (b)

Fig. 7.29 Droplet behaviour in the near wall region in a turbulent flow (Hagiwara
et al., 2003) (a) at the moment when the droplet changes direction from outward
to wallward; (b) at the moment when the droplet changes direction from wallward
to outward. Shading indicates vorticity contours.

A remarkable application of the level sets method is reported by Fukano and
Inatomi (2003). This addressed the question of the mechanism of horizontal annular
flow, as already introduced in Section 2.3 above. The objective was to investigate
a wave spreading mechanism originally suggested by Fukano and Ousaka (1989),
in which circumferential pressure gradients within the disturbance waves cause
the transport of the liquid phase towards the top of the tube. The system was
modelled as one which initially had a stratified flow, and the simulation followed
the development of the waves and the consequential liquid transport. The results
for the process of annular flow formation are shown in Fig. 7.30. As will be seen,
the prediction demonstrates the formation of the large waves and their spreading
around the circumference leading to annular flow. The simulation also allowed the
prediction of the circumferential pressure gradients and confirmed the Fukano and
Ousaka hypothesis.

An example of the application of the front tracking technique is shown in
Fig. 7.31 for the case of film boiling on a horizontal surface. The successive pic-
tures show the development of the interface and the shading indicates the vapour
temperature; the hot vapour delays pinching off of the stem.
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Fig. 7.30 Process of annular flow formation predicted by the level sets method
(Fukano and Inatomi, 2003).

Fig. 7.31 Computation of film boiling using the front tracking method (Juric and
Tryggvason, 1998).

The front tracking technique has been pursued actively by Professor Tryggvason
and co-workers and has been applied not only to bubble flows (Esmaeeli and Trygg-
vason, 1998, 1999, Bunner and Tryggvason, 2002a, 2002b) but also to drop flows
(Han and Tryggvason, 1999, 2001, Mortazavi and Tryggvason, 2000), instability
in interfaces between stratified layers (Zhang et al., 2002, Tauber et al., 2002) and
solidification (Al-Rawahi and Tryggvason, 2002). Examples taken from this later
work are shown in Figs. 7.32-7.34 as follows.

(1) Figure 7.32 (from Esmaeeli and Tryggvason, 1999) shows the development of the flow
field and bubble position and shape as a function of time after the release of a square
array of bubbles in a liquid. The complexity of the bubble behaviour and flow field
even in this highly idealised (two-dimensional) case is a striking demonstration of the
formidable challenge in predicting the cases of interest in engineering applications.

(2) Figure 7.33 (from Bunner and Tryggvason, 2002a) shows a stage in the predicted
development of a three-dimensional array of rising bubbles. This study was able to
reproduce many of the observed features of real bubble flows, such as the rotation
of bubbles around each other following a close encounter, and the formation of void
waves.
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Fig. 7.32 Unsteady rise of sixteen bubbles initially in a two-dimensional square
array (Esmaeeli and Tryggvason, 1999). Diagrams show streamlines and bubble
positions and shapes. The initial positions of the bubbles are shown in the top
left-hand corner frame, and time increases to the right and down. In each frame,
four bubbles from one of the original horizontal rows (and not always the same
row) are coloured black to show how the bubbles spread in the two-dimensional
fluid.
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Fig. 7.33 Three-dimensional array of bubbles on a predicted bubble flow (Bunner
and Tryggvason, 2002a).

(3) Figure 7.34 (from Tauber et al., 2002) shows the development of instability at the
sheared interface of two equal density fluids. As will be seen, even in this simple case,
the evolution is highly non-linear.

As was stated above, the molecular dynamics method cannot really be regarded
as a serious contender for the prediction of turbulent multi-phase flows. However,
it is a useful technique in gaining an understanding of micro-scale phenomena.
Figure 7.35 shows a molecular dynamics simulation of a liquid droplet forming on
asolid surface (Maruyama, 2002). Here, the calculations were for 32 000 molecules.
The distribution is time-varying, and the diagram shows a ‘snapshot’ at a particular
time and also the distribution of average density.

The nucleation of a given phase (vapour or liquid) in a superheated or subcooled
continuum of the other phase is a matter of great importance in many multi-phase
systems. A key question is whether the surface tension of the (initially very tiny)
nucleating bubbles or drops is equal to the macroscopic value. Molecular dynamics
calculations of surface tension by Nijmeijer et al. (1988) and Alejandre et al. (1995)
indicate that the macroscopic surface tension is achieved for surprisingly small
clusters of molecules (of the order of several thousand). The molecular dynamics
method can also be used directly in simulating nucleation and other processes; see
Maruyama (2002) for a review.

Applications of the lattice gas automata method are reviewed by Biggs
and Humby (1998); a typical application is the prediction of the evolution of
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Fig. 7.34 Evolution of the instability of a sheared fluid interface (Tauber et al.,
2002).

micro-emulsions, as illustrated in Fig. 7.36 (Boghosian et al., 1996). Other recent
applications are to the prediction of the motion of suspended particulate materials
in flow through porous media (Humby et al., 2001, Biggs et al., 2003).

There are relatively few reports of comparisons between alternative methods for
the calculation of systems with deformable interfaces. Thus, the comparative study
by Sankaranarayanan et al. (2003) of bubble rise in the fully developed oscillatory
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Fig. 7.35 Molecular dynamics simulation of a droplet forming on a solid surface
(Maruyama, 2002).

regime using both the front tracking and lattice Boltzmann methods is of particular
interest. The results are shown in Fig. 7.37; as will be seen, the predictions from
the two methods (one based on the Navier—Stokes equations and the other based
on a ‘particulate’ representation of the fluid and random motions of the ‘particles’)
agree remarkably well.
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Fig.7.36 Time evolution of an oil-in-water micro-emulsion with surfactant present,
illustrating the role of the surfactant in stabilising the emulsion (Boghosian et al.,
1996).

Fig. 7.37 Comparison of front tracking and lattice Boltzmann methods for bubble
rise in the oscillatory regime (Sankaranarayanan et al., 2003).
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5 Overview

Computational methods are assuming an ever-increasing role in research, design
and operation of systems with multi-phase flow. Commercial CFD codes are
increasingly used for the prediction of a wide range of systems involving disper-
sions (bubble flows, fluid—solid flows, liquid-liquid flows and three-phase dispersed
flows). For such dispersed flow systems, the commercial CFD vendors have com-
peted with each other to adopt research results at an early stage (e.g. the two-way
coupling between dispersed phase and continuous phase turbulent motions). Indus-
trial applications have ranged from stirred tank reactors to sewage treatment plants,
from two-phase pumps to combustion chambers, etc.

Research into dispersed flow systems has been driven by this background of
industrial need and is ongoing. This research ranges from PDF methods (which
treat the systems in a manner analogous to the kinetic theory of gases) to DNS of
fluid and particle motions, from Lagrangian tracking methods to improved Eulerian
methods. As in the case of single-phase flows, current (and foreseeable future)
computational resources limit the detail at which industrial dispersed flow systems
can be calculated. Thus, closure models are required. Often, these closure models
are based on those developed for single-phase turbulent flows, and suffer not only
from the problems for single-phase flows (identified in the other chapters of this
book) but also from the uncertain effects of the presence of the other phase(s).
Nevertheless, the use of CFD methods may present the only option for gaining
a better, at least qualitative, understanding of the complex flow systems found
in industrial dispersed flow applications. A detailed description of methods for
dispersed flows is given in Section 3 above.

Many multi-phase fluid flows involve partial or complete separation of the
phases. This separation may be mainly spatial (as in annular and stratified gas—
liquid flows) or both spatial and temporal (as in gas-liquid slug flows). A common
characteristic for all such flows is the deformability of the interfaces. The interfacial
deformations may lead to the formation and growth of disturbances at the interface,
resulting in a continuously changing interfacial configuration; examples here are
the formation of waves in stratified flow leading (in a way not yet completely under-
stood) to the formation of slugs, and the formation of the disturbance waves which
dominate annular flow. Interfacial deformability also affects dispersed fluid—fluid
flows (such as gas—liquid bubble flows), but its effects are often subsumed into the
closure relationships with reasonable success; the development of generic closures
for separated flows is proving an elusive goal.

Another characteristic of separated flows is that of entrainment of discrete ele-
ments of one phase into continuous regions of the other phase. Examples here are
entrainment of water drops into the oil layer of a two-phase oil-water stratified



Computational modelling of multi-phase flows 285

flow, entrainment of droplets of liquid into the gas core of annular flow and entrain-
ment of bubbles into the liquid slugs in slug flow. Flows with such entrainment
may be regarded as being partly dispersed and partly separated and are thus more
complicated than either fully separated or fully dispersed flows.

It is not surprising, in view of the complicating features described above, that
computational methods for separated flows are much less advanced than those
for dispersed flows. That is not to say that computational methods are not useful in
studying such flows, but rather that prediction has to be closely allied to experimental
observation. There are a number of ways in which computation is proving extremely
helpful for separated flows.

(1) In evaluating phenomenological issues. Here, the use of single-phase CFD to study the
respective separated regions can be crucial in deciding mechanisms. Several examples
of this type of approach were given in Section 2.

(2) In providing a framework for the application of experimental results to system pre-
diction. Here, the prime example is the use of the one-dimensional multi-fluid model
in predicting steady state and transient flows in nuclear reactor and pipeline systems.
Experimental data can be employed in developing closure laws for such systems and,
despite the limitations in the range of such data, useful predictions can still be obtained.
This topic is briefly reviewed in Section 4.1.

(3) In understanding the nature of interfacial phenomena. Here, techniques have been
applied which range from those operating at the micro/nano scale (molecular dynam-
ics, LGA, LBM) to those which solve the phasic conservation equations together with
equations describing the properties of the interfaces (boundary element, level sets, VOF,
front tracking). These methods are described in Section 4.2, with examples being given
of their application in Section 4.3.

Computational methods can be expected to play an ever growing role in the study
of multi-phase flows. They cannot and will not replace experimental measurement
and observation; however, the combination of computation and experiment greatly
enhances the effectiveness of each and is surely the way forward!
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Summary

This chapter begins with a review of the principles underlying general purpose
turbulence models and the assumptions and procedures involved in applying them
to calculate the kind of complex flows that are analysed in practical engineering
and environmental problems. Secondly we develop, from considerations of basic
mechanisms of turbulence and the different types of statistical turbulence model,
a new guideline ‘map’ based on characteristic statistical parameters, which can be
derived from standard models. This indicates in principle which types of turbulent
flow can and cannot be approximately calculated with the current generation of
‘CFD’, one-point turbulence models, including those using k—¢ and second order
closure equations. No attempt is made to identify any one optimum model scheme.
Thirdly, the proposed guidelines for the likely accuracy of turbulent modelling are
tested by comparing them with the results of previous test-case studies for a range
of complex turbulent flows, where standard models fail or need special adaptation.
These include thermal convection, free stream turbulence, aeronautical flows and
flows round bluff bodies. The relative merits of advanced models (e.g. involving
two-point statistics) and numerical simulations are also discussed, but the CFD
practitioner should note that the emphasis here is on why current models will not
work in all circumstances. The technical level of this chapter is most suitable for
readers with some formal training in fluid dynamics. These general guidelines are
complementary to user guidelines for computational fluid dynamics codes.

1 Problems of modelling turbulent flows

The recent study programme on turbulence at the Isaac Newton Institute in Cam-
bridge in 1999 began with extensive reviews of how computational models are

Prediction of Turbulent Flows, eds. G. F. Hewitt and J. C. Vassilicos.
Published by Cambridge University Press. © Cambridge University Press 2005.
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Table 8.1 Some critical flows for current general purpose turbulent models.
The lower half are sensitive flows where models need special adaptation to
provide accurate answers.

Rapidly/slowly
changing Spatial Partially Significantly
turbulence localness  non-local  non-local
Shock b.l. interactions™ RCT L
Free stream turbulence SCT PNL
outside boundary layers*
Thermal convection* SCT NL
Trailing edge* RCT NL
Jets impinging onto bluff RCT NL
bodies
Concentration fluctuations SCT NL
and combustion'
Turbulent boundary layers SCT L— PNL
as Re changes*
Wall jets* SCT PNL
Separating flows™ RCT PNL

*k—¢ (and adaptive stress) RSTM; fstochastic/pdf models.

used to calculate industrial and environmental flows (see Chapter 2) and included
detailed consideration of all the current CFD methodologies in use (see Launder
and Sandham, 2002). It was noted how there had been considerable progress in
these models as practical techniques for industry. There is now general consensus
that some standard models are sufficiently well specified that different users of the
same codes, provided the input data, boundary conditions and spatial/temporal
resolution are properly specified, will obtain the same results. However, even if
the results are consistent, they may not be accurate. Furthermore, no systematic
procedures are currently available to predict in advance the accuracy of any partic-
ular model for a new type of flow, though previous authors have suggested some
principles for indicating when standard models might fail.

A number of specific turbulent flow phenomena of critical importance in engi-
neering and environmental systems were identified at the opening workshop of the
INI programme where these modelling uncertainties are acute and need to be under-
stood and hopefully reduced in the near future (see Table 8.1). At the same time a
number of more general deficiencies in one-point turbulence models (see Section 2)
were pointed out — in particular they do not adequately account for anisotropy and
usually ignore non-local (strain history) effects where the flow changes so rapidly
in space or time that the turbulence is not close to a state of local statistical equi-
librium — the essential concept underlying most models. In other words, the finite
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length and time scales and particular features of eddy motion have to be taken into
account.

More generally, the non-local relation between the velocity and pressure fields
cannot be correctly represented in a single point closure model even for simple
homogeneous turbulent flows in the presence of rapidly changing mean velocity
gradients. This point can be substantiated, using linear theory, because in such cases
the ‘rapid’ part of the pressure-strain rate dominates. That term is only approxi-
mately modelled in Reynolds stress transport model, RSTM, equations, but linear
theory can be used to improve standard closure approximations, especially for rotat-
ing flows. Kassinos et al. (2001) used such an approach to incorporate the effects
of length scale anisotropy directly in RSTM, the fundamental difficulties of which
have been reviewed by Cambon in Launder and Sandham (2002) and in Oberlack
and Busse (2002).

This chapter sets out to establish some possible principles for establishing such
a priori estimates about the likely accuracy of models and simulations in differ-
ent types of turbulent flows. We draw on earlier reviews by ourselves and oth-
ers, notably Launder and Spalding (1972), Launder (1989), Lumley (1978), Hunt
(1992 and 1995), Savill (1981, 1987 and 1996) and the basic text of Townsend
(1976). The proposed principles are used to construct a guide based on the sta-
tistical properties of these flows, to enable practitioners to make a preliminary
judgement about the likely suitability of any particular model for computing the
particular type of flow. The present guide is more fundamental than, but com-
plementary to the recent ‘best practice’ guidelines document for computational
fluid dynamics (CFD) produced by ERCOFTAC (2000). This has provided CFD
users with a well established blueprint for the selection, application and expected
capabilities of models, so as to become a baseline reference for those involved in
routine engineering CFD. The present chapter examines various turbulence model
types and examines each for its key assumptions and how they may influence the
accuracy of computations in various classes of flow. It is concluded that turbu-
lent flows can generally be classified on the basis of rapidity of change in time
and space (relative to the turbulence time and length scales) into broad groupings,
where for practical purposes different sorts of models are most suitable. No one-
point model is suitable for all cases. Most current turbulence model approaches
have been calibrated against a small range of standard, ideal ‘building-block’ flows
(involving at most two applied strain rates or other effects such as free stream tur-
bulence and only rarely considering the full non-linear interplay of these). They
have then been applied to real complex flows. We particularly consider here,
as a result of industry input at the INI programme, important subsets of com-
plex flows encountered in practice. Such ‘screening’ procedures are common in
other areas of engineering and environmental fluid mechanics (e.g. for atmospheric
dispersion).
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In Section 2 we review some current basic ideas about turbulence and models,
before proceeding in Section 3 to develop in detail principles, guideline algorithms
and a ‘map’. Together these sections provide the terminology and the concepts for
our new guidelines. The map shows how the algorithms apply in practice to the main
types of turbulent flow. In Section 4 we use the map to consider new approaches for
calculating flows where current practical methods are not appropriate. In Section 5
we conclude with a further application of the ‘route map’, indicating the most
appropriate prediction methodologies to adopt for various flow applications, based
on measurable/computable parameters.

We conclude this introduction by reviewing the main features of turbulent flows.
In all such flows the velocity fluctuates randomly with characteristic and repeated
patterns over wide ranges of length and time scales. These different scale motions
interact with each other, but they are not highly correlated.

There are various characteristic types of eddy motion at the different length
scales. Those containing most energy are not universal, because they depend on
the large scales, the nature of the flows and the initial and boundary conditions.
However, small scale motions within any particular flow are weakly correlated
with large scales, and therefore tend to have an approximately universal structure,
although their overall energy and rate of decay are still related to the large scales
via a ‘cascade’ mechanism.

These concepts explain why the main statistical properties of turbulence and the
forms of the large eddy structures depend on the type of turbulent flow and why, in
many material aspects, turbulence is not a universal state of nature. Nevertheless,
it is of considerable practical importance that there are certain features of the small
scale eddy motion, such as the energy spectra, that are independent of the large
scales and are approximately universal.

Certain other features of the small scale motion, such as third moment spec-
tra, are not independent and are not universal (e.g. Hunt et al., 1988). Despite
this broad conclusion that the statistical structure of turbulence is not universal,
research has shown that the same qualitative mechanisms are found in all turbulent
flows (for example, the generation of Reynolds stresses, production and dissipa-
tion of turbulent energy, diffusive transport of inhomogeneous turbulence, transfer
of energy between the components of eddy motion with different direction and
length/time scale) (e.g. Townsend, 1976). The development of these concepts has
driven the systematic development of computational models for calculating the
statistical properties of turbulence.

In most models used in practice only broad characteristics of turbulence are pre-
dicted, such as mixing length-Reynolds shear stress models at the simplest level, or
k—e models for the energy and dissipation rate (or effective velocity and length scales
characterising the turbulent motion). However, to tackle many practical engineering



Guidelines for turbulence models in complex flows 295

and environmental problems, information is required on more detailed aspects of
the statistical nature of turbulence. Some of these aspects can be predicted with
more complex models, for example second order models for the time and spatial
development of all the six covariances at one point (e.g. Launder et al., 1975;
Lumley, 1978) or if two-point statistics such as structure function and spatial cross
correlations are needed (e.g. Mann, 1994), spectral models and numerical simula-
tion methods are necessary. In some cases, but not all, more detailed predictions of
the turbulence and unsteady statistics also help to make more accurate predictions
of the mean velocity and pressure field. For a more detailed discussion of the full
hierarchy of such methods and the interrelations of one-point, multi-point, prob-
abilistic and quasi-linear closures, see Launder and Sandham (2002 — Chapter 9),
Oberlack and Busse, 2002 — Chapter 4.

A wide range of ‘validated’ turbulence models are now available, varying in
complexity and also in the types of turbulent flow for which they have been specif-
ically developed (e.g. Pope, 2000). The uses of these models differ depending
on their applications. For calculating engineering flows of different types, many
organisations use the same advanced models for all applications. By comparison in
environmental flows (e.g. atmospheric and ocean boundary layers and river flows)
it is more common to use a variety of simpler models, or parameterisations, either
for each type of flow or (as in meteorology) for the main types of eddy motion.
Sometimes, where no data are available for a new problem, useful guidance about
the reliability of predictions can be provided by comparing results of using several
different models. The actual use of turbulence models (even within the same organi-
sation) is generally decided pragmatically (e.g. for speed, convenience, familiarity)
rather than being based on any systematic principles. This is one reason for more
systematic procedures. However, judgements about models tend to be influenced
by the outputs demanded of them in flow situations that may or may not be suit-
able for the model. We restrict ourselves to the more basic flow field quantities
as guidelines; guidelines for the more demanding requirements for heat and mass
transport need further consideration.

2 Overview of turbulence models
2.1 Statistical aspects and governing equations

In order to provide a basis for the guide in Section 3 as to the appropriate choice and
use of turbulence models, in this section we first review the assumptions, objectives,
methods of calculation, inputs and outputs of these models. It is also necessary
nowadays to distinguish them from ‘simulations’ or real time predictions, which
can provide information about turbulent flow fields as they evolve in time-space
in arbitrary and in particular transient realisations of the flow. In the latter case



296 J. C. R. Hunt and A. M. Savill

unsteady forms of turbulence models can predict ensemble average statistics as a
function of time. In the former case for truly random (eddy) simulations, whether
direct Navier—Stokes (DNS) or large eddy simulations (LES), ensemble averaging
over many integral time scales is required to obtain mean flow statistics. This type
of modelling is reviewed by N. D. Sandham in Chapter 6 (see also Launder and
Sandham, 2002; Sagaut, 2001; Hunt ef al., 2001).

Turbulence ‘models’, as they are known, are systems of differential equations
for a finite set of statistical quantities of velocity, pressure and temperature, denoted
by u}, p* and 6* defined over many realisations, together with initial and boundary
conditions relevant to their statistics. Most often in practice these quantities are
moments of variables at a single point, up to second order. But practical models are
also now being developed for higher order two-point statistical quantities even in
complex turbulent flows; these include spectra (e.g. Mann, 1994; Hunt et al., 1990;
Parpais, 1997; Cambon, 2002) and probability density functions (Pope, 2000). For
some problems, as we shall explain in Section 3, where models are not currently
satisfactory, the techniques of ‘simulation’ and ‘modelling’ are being combined
(e.g. Kenjeres and Hanjali¢, 1999).

Using standard notation, the turbulence variables in given flows are expressed as
the sum of the ensemble mean, denoted by an over-bar, and fluctuating quantities
(i.e. in certain unsteady engineering and environmental flows, the mean has to be
determined by boundary conditions so that convergent statistics can be evaluated
from the set of realisations in the ensemble).

Thus for velocity, pressure, density, temperature and body force (per unit
volume):

u=U +u;, where U =i,

P =p+p,
Pt =p+p,
0" =0+6,
bt = b + b, (8.1)

The approximate equations used in turbulence models, denoted by
LO(M™w) =0

for the nth moment, are derived from the exact (Navier—Stokes) governing equations
of fluid flow denoted by LNS(u¥) = 0. This procedure involves both systematic
procedures (e.g. for the linear terms) and also significant approximations for certain
terms whose error is a priori unquantifiable (with our present state of knowledge
of turbulence).
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From the Navier—Stokes equations for momentum and continuity (for incom-
pressible and approximately uniform density fluids):

ou’ our 1 dp* 0%u’
LSy = "L 4ut— 4+ — _pr— L =0, 8.2
D= Mg Y e T e (82
op* d
—(p*u;) = 0. 8.3
o T 3% (p"u;) (8.3)

Where there are significant variations in the density p*, it may be assumed that,
in the ‘low speed’ flows considered here, their only dynamical effect in the presence
of gravitational acceleration is to cause a buoyancy force b; = g;p*. Otherwise p* is
taken as a constant value po. Where the inertial forces associated with large density
fluctuations are dynamically significant, in combustion and in low speed variable
density flows, the modelling and the physical understanding of their effects on
turbulence (e.g. thickening or thinning shear layers) are arguably still quite limited
(e.g. Eames and Hunt, 1997; Bray et al., 2000). As a result of the Boussinesq
approximation, the continuity equation reduces to

ou;
8xi

From the conservation of energy, for a homogeneous fluid, the temperature field is
determined by

0. (8.4)

20* n d
ot 0x;

where « is the thermal diffusivity.

Note that the body force may also be produced by other effects such as elec-
tromagnetic forces or the action of fixed or moving resistive objects within the
flow (e.g. spray particles), all of which influence the eddy motion and statistics
of the turbulence (Hunt, 1995). Higher Mach numbers and compressibility effects
are modelled using similar methods (e.g. Durbin and Zeman, 1992; Simone et al.,
1997).

The governing equations for the mean component follow by ensemble averaging
(Reynolds, 1895) so that from (8.2) and (8.3):

ur6*) = Ky V20", (8.5)

oU; oU; 1dp - 06y 02U;

— +Uj—=————+b— —L +v—, 8.6
R T T PI (8.0
GIC) N GIC) d Fy; N GRC) @7
- i— = — Ko—, .
ar | Joax; ox; " ox2

where the mean momentum and scalar fluxes are defined as 0;; = u;u;, Fy; = Ou;.
The magnitudes of the velocity fluctuations and Reynolds stresses (usually defined
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as —o;;), are normally much weaker than the typical changes in mean velocity
and mean momentum fluxes (i.e. Alu;u;| < A|U; Uj|), where A denotes changes
in the moments. Therefore the shear stress gradients (i.e. do;;/dx;) only have a
significant effect on the mean flow when the mean accelerations are small and the
turbulence is changing slowly along the mean streamlines. This, as we shall see, is
why turbulence models work (i.e. computing mean flows) as well as they do!

The equations for the fluctuations (after subtracting the mean terms) are:

du; U u; N oU; N ou; 1 ap bt 0%u;
U S S 2Py, ,
ot T 9x; T ax; T ox; Po 0x; ijz.
ou;
u —o.
8)61'
06 U 06 N 06 020 8.8)
— i— tUj— =Kg—. .
or "~ ox; T ax;  ox?

From (8.8), equations for the higher moments M®(u), n > 2 are derived. But
simplifying assumptions and/or auxiliary equations for statistical quantities have to
be introduced in order to solve the moment equations up to the highest moment that
is to be considered. This is the ‘closure’ problem, as explained below. These heuris-
tic steps involve choosing inputs from theoretical and numerical studies of turbulent
structures and experimental data. Since there is no unique or correct approach a
variety of model equations have been proposed. They tend to result in similar, but
not exactly the same, approximate forms of soluble moment equations. However,
the differences in certain circumstances have real practical consequences.

For the subsequent discussion of the approximation and limitations of solution
methods, it is convenient to label terms in moment equations. Thus for the sec-
ond moments o;; (following Launder et al. (1975), who brought together several
approximate representations of different phenomena into one consistent model for
second order moments), the following equation may be used:

d 0
(5+Ujg> oij = lij + Bij + ETij + Vi;. (8.9)
i

Here the right hand side of the equation is made up of the following terms: inertial
production made up of the Reynolds stress production and pressure-strain correla-
tion so that

Iij = R,’j + Pija where

oU; aU; ou; ou
Rl_,=_ i—] L , Pi-: ! J 5 810
i (ork T + o Bxk) ; (paxj + p(’)xi) (8.10)
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body-force production,

Bij = (l/tibj + I/tjbi); (811)
eddy transport (which includes pressure ‘diffusion’),
ET, 0 (uip) + 0 (u;p) + 0 (8.12)
== —@; —(u; — Uit |; .
Y 0x; p 0X; iP Xy S

and viscous ‘production’, made up of the energy dissipation rate and the viscous
diffusion of stress, i.e

ou; ou ; 02
Vij = _Dij + V-(-U) D,‘j =V (2 " ﬂ) y V(G) = V—O','j. (813)

yee 0xy 0Xy & ax]?

This set of equations (8.9) to (8.13), reduces to the equation for the eddy kinetic
energy k = %a,- ; when the three equations for normal stresses are summed. Then:

A=1+4 B+ ET; — ¢, (8.14)
where:
ad d
A= U; k
(az + fax])
1 aU;
I = ER,i = —0j; 8x,: (8.15)
1
B, = EB” = u;b;
ET, 1ET 9 Sim + ! (8.16)
m = yLLlji = — 77— |\ UnPOim T ZUnUiU; ||, .
2 ax, \1mP 2
and
1 | o
& = EDii — EVH . (817)

Auxiliary algebraic expressions and/or equations are needed to solve the equa-
tions for the second moments, in particular for estimating the two-point moments
(e.g. the pressure-strain terms and dissipation) in terms of one-point moments (see
Durbin and Pettersson-Reif, 2000). In some practical turbulence models (Lumley
etal., 1978; Wyngaard, 1979) equations for third moments are included in the set to
be solved, especially in highly anisotropic and inhomogeneous flows. These equa-
tions have a similar form to (8.9)—(8.13) with production transport and dissipation
terms (at least for low Reynolds number flows). Note that these equations for the
moments involve the mean local strain dU;/dx;. But when this varies rapidly within
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the lifetime or length scale of eddies, as it does in some important practical flows,
then new approaches are needed. These are considered in Section 4.

We next consider how these equations form the basis of approximate turbulence
models.

2.2 Physical concepts and modelling approximations

Generally, given certain initial and boundary conditions, the first objective (or
‘output’) of all practical turbulence models when applied to a particular flow is
to calculate the changes of mean Reynolds stress o;; and heat flux Fy;, and then
the mean velocity and temperature fields. Achieving satisfactory accuracy of the
latter predictions is usually the main criterion for the usefulness of the model. As
the models become more elaborate, they are constructed so as to predict other
statistical properties of the turbulence. Those we consider here are firstly ‘mixing
length models’ (ML) for o;;, secondly energy dissipation (or k—¢) models for k and
¢ (or an approximately equivalent statistical quantity) and thirdly Reynolds stress
transport models (RSTM) for o;; and &. More complex and multi-point models
exist (as already mentioned), are briefly discussed in Section 4. The ‘input’ data
required by turbulence models vary according to the model, as we shall see, or the
type of flow and the size and location of the volume within which the turbulence
model is applied.

Because (as explained above) there are no exact or unique models for construct-
ing equations for these quantities (one point, second moments) from the moment
equations, the ‘closure’ hypotheses needed to make the equation soluble have to be
based on physical concepts, theoretical and numerical studies, and comparison with
experimental measurements of various ‘reference’ turbulent flows. Therefore, the
models depend on the types of reference flow selected for this comparison. Indeed,
variation in this selection causes significant differences between models. Never-
theless, a set of basic reference flows have been generally agreed and endorsed at
international workshops (e.g. Kline et al., 1981). As a result the approximate forms
of computable moment equations that have emerged over the many years of turbu-
lence research are broadly, but not exactly, similar to each other. However, the slight
differences between the models do have practical consequences (e.g. ERCOFTAC,
2000).

We list first some of the principles and turbulent properties on which these
practical models are based, and their physical justification (more details of the
properties of turbulence are given in Chapter 2). Then we analyse why and where
they fail, or are particularly sensitive to particular initial and/or boundary conditions.

All turbulence models are based on the fundamental concept that certain sta-
tistical properties of turbulence (to some level of approximation) do not change
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within a given flow, or for certain types of flow. It is unlikely that any model is
valid for all types of turbulent flow because, except for certain properties of very
small scale turbulence at very high Reynolds number, the statistical properties of
turbulence are not universal. Nevertheless, within certain fypes of turbulent flow
(and within certain parameter ranges) many features of the energy containing eddy
motions and their statistical properties are similar. This is broadly the consensus
of the views expressed in the literature and at the INI programme (see Chapter 2).
However, two main qualitative features are present in all types of ‘fully developed’
turbulence, and they determine the assumptions made in all turbulence models,
viz.:

(i) Turbulence occurs at high Reynolds number (Re), so that in the energy containing eddies
with length scale L, and velocity scale uy (where Re = uyL, /v 3> 1), viscous stresses
are negligible and dissipation occurs in eddies whose scale is much smaller than L,
and whose velocity fluctuations are much smaller than #y. As the Reynolds number
becomes larger the motions on these dissipation scales progressively tend to become
more isotropic (Taylor, 1938a). Recent research indicates that in typical engineering and
environmental flows at very high Re this is only an approximation because the higher
order statistical moments of the smallest scale motions are not completely isotropic (see
Chapter 2).

(i1) Therandom eddying motion of turbulence causes an exchange between random momen-
tum in different directions and on different time scales, so that, provided the mean rate
distortion of turbulence by the mean flow or external forces is not too large (relative to
the natural time scale of the turbulence Ty, ~ L, /ugp), the energy spectrum E (IE) (and
probability density function pr,(u)) of fully developed turbulence generally have the
same basic forms, i.e. a single maximum, where E (k) = E(kyy) at the scale of the
energy containing eddies (kpx ~ L;l), and a single maximum in p,(u); though
the symmetries and functional forms can vary significantly from one flow to another
(e.g. Launder and Spalding, 1972). This provides a useful working definition of the
term ‘fully developed turbulence’. For example, in the near wake flow of a bluff body
placed in a turbulent stream there are typically two maxima in E (k) (e.g. Britter et al.,
1979); “fully developed’ turbulence only develops over a few diameters downstream
(Fig. 8.1). (For a more detailed discussion of the ‘canonical’ form of £ (k) see Godeferd
etal.,2001.)

Most turbulent flows in practice are bounded by rigid surfaces (such as the walls
of a pipe or an aircraft wing) or by fluid interfaces where the turbulence is damped
or disappears (such as at the outer edge of a boundary layer — see Fig. 8.2). Both at
the former type of boundary whose locations are well defined and the latter, which
are randomly moving, the turbulence structure undergoes enormous changes so
that it no longer has the characteristic form of fully developed quasi-homogeneous
three-dimensional turbulence described above. In the former case of wall turbulence
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Fully developed high Re turbulence } models valid
----- Transitional turbulence (e.g. near wake)

} models not valid
--------- Turbulence in the viscous sublayer

Fig. 8.1 Schematic diagram showing the typical forms of one-dimensional spectra
E11(ky) for which turbulence models are and are not valid.

[B]

"""" [B] boundary of whole flow domain 9

(T
———————— boundary [B ](TJ of the domain D ) where flow
is fully turbulent and the wrbulence model is fully valid

Fig. 8.2 Schematic diagram showing the regions within a typical flow domain
where the turbulence models might be approximately valid. The nomenclature of
the boundaries is also shown.
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the Reynolds number decreases, the turbulence becomes highly anisotropic (nearly
two-component) and the high frequency part of the spectrum is damped, all of
which tend to reduce the exchange of energy between motions on different length
scales. Some authors assume turbulence models are also valid in this limit and use
this limit to define the parameters of their model (e.g. Craft and Launder, 1996). In
the latter case of fluid interfaces between turbulent and non-turbulent motion the
small scale rotational turbulence becomes intermittent and the probability density
function of velocity fluctuations becomes skewed, with high flatness (Murlis et al.,
1982). However, within the fluctuating interface the turbulence structure is close
to ‘normal’, so that the statistics of the turbulence at a given point depend greatly
on how often that point is on the turbulent or non-turbulent side of the interface
(Bisset et al., 2002).

Therefore, in applying a model to a flow lying in a defined region of space,
it is necessary to realise that the model is only valid within a ‘conforming’ part
of that space. In particular, on both rigid and free boundaries there are thin ‘non-
conforming’ layers where the turbulence departs from its ‘fully developed’ form.
Then special ‘matching’ conditions are needed to describe the turbulence statistics
inside these thin layers and relate them to the turbulence in the ‘conforming’ part of
the flow. (See Sections 2.3 and 2.4.) The boundary conditions also have to be applied
where the space adjoins upstream and downstream flows and have to be defined for
each type of model. For the simplest models, dependent only on local properties
of the mean velocity (e.g. mixing length models), these considerations may be
formally irrelevant in deriving solutions, but they are relevant for interpreting the
results of the computations.

2.3 Local (mixing length) models

Many studies have shown that mixing length models can provide a reasonable
approximation for estimating Reynolds shear stress and hence the mean velocity in
turbulent shear flows when the turbulence is changing slowly along the flow over
the Lagrangian time scale (or 71.). But in more complex flows and for calculating
heat transfer there are severe limitations to the use of these models. This limited
applicability of simple models can be explained in terms of certain general prop-
erties of the turbulence in these sheared flows. It is found that the eddy structure
and certain statistical properties have characteristic forms (e.g. elongated vortices,
streaky jets, vortex sheets) in fully developed turbulent flows. Broadly, these eddy
structures depend on the forms of the gradients of the mean velocity, which can be
expressed as dU; /dx; or VU. These forms are either swirling flows, shear flows or
pure straining motion corresponding to values of the normalised strain parameter
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S derived from VU, namely

»2_—Q?

& 2 2 L)

S=—-—-"—, where S =%X"+-Q° 8.18a
5 +5 (8.18a)

and ¥ and  are the mean strain rate and rotation respectively. S ranges from —1,

to 0, to 41 (independent of the orientation of the axes). For these mean velocity

gradients to control the eddy structure, their magnitude S (e.g. S = [0U;/0x,| in a

shear flow) must be at least comparable with or greater than those of the random

straining motions of energy containing eddies, i.e.
S > ug/L, ~ T ". (8.18b)

In most shear flows, where the mean velocity U, varies with x;, the mean shear
S = |dU,;/dx;|(= Uj) is not constant. Typically, it varies in the x, direction over a
distance of the order of or greater than the eddy integral scale. Thus |U|'| < S/L,.

Note that, in swirling flow (where § ~ —1) and straining flow (where S ~ 1) the
turbulence structure and the energy of the turbulence are quite sensitive to the initial
conditions and the history of the flow. However, in shear flows, the combination
of shear and rotation leads to the slow and high speed ‘streaks’ form of the eddy
structure that is quite insensitive to such non-local influences (e.g. Cambon and
Scott, 1999). But note that the form of local straining is very significant. Even when
the strain rate is of order 1/10 of the mean shear, i.e. |S| > 1/10, the turbulence
structure in boundary layers is changed from its form in pure shear where § = 0
(Bradshaw, 1971; Belcher et al., 1991; Teixeira and Belcher, 2000).

These types of turbulent flow theory and observations show that the energy-
containing three-dimensional eddies are both rotated and stretched out by the mean
shear. In inhomogeneous flows especially, the eddies are propelled across the flow.
Both mechanisms induce a mean Reynolds stress Tt = —o7,, proportional to the
mean shear. Here the coefficient of proportionality is the dimensional eddy viscosity
V.. The first studies of turbulence suggested that profile curvature U’ rather than U
should be the main variable for defining T (because of model calculations based on
two-dimensional turbulence in the x;—x; plane). However, for three-dimensional
turbulence this effect is small because eddies being carried along and sheared by
this mean flow at one level (say x}) distort the mean vorticity gradient U” in such a
way that they have little effect on the turbulence at another level x;. This distortion
process determines the length scale L,over which the vertical fluctuations and
pressure fluctuations are correlated. It is found that, in non-uniform shear flows
(Hunt and Durbin, 1999; Lumley et al., 2000):

L, ~X (8.19)
™~ g .
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If the mean shear is uniform and constant in time, as in certain laboratory and
numerical studies, the length scale grows with time without limit and the formula
(8.19) is not valid (e.g. Champagne et al., 1970). This is why such experiments are
not necessarily suitable ‘test cases’ for the use of turbulence models in practical
flows where U7 # 0.

Consequently, in typical unidirectional non-uniform shear flows, provided the
conditions (8.14)—(8.17) are satisfied, there is generally a local relation between
the shear and mean gradient:

T = ve%. (8.20)
3)62

Exact idealised inviscid calculations of the development of velocity fluctuations
(Townsend, 1976) or of the movement of fluid lumps in a mean shear flow (Hunt,
1987) (or indeed using the production term of the shear-stress transport equation
as confirmed by experiments and simulation) show that the magnitude of v is
determined by the velocity fluctuations across the flow (u% = 0y;) and the time (7)
of the development. An equivalent expression can be written in terms of u% and
I, the approximate distance moved by fluid elements across the mean shear in a

time ¢ so that:

ve & Mt~ ully. (8.21)

This result (8.21) should be applicable in a range of fully developed shear flows
because the dimensionless coefficient A is not very sensitive to the initial form of
the turbulence and varies only slowly as the product St increases. Equation (8.21)
is approximately equivalent in physical terms to Prandtl’s (1925) estimations of
the shear stress produced by fluid lumps being displaced over a certain ‘braking’
(‘Bremsweg’) distance [/, before they are distorted and mixed with their surround-
ings. He also suggests that the r.m.s. velocity fluctuations u% could be estimated
in terms of AU, /dx,, so that:

= U,
u%fvlza—xz and vekklg

Subsequently, Prandtl (1931) renamed the scale /, as the ‘mixing length’. This
is confusing because, erroneously, it suggests that momentum is transferred by a
mixing process. (Hence the deprecating remarks on ‘mixing length’ theory by G. 1.
Taylor (1938b) and other authors. In fact momentum transfer, by the movement
of ‘lumps’, is an inviscid mechanism, but its magnitude is limited by the action of
viscosity.)

Note that the studies of shear flows with mean curvature (i.e. U # 0) already
mentioned suggest that the displacement /, of fluid particles and the scale L, of

ol

. 8.22
572 (8.22)
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the energy containing eddies in these flows are limited more by the mean shear
profile than by mixing processes. Thus /, is of the order of the length scale L?
of the component of the velocity fluctuations directed across the shear flow (u5).
Note that this mechanism, quantified in (8.22), which also justifies (8.19), provides
an inviscid (non-mixing) explanation of Prandtl’s ‘braking-mixing’ scale. It also
justifies some of the heuristic methods which have evolved for estimating /, in
different types of shear flow.

For turbulent boundary layers, with thickness 4, the eddy motions of the normal
velocity component are blocked by a rigid surface (or wall) at x, = 0 and, as we
shall see, are reduced in scale by the increased shear |dU;/dx;| near the surface.
This suggests why the length scales of these motions are of the order of x;, the
distance from the surface. (This is only valid at high Reynolds number when there
is a full spectrum of turbulence, Hunt and Carlotti (2001).)

Thus, if the other straining effects considered in (8.14)—(8.17) are negligible, then
there are reasonable physical grounds for the experimental finding that, near the
rigid surface (x, < &/5), [, & kxp, where k &~ 0.4 is the von Karman dimensionless
‘constant’. This is approximately equal to the length scale L® of the normal velocity
fluctuations (at very high Reynolds number). Note that, although this length scale
over which the turbulence is correlated decreases near the surface, at each level (x»)
it is comparable with the length scale (/) over which the velocity gradient varies.
Therefore the turbulence structure is not exactly a local function of dU, /dx,, and
is affected by the presence of the wall. This effect is considered in some turbulence
models for o;; near the wall (see Launder et al., 1975; Durbin and Pettersson-Reif,
2000).

We now consider the boundary conditions at the boundaries of the ‘conforming’
part of the space where the model is valid, first considering free boundaries where
the turbulence decays to zero. The space outside these random boundaries is ‘non-
conforming’ — here the models do not strictly apply. Within the turbulent region,
such as the upper part of turbulent boundary layers and the bulk of free shear flows,
turbulent eddies grow with time by collision and coalescence. Here the largest
eddy scales are comparable with the bulges of the interface, which are observed to
be about 1/5 of the thickness § of the shear layer. However, the energy contain-
ing scales that determine the ‘mixing length’ [, are only about 1/10 of the layer
thickness.

At the outer region of these shear layers there is a zone where the random velocity
fluctuations decay to zero. Within this zone, there is a very thin and approximately
continuous interface at, say, x, = xp1 (x1, X3, f) separating rotational turbulence
within the interface (x, < xp1) and irrotational turbulence outside it (where the
average shear stress is zero). The large eddies displace this interface over distances
of order L ~ §/5, but the thickness of this thin layer is much less than L?).
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Atfirst sight, the application of the shear stress formula in aregion where S'is very
small would appear to conflict with the assumption (8.18) for its validity. However,
they can be applied meaningfully to conditional values of the mean velocity and
turbulent shear stress at a given distance from the interface (y — yr) in the turbulent
region (denoted by (U;)(x, — xp1) and (012)). Recent numerical simulations by
Bissett ef al. (2002) indicate that the ‘mixing length’ scale in formula (8.22) is
approximately valid for a conditional mixing length (/;) defined in the turbulent
region. Furthermore, if the mean shear stress oy, is then evaluated by averaging
(o12) over the turbulent regions of the flow (i.e. o1y = (o12), noting that (o) is zero
outside these regions where x, > xyy), it is found that the ‘mixing length’ formula
(8.22) can now be applied to the (unconditionally) average flow. Also the scale [,
is approximately the same as the value (I,) determined by the eddy motion within
the turbulent region (Bissett ef al., 2002). This provides some physical justification
for the widespread use of the formula (8.22) even in the very inhomogeneous and
intermittent turbulence at the edges of turbulent shear layers. Note that the values
of 01 and U in the intermittent transition zone are influenced as much by the
probability density function (pdf) of the interface location pr(xyr) as by the local
turbulence within the bulges of the interface. However, because the pdf is generally
approximately Gaussian, the results are quite robust. This ‘smoothing’ by averaging
out the sharp gradients of the actual turbulence leads to smooth and unique solutions
of the mean momentum equation (8.6) where o | is determined by (8.20)—(8.22).
In other words, the solutions do not depend on the numerical methods used (which
is not true for certain other turbulence models, as we shall see later).

Although the mixing length approach can be useful, particularly for boundary
layer flows, for many practical situations the approach cannot be applied. This is
because the conditions (8.14)—(8.17) are not satisfied and the dependence of the
mixing length scale /, either on the initial conditions and boundary conditions or on
the mean flow profile is not generally known, so that other approaches are needed.
Some authors still do not accept this limitation and assume that linear stress-strain
or linear flux-gradient relationships are valid for any kind of strain, for example:

oU; AU, 26
= — Fyi = —KkKe—, 8.23
Oij Ve (axj + ax; ) or 6 Ke ox; ( )

where v, and k. are eddy viscosity and diffusivity respectively, which are positive.
A number of experimental and numerical studies of highly distorted or inhomoge-
neous turbulent flows (e.g. pipe bends or convective boundary layers) demonstrate
the limitations of this assumption (Launder, 1989).

For those types of flow where the local models cannot be applied, because the
turbulence does not satisfy the conditions necessary for the validity of the model,
either some complex models should be used (to be discussed in Section 2.4) or
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physically based corrections to (8.22) can be introduced. This is sometimes com-
putationally more convenient. One simplification occurs where, in certain regions
of a flow, the changes of the mean velocity gradients and turbulence structure occur
quite rapidly with distance along the mean streamlines. This means that the dis-

0 0
tortion time scale (Tp defined as |VU|/<U8— (VU)) ~ |crl-j|/ <U8—o,~j)
S S

small in comparison with the adjustment or ‘memory’ time scale of the turbulence
(or Lagrangian integral scale) 71, so that the normalised turbulent time scale:

), is

h=—>1 (8.24)

(In an unsteady flow Tp, is defined in terms of the rate of change of the mean flow or
of the turbulence, e.g. Tp ~ |o;;|/|d0;;/dt|.) In such a flow region, the expressions
for o;; or Fy; in (8.22) and (8.23) may be wrong in magnitude and even in sign (Craft
and Launder, 1996; Savill, 1987). Howeyver, the effects of such errors on calculations
of the mean flow and mean temperature are small because in rapidly changing flows
the magnitude of the Reynolds stress term || do;;/dx; || is much less than the term
|U;0U; /ox;|. In fact, neglecting the effects of turbulence on the stress can lead to
a more accurate calculation of U, p than by including an erroneous estimate of o;;
based on (8.22) (e.g. Belcher et al., 1993). Note that the distortion time scale for
scalar transport Typ (defined as |Fy;|/(Ud Fp; /dx;)) is not necessarily the same as
Tp for the fluid flow, since the initial and boundary conditions for the scalar may
differ. For example, as is quite usual, dispersion from a local source may occur
rapidly in a slowly changing turbulent flow, i.e. Typ /Ty < 1, where Tp/T ~ 1.
Similarly, in some flows the turbulence changes rapidly as a result of fluctuating,
rotational body forces b; per unit mass (e.g. electromagnetic or buoyancy driven).
Then, the time scale for distortion is Tp ~ k /(|b;u;]).

Where the shear stress is determined by the local mixing length model (8.22)
(where [(x,) is specified) the initial and boundary conditions for turbulent flows are
only applied to the mean velocity field, but they vary depending on the nature of the
boundary. On an open boundary with n as the normal, U - n is specified subject to
continuity conditions being satisfied over the whole boundary. Where the boundary
is parallel and is a smooth surface at x, = 0 and parallel to U, the model for
turbulent shear stress (8.22)—(8.24) may not be valid very close to the boundary.
There the turbulent eddies decay to zero at x, = 0 and the eddy structure ceases to be
that of a ‘fully developed’ turbulence in a surface viscous layer. Therefore, for local
modelling, a dynamically consistent boundary condition for U, is needed where the
turbulent region meets the surface viscous layer (or the roughness elements if it is a
rough surface). The total shear stress made up of turbulent plus viscous components
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and U(x,) must be continuous everywhere (as x, — 0), and the boundary condition
must be satisfied such that U = 0 when x, = 0.

In the flat surface case, the turbulence model is valid above a certain distance
Xp0 ~ (v/u*) from the surface, and for x, < xp¢ the mean velocity approaches a
linear laminar form. Over a rough surface the whole turbulent field is displaced
upwards by a distance d (of the order of 1/30 of the height of roughness element at
high Reynolds number) so that in (8.22), [, = k(x, — d) and the surface boundary
condition for the turbulent region is U; = 0 when x, — d = xy9, where xy is the
roughness length. In both situations, the turbulence model is actually only valid a
certain distance of order x;g above the false origin x, = x¢ or x; = x39 + d. The
Karman—Prandtl solution to (8.6), (8.7) when x, > xp9 subject to (8.20)—(8.22) is:

* * - d
U, =4 [m <ﬂ> + Bi| or U =YD (8.25)
K X20 K X20

for smooth and rough walls respectively, where uﬁ = —oq, (as x, — 0) and the

constant B >~ 5.24. It is found that if the Reynolds number is high enough and the
flow is developing slowly enough i.e. Re > Re, (cf. (8.24)), the mean profile
U1 (x2/x20) near a rigid surface has the same characteristic form for most types of
turbulent flow (e.g. Schlichting, 1960). But if the turbulence approaching the wall
is changing rapidly, i.e. T, > 1, for example in a separated flow region (Dengel
and Fernholz, 1990), or if the Reynolds number is low so that Re ~ Re.; near
transition, the wall profiles differ significantly from the high Re form (8.25), as the
more complex turbulence models demonstrate. Nevertheless (and without empirical
or physical justification), (8.25) is often used as a convenient wall condition for
the mean velocity in turbulence models. Note that (8.25) is also valid above or
below horizontal fluid interfaces (at high enough Reynolds number) where U; is
the difference between the mean velocities at the planes x, and at the interface
located at x, = 0 (e.g. Lombardi et al., 1996). In such flows the horizontal velocity
fluctuations u%, u% are not necessarily zero (relative to the interface).

As explained by Launder (Chapter 3) these wall functions change in the pres-
ence of strong body forces, which affects the structure of the turbulence, and its
anisotropy.

2.4 Eddy viscosity and Reynolds stress transport models (EVM and RSTM)

2.4.1 General assumptions

There are many complex turbulent flows of practical importance where there are
large variations in the mean velocity field U; (x, f) and in the turbulence kinetic
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energy k (e.g. the flow is highly curved or the streamlines are diverging or there are
non-uniform body forces). In flows that are rapidly changing in space and/or time
the variances (u?) and length scales e.g. (L") change at a dynamically significant
rate along the mean streamlines over a distortion time scale Tp (see (8.24)) that is
comparable with the turbulent time scale Ty (i.e. Ty (= Ty/Tp) ~ 1). In spatially
non-local flows the turbulence energy and/or the rate of strain (§) of the mean flow
may have gradients on a length scale A across the streamlines that are dynamically
significant. Non-local pressure fluctuations may then play a significant role (e.g.
Durbin and Pettersson-Reif, 2000). This means that A is comparable with or less
than the relevant length scale L, of the turbulence, i.e. the normalised length scale:

Lo=L,A>1, (8.26)

where in a shear flow L, = L@, and A is the lesser of

AW = k/|Vk| (which is the minimum of k/Vk oru? /|Vu;| fori = 1,2,3), or
(8.27a)
AY) = §)Vs]. (8.27b)

Examples of these variations, given in Fig. 8.3, show how in a turbulent boundary
layer the normalised time scale 7, varies from near zero at the wall to about unity
at the outer edge (which is the typical value in most free shear flows, such as jet,
wakes and shear layers). But if the layer is distorted very ‘rapidly’ as in a shock
(and near the trailing edge of an aerofoil or in a bent tube), 7;. becomes significantly
greater than unity. In separating flows and when turbulence is forced by buoyant
convection, there are large gradients of turbulence across streamlines, such that
L, > 1.1In these flows, the local variance, shear stress o; j»and fluxes Fy; at any point
x clearly depend on how the turbulence develops along and across the streamlines.

By drawing the analogy between molecular fluxes and turbulence fluxes (e.g. as
Lumley, 1978) and by inspection of the moment equation, it is natural to model o;;
terms of parabolic transport equations along the streamlines. Thus, schematically,
the turbulent statistics at position x depend on the mean flow and turbulence dynam-
ics over an upstream elongated region indicated in Fig. 8.4. The extent of the region
depends on the type of modelling, especially as to whether this includes elliptic
effects, which allow for the influence of the boundary and motions downwind.
These act over distances of order L.

2.4.2 EVM models

In the simplest transport models (e.g. the widely used k—¢ model) it is assumed that
turbulence is changing slowly enough and homogeneously enough that, following



Guidelines for turbulence models in complex flows 311

(a)
1= 8 >< ,rl
X 0
L X
O il
@ / *
o A =
I8 | 5 . X
i X
O v ¢
D] 5¢ X
@) *
o X
o Do DE- K
[
0 1 T,
(b)
/ @)
1 - > ir} O
x < },' O
i, O
7 XO
‘ X
x,/8 ,—" O x
’ O ><
O X
- X
7 o x
T XD
X 0O
=X X O
=2 i 1

----- boundary layer
SO convection
X X impinging jet

Fig. 8.3 Profiles perpendicular to the boundary of normalised time scales Ty and
length scales L, in different kinds of turbulent flow.
(a) Profile of the normalised time scale of turbulence 77 (i.e. the ratio of eddy time
scale to the distortion time in the flow).
(b) Profile of the normalised length scale of turbulence (i.e. the ratio of the energetic
eddy size L, to the distance A over which the turbulence or mean velocity
changes).



312 J. C. R. Hunt and A. M. Savill

S coordinate

Boundary

.

e X"r Zone of influence for M-L

_____ Zone of influence for k -E-V,
-------- Zone of influence for R.S.T.M.

Fig. 8.4 Typical mean streamline pattern in a complex turbulent flow showing
the extent of the flow volume where turbulence (in the model) influences the
computation of Reynolds stress at x.

Eqgs. (8.24) and (8.26), T, < 1,L, < 1. Then, especially in sheared flows, the
fluxes of momentum o;; and scalar Fy; are determined by:

(a) the mean gradients dU;/dx; and 0©/dx; of mean velocity U; and of a passive scalar ©
(for instance mean concentration of a contaminant or mean temperature);

(b) effective eddy viscosity v, and eddy diffusivity k., which are determined by the kinetic
energy k and a length scale Ly, i.e., if v is an isotropic eddy viscosity (which is only a
reasonable approximation for weakly strained turbulence, STy < 1);

with the result that

oU; oU;
0jj = —Ve ( : + —j> ,  where v, = Cvkl/zLXa (8.28)
8)6.]' 8)6,'
200
Foi = —rem, where k. = C.k'*L,, (8.29)

where C,, C, ~ 1. The ratio of these coefficients depends on the eddy structure and
tends to vary only slightly in any one type of turbulent flow. (More complex tensor
models can also be constructed for a v.; and «; e.g. see Pope, 2000; Durbin and
Pettersson-Reif, 2000.) Note that the appropriate value of k for computing v, and «
in (8.28), (8.29) is not necessarily the actual kinetic energy, but rather some fraction
of this corresponding to the ‘energy containing’ eddy motions that dominate the
transport process (e.g. u3). This is discussed further in Section 4.
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In some, ‘k—L’, models, k is calculated from an auxiliary equation while Ly is
specified (e.g. as in Section 2.3 for the mixing length models). More usually, both
k and Ly are computed from coupled k and ¢ equations, and Ly is estimated from
the appropriate relation (for high Reynolds turbulence), e.g. Ly ~ k*/?¢ ™.

To reduce the formal equations (8.14) and (8.17) for k and ¢ in Section 2.1 to
soluble sets of equations for U;, p, k, € and o, only involving second order moments,
further approximations are required. These are usually based on assumptions about
the localness of the turbulence structure (which is characterised here by Ti, Ly)
and about the ‘Gaussianity’." As explained by Lumley (1978) and other authors,
third order moments (e.g. pdu; /0x;, Ju; ulz /0x;;) have a general relation to second
order moments o;; only if the probability distribution of the velocity is close to that
of a Gaussian variable. This is defined by the dimensionless ratio G being small. If
G is of order unity these third order moments cannot be estimated without the use
of higher order equations or particular assumptions. Here:

i 3
- ; u;
G = max{ —

)
When G ~ 1 (e.g. in thermal convection or in a wake dominated by vortex shedding)
the turbulence is significantly non-Gaussian, so that the coefficients defining its
statistical properties may also differ from their values in near Gaussian turbulence
(e.g. C,, C,) (e.g. see review by Hunt (1982) using data for scalar transport). In the
equation for the kinetic energy the Reynolds stress production term o;; 0U;/0x; is
expressed, using the local relations (8.28) and (8.29), in terms of &, ¢ and the mean
velocity gradient, where:

aU; (dU; AU,
P ~ Cik%e™! ( + f) , (8.31)
8Xj axj axi

(;)3/2 fori =1,2,3. (8.30)

i

an approximation that is only valid if T.<1,Ly <1. Generally this local approx-
imation is more accurate in shear flows than in non-shear flows (cf. Section 2.3),
i.e. where:

1
< —.

10
The transport terms can also be approximated in terms of local gradients if the
turbulence is changing slowly, is not very inhomogeneous, and also is approximately

S (8.32)

! This theoretical criterion for the correctness of closure approximations may not always be necessary from a
practical point of view. Furthermore, it is not generally possible to obtain the required higher order moment
information.
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Gaussian, so that

3 (Crk? ok

ET, ~ — ( T —) , (8.33)
8.Xj I 8x,~

L1, Lyl G<I. (8.34)

The dissipation term ¢ is computed from an even more heuristically derived equation
(see Pope, 2000) and one which is quite questionable in highly strained flow where
Ty = 1. The forms of the terms have been constructed in terms of local gradients
by rescaling the k equation so as to model ¢ in a number of practical types of flow
and then adjusting the unknown coefficients appropriately. For a critical review
and evaluation of the term for wall bounded flows, see Rodi and Mansour (1993).
Criteria for the general validity of the equations might reasonably be proposed
by considering the ‘localness’ of the turbulence dynamics in the particular ‘types’
of flow chosen for the construction of the model equation. Since these ‘types’ are
typical shear flows, wakes, jets, boundary layers and slowly decaying homogeneous
turbulence, the criteria for the wider validity of the flow are approximately the same
as for the k equation, specifically (8.34). The ¢ equation is also not well adapted
for flows in which the mean strain is mainly rotational or irrotational (i.e. where
the criterion in (8.32) is not satisfied).

The rate of dissipation, which is determined by the viscous stresses acting on
the smaller scales, depends on the latter’s energy in relation to that of the large
scales. Since this depends sensitively on the local Reynolds number and on the
structure of the turbulence, for example near a wall or density interface or in the
presence of body forces, corrections to the standard form for € have been developed;
especially for lower values of Re (see Launder and Sharma, 1974; ERCOFTAC,
2000).

One needs to consider for this more complicated transport model the boundary
and matching conditions at the boundaries of the ‘conforming domain’ outside
which the model is invalid. Defining these matching conditions requires special
assumptions that, just as in the derivation of the model equations, are physically
based. They cannot be uniquely derived from the governing equation. They depend
on the nature of the turbulent flow, including the value of Re, and on the modelling.
See Table 8.2. At rigid surfaces there are two approaches. In the ‘wall function’
approach it is assumed that in a surface layer x, < [; (where s ~ 6/10) the profiles
for U, k, € have a universal ‘wall’ profile (based on (8.25)). Alternatively, closure
models are used (e.g. k—¢) and boundary conditions are assumed as x, — 0 for
U(xy), k(x»), e(x) and their derivatives (which is necessary since the governing
k—e equations are differential equations). The solutions of the closure equations
yield the ‘structural’ wall profiles for U, k, & (as in (8.25) when Re > 10%). A
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Table 8.2 Normalised length scales, integral time scales, Gaussianity parameter
and strammg parameter for a’lﬁ‘erent types of turbulent flow. These are denoted by
L., T{, G, S, where L, = max{Lx/A®, Ly/A®}; Ty = Tp./Tp;

G LIPS S O 22_%on <I
= max <F>2 , (_2 7 SE QZ x < 00;
i u;
0<TL<00;0<G<o0;—1<8<1.

Types of turbulent flow L, T G S
1 Homogeneous stationary turbulence «l1 <1 <1 -
(ii) Homogeneous decaying turbulence ! ~—1 0 -
(iii) Strained turbulence <1 > 1 0 0«1
(@iv) Turbulent boundary layer

(near a wall) ~1/2 <1 0 <1

(near outer boundary) ~1 ~1 <1 <1
(v) Free shear flows and separated flows ~1 ~1 <1 <1
(vi) Large scale free stream turbulence > 1 ~1 0 <1

interacting with a boundary layer
(vii) Turbulence near a free surface ~1 <1 0 —
(viii) Natural convection (no mean flow) ~1 <1 ~1 —
(ix) Shock boundary layer interaction > 1 > 1 <1 <
(x) Trailing edge boundary layer—wake > 1 ~1 <1 <1

interactions
(xi) Jet impaction ~1 ~1 <1 <1
(xii) Turbulent flow over small obstacles > 1 >1 <1 <1
(xiii) Swirling shear flows ~1 ~1 <1 >—1

noticeable feature of the latter approach is that the models have to be applied in
a thin layer, where 0 < x, < x,y, even though this is a ‘non-conforming’ region
where the models are not physically valid. Both approaches are effectively based
on the assumption that the profiles of &, ¢ very near the wall are well understood
and can be defined in any given flow situation.

However, as the Reynolds number of turbulence increases above about 10*
there is a significant change in the structure of the near wall turbulence (Hunt
and Morrison, 2000; Kim and Adrian, 1999). As suggested earlier by Townsend
(1976) and Marusic and Perry (1995), k increases towards the wall in proportion
to k ~ ui[—ln(xz /ls) + A], where A ~ 10 and [ is the depth of the surface layer
(~&/10). This means that the maximum value of k, which occurs where x, ~ xy¢ ~
v/u*, increases with Re (in proportion to In Re). Current transport-based turbulence
models do not represent this trend. One way of avoiding the sensitivity of the ratio
k(x>) /ui to the value of Re is (for shear flows) to substitute u% as the ‘k’ variable in
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k—e models. This is because near the ‘wall’ u% Ju? is approximately constant outside
the viscous layer as Re varies.

Other computational problems can arise at the fluctuating outer ‘free’ boundary
of a shear layer, where the turbulent energy and dissipation tend towards zero. In
numerical simulations of the k—¢ equation it is customary to specify that outside
the boundary where x, > § the kinetic energy and dissipation rate (k, ) are equal to
small but finite values, i.e. k = A ko, € = A €0, Where Ay, A, are very small threshold
values (e.g. .y = A, = 0.01 and ko, &¢ are average values in the shear layer). Some
modellers relate Ay, A, to molecular values. If A; = A, = 0 the numerical solutions
to the equations for the rate at which turbulence diffuses outwards into the non-
turbulent region, i.e. the entrainment rate, would depend on the numerical diffusion
(see Cazalbou et al., 1994). Authors differ as to whether numerical assumptions
about the outer boundary conditions cause differences in predictions about the
entrainment rates of free shear flows, even when the same turbulence model is used
(e.g. Kline et al., 1981).

The general view about the practical value of EVM methods is that they lead
to converged solutions which provide estimates for the principal Reynolds shear
stresses. But they are often not very accurate. For example, in recirculating flows
(e.g. in a rotating vessel or a separating flow) this is the simplest type of model.
With mixing length methods the length scale I, has to be estimated by ‘scaling’
arguments, but formally the turbulence is not in a state of local equilibrium and the
conditions for the model are generally not satisfied. When comparisons have been
made between EVM methods and measurements (or more complex models) it is
commonly found that, where the basic ‘localness’ assumptions are not satisfied, the
results for shear stresses, for certain overall properties in non-equilibrium flows,
and even the drag of the wavy surfaces, can be in error by as much as 100% (e.g.
Belcher et al., 1991; Huang and Leschziner, 1985).

Note that in low Re flows, additional turbulence damping models are needed.
The Launder—Sharma (Launder and Sharma, 1974) version is the most widely used
for a range of turbulent and transitional applications (Savill, 1996).

2.4.3 Reynolds stress transport models

A more advanced level of transport modelling is necessary when the turbulence is
less local. Then eddies may develop fast enough and be transported perpendicular
to the streamlines rapidly enough that the momentum and scalar fluxes o;;, Fp; are
not simply proportional to the local mean gradients. Now the full equations for the
development of these moments (see (8.9)—(8.13)) are used. But as in the k—¢ equa-
tions, simplifications have to be made to ensure a soluble set of equations. Second
order closure models or Reynolds stress transport models involve the relations of
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two-point to one-point moments and third order to second order moments (Launder
et al., 1975; Craft and Launder, 1996).

Because the local flux assumptions are no longer applied, the equations can for-
mally be used in rotating and straining flow, as well as sheared flow (cf. (8.32)).
These models are particularly useful for curved shear flows and where there are
maxima and minima in the mean velocity profiles. As the development of the turbu-
lence is accounted for, the slow distortion assumption (8.34) can be partly relaxed,
i.e. 7. < 1. Other limitations of weak local inhomogeneity can also be relaxed to
some extent, so that shear stress can be ‘transported’ across streamlines; i.e. Ly < 1.
The assumptions used in the various terms in the model can be summarised as fol-
lows (see Launder et al., 1975; Hunt, 1992).

To model the pressure-strain term, P;; = u;dp/dx;, involves estimating p at x in
terms of the velocity field at other points X' near x. Thence P;; can be expressed in
terms of linear second order moments and non-linear third order moments. These
are denoted by P and P™, following Launder et al. (1975). The P" terms are
usually termed ‘rapid’ because they can act on time scales faster than the ‘slow’
P terms; but note that in most shear/straining flows the linear terms continue to
influence the flow as much as, and over the same period as, the non-linear terms.
Hence we prefer the nomenclature ‘linear’, ‘non-linear’. The PO term corresponds
to products of fluctuations of velocity (denoted by uu) and gradients of the mean
velocity gradients (denoted by dU/dx) and the P™ term to products of moments
of the fluctuating velocity field, the kinetic energy and the energy dissipation rate.
Schematically:

P =P+ P,
U
where PY(x) ~ cﬂ)wa— (x), (8.35)
X
P (x) ~ C"umek ™! (x). (8.36)

In practice the coefficient C" for the linear term is determined by considering
idealised turbulence undergoing a constant rate of deformation or strain. However,
CD changes if the turbulence is highly anisotropic or if the mean deformation rate
(o dU/0x) varies over the time scale 71, along the mean streamlines, as occurs in
flows approaching bluff bodies or in trailing edge flows. In the latter type of flow the
errors in the turbulence do not cause practically significant errors in the mean flow,
as explained in Section 2.4.2. Several studies (e.g. Hunt and Carruthers, 1990) have
shown that in shear flows the magnitude of C ) is insensitive to the anisotropy of the
turbulence, but in straining or rotating flows it is not. This needs to be remembered
when considering errors and the results of different models. Also, the errors may
be more significant near boundaries where the local homogeneity assumption is
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much less valid, because the scale of the eddies Ly is generally comparable with
the distance x, over which the mean velocity gradient (0U;/9x;) is varying. Any
errors in the constants CV and C ™ affect P and thence stresses (0;).

To correct such wall errors by representing correctly the blocking of eddies at
the boundary, either special wall correction functions have been proposed for CV
and C™ (e.g. Gibson and Launder, 1978), or else auxiliary equations have been
proposed to estimate P;; which model more realistically the way that the blocking
affects the pressure field (Durbin, 1993). An alternative approach is to describe this
highly distorted turbulence in terms of an interpolation between three-dimensional
turbulence and the limiting form of two-dimensional fluctuations near the wall.
Making this idealised assumption avoids having to introduce any auxiliary equation
(Craft and Launder, 1996). The differences between these models are most acute
and affect the mean flow and heat transfer predictions when there are large mean
accelerations and pressure fields near the boundary, for example where jets impinge
onto obstacles (Durbin and Pettersson-Reif, 2000) or where shocks interact with
boundary layers.

The non-linear ‘pressure-strain’ term P is finite even when there are no mean
velocity gradients (i.e. 9U;/dx; = 0). However, it is only significant (i.e. POD ~ )
when the total and/or spectral distributions of energies of the three components of
the turbulent velocity are not the same, i.e. the turbulence is anisotropic and is not
in equilibrium.

Until recently the models did not reflect the form of the eddy structure and only
showed how P was proportional to the anisotropy, as in:

P oc COV Gty — i)k e, (8.37)

amodel due to Rotta (1951) which effectively implies that the anisotropy decreases
in proportion to its local magnitude. However, this general assumption (e.g. Pope,
2000) is inconsistent with many experimental studies which have shown that for
certain types of anisotropic eddy (e.g. where elongated vortical tubes exist), the
anisotropy does not decrease, and even increases (Townsend, 1976). More recently,
this widely repeated error has been obviated by allowing the coefficient C™ to
be a function of the statistical measure that defines the anisotropic eddy structure
(see Craft and Launder, 1996). This approach is of practical value, for example to
model the very weak rate of energy transfer between velocity components in highly
distorted turbulence, such as occurs near rigid boundaries and in slowly decaying
longitudinal vortices (Carlotti and Hunt, 2001).

The transport ET;; terms in the equations for fluxes are modelled using the
gradient diffusion mechanism as in the k equation (8.33). This is based on the
assumption that the length scales are small, Lx < 1, and that the turbulence is
approximately Gaussian, i.e. G < 1. By contrast, for turbulence with large scale
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Table 8.3 Boundary conditions and internal parameters for applying different
types of model. The first four columns represent initial inflow boundary
conditions on the boundary [BN]P. Note that the distance X along streamlines
over which turbulence boundary conditions directly influence the turbulence
is given by TD(XS) < 1, where f"D = Tp (Xs)/TL (Bn); Tp being the travel
distortion time along the streamline and Ty, (Bx) being the integral time scale on
the inflow boundary.

Boundary conditions on  Internal parameters

boundaries parallel to (for choosing the
U k ¢ o5  themean flow [B] appropriate model)
Local ° U,o,,
Transport e ° . U,o4,,k, ¢ Re, Rei
k—e—v,
RSTM ° ° ° ° U,oij, ¢ Re, Reit

eddies such as in a convective flow or in flow passing over an obstacle, the trans-
port effects are determined by long range elliptical pressure fluctuations which act
instantaneously across streamlines and do not diffuse. Other kinds of modelling
methods are required in those conditions (see Wyngaard, 1979; Hunt et al., 1990;
Kenjeres and Hanjali¢, 1999; Durbin, 1993).

The magnitude of the dissipation term D;; for fluxes is the same order as that of
the total dissipation term (¢) in the k equation, and in all one-point models the D;;
is proportional to &. However, D;; has to have an extra factor D, ; that depends on
the variances of the different velocity components of the turbulence, on the form
of the anisotropic spectra (®;; (k)) (e.g. Kassinos et al., 2001), and to some extent
on the local Reynolds number of the turbulence, i.e. k'/>Lx /v. Since these three
effects vary rapidly near a rigid surface, modelling D, ;18 quite uncertain in the
surface layer of a boundary layer and in the shear layer where the flow separates,
e.g. at trailing edges. Note that D;; is only non-zero for the normal components of
the momentum flux (i.e. Dij o ;).

In Reynolds stress transport models (RSTM) essentially the same equation for
dissipation rate ¢ is used as in the k—¢ models, but the extra information gained
from the more accurate calculation of o;; should lead to a more accurate calculation
of €.

With the greater number (seven) of equations in RSTM for momentum flux and
dissipation than for the k—¢ equations in EVM, in principle a greater number of
initial and boundary conditions are needed for the six independent components
of o;; and for ¢, as well as for the mean flow field U(x, 7) — see Table 8.3. In
many practical calculations the turbulence quantities are not all known, or cannot
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be defined, for example where there is a transition from laminar to turbulent flow, or
transition from fully turbulent flow to a highly distorted form at a resistive (whether
rigid or flexible) boundary. However, the structure of the equations is such that,
for most practical flows (e.g. containing significant shear and boundaries confining
the flow), the calculations of 0;; and ¢ are not very sensitive to the initial or inflow
conditions (e.g. the flow within pipes entering a vessel). However, in unconfined
flows with ‘free boundaries’ such as wakes, these transport models are consistent
with experiments that show how the inflow turbulent boundary conditions affect the
flow far from the boundary (e.g. Bevilaqua and Lykoudis, 1978; Launder, 1989). A
simple guide to this sensitivity was given by Hunt (1992) in terms of the normalised
time scale 73, = Ti.(x)/Tp(x), which is the ratio of the Lagrangian integral scale
(or ‘turn-over’ time scale) to the mean time travelled by a fluid particle along the
developing flow. For the former case of a confined flow where Ty is fixed and Tp
increases, 71.(x) becomes very small. In the latter case (as in all free shear flows)
71.(x) tends to a constant value because the ‘memory’ time 7 (x) increases at the
same rate on Tp(x). So the turbulence continues to be weakly influenced by its
inflow conditions, which therefore have a significant influence on the whole flow.
This also follows from the form of the EVM or RSTM equations because of the
‘power-law’ solutions for k, £(¢) in developing flows, i.e. k o ko(Tp/Ty)?. Again
for low Re regions similar damping treatments are required (Savill, 1996).

3 Proposed ‘map’ for the one-point models in complex flows
3.1 Outline concept

The previous reviews of one-point turbulence models show that their governing
equations and their matching to boundary conditions contain significant approxi-
mations. Both these affect the accuracy of the predictions made by the models in
any particular flow. The question to be addressed here is whether by analysing these
approximations, local or overall (e.g. pressure drop) errors in such predictions can
be estimated. It would be desirable to make such estimates for any particular type
of complex flow without having to perform an elaborate calculation and to verify it
experimentally. This would be of great value to those using these models in practice
as well as stimulating new directions in the development of models. In the previ-
ous discussion we focused on the velocity field. But many of the same principles
and criteria apply to models for scalar statistics. The analyses in Sections 2.3 and
2.4 have shown that in the one-point models the relations between two-point and
one-point moments, and between third order and second order moments, are essen-
tially local in space and time. This is because it is assumed that the turbulence is
changing slowly over the integral time scale 71 and over the length scale Ly.
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When this assumption of localisation is not valid, additional non-linear and non-
equilibrium effects, such as eddy transport and inhomogeneous dissipation, are
present. Then there is the strong possibility that the locally-based models are not
valid and their predictions are erroneous. The departure from Gaussianity of the
energy containing eddies in such complex flows can cause additional errors.

So the first objective here is to use this concept to produce a guide or map for
assessing whether in certain types of flows, or regions of turbulent flows, or ranges
of parameters this ‘locality’ or slow variation is satisfied. We particularly look at
the flow types in Table 8.1.

Our second objective is to provide an indication of the size of the errors where
the assumptions are not satisfied.

Finally, we discuss whether, even if the assumptions are not valid everywhere,
there may be regions in the flow where local approximate analytical/computational
methods may be suitable.

3.2 Proposed ‘localness’ guideline map

Our basic hypothesis, which has been developed in Sections 2.3 and 2.4, is that
the standard one-point models are only strictly valid and likely to provide accurate
predictions when the turbulence dynamics are local in time and space and when the
turbulence characteristics are ‘typical’, e.g. with probability distribution close to
Gaussian such that G < 1, and only moderate degrees of anisotropy of velocity and
length scale (away from boundaries). In other words, we exclude highly intermit-
tent and effectively two-dimensional turbulence, which rarely occur in engineering
flows, though they have to be considered in environmental flows. Appropriate mea-
sures defined in Section 2.4 to define the localness property are the normalised time
and length scales, viz.

fi= L (8.38)
L=T .
and
~ Ly Lx
LX = max {W’ W} . (839)

The dynamical significance of these ‘localness’ parameters can be better understood
by showing how they relate to the terms in the kinetic energy equation (8.14). The
rate of change or advection term A is related to k and 7. Let A = Ak/ Tp, where A is
the normalised coefficient |A|. For most spatially developing flows the magnitude
of A (namely |A|) is of order one. So that if A > 0 the kinetic energy of fluid
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particles is increasing as they move through the flow, and if A < 0, it is decreasing.
For forced stationary turbulence A = 0. The rate of production of energy I o< kV U
(kS), where S is the mean shear. The rate of dissipation e(c< k*/? /L oc k/Ty) is also
related to 7L, so that, from (8.14), the normalised time scale of turbulence 7} is
related to the ratio of (I + B) /e by AT ~ (I+ B)/e — 1. The eddy transport terms are
comparable with the other terms. Thus if Ti. < 1, the turbulence is close to local

temporal equilibrium, while if 7; > 1, it means that the turbulence is changing
‘rapidly’ with time as it moves along the mean streamlines or with time in a slowly

moving/stationary flow.

The condition of local spatial equilibrium is satisfied if the rate of dissipation
of energy (¢) is much greater than ETy, the transport of energy by eddy movement
and/or pressure fluctuations (see (8.16)). This only occurs if the gradients of turbu-
lent energy (on a scale A¥) = k/Vk) and/or of the mean strain (whether rotational
or irrotational) (on a scale A‘Y)), are small enough (see (8.27b)) that

€ 2 |ETy|

or k?/Ly 2 k°?/min[A®, A]. (8.40a)

Therefore the condition for non-local or inhomogeneous effects to significantly
affect the local dynamics is that

[~
>
A
\:—‘

(8.40b)

where Ly is defined in (8.39).

In order to understand these temporal and spatial ‘localness’ properties of the
turbulence, in different types of turbulent flows, which are discussed in Section 3.3,
we briefly review the generic mechanisms and parameters such as Gaussianity G,
and type of strain (V).

If it is ‘rapidly’ changing, turbulence is being distorted over periods T, that are
much less than 77.. This can occur when the mean strain is changing, whether by
imposed unsteadiness (e.g. in an engine with moving parts) or by changing along
mean streamlines (as when a turbulent flow approaches a bluff body). It can also
occur by rapidly changing forces of the turbulence (e.g. in an electromagnetically
driven flow), or by the boundary condition acting on the turbulent eddies changing
rapidly either by a moving boundary (e.g. particles moving in turbulent flow) or as
the flow moves past the boundary (e.g. the leading or trailing edges of aerofoils). In
all these forms of rapidly changing flows, the response of the turbulence at time ¢
to the distortion depends on its structure at an earlier time ¢t — 71, e.g. before the
distortion begins. The distortion may be varying rapidly over a time 7p which is less
than 7. The degree to which the ‘memory’ time is important depends on the type
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of strain, being shorter for shear flows (where VS| « 1) than for rotating/strained
flows (where |V S| ~ 1).

In spatially non-local turbulence, the statistical properties of the turbulence vary
significantly over a distance A®) that is comparable with or smaller than the length
scale of the turbulence L. Although the random eddy motions of turbulence act
to reduce these spatial variations, they are not completely effective because (unlike
gas molecules) the eddies have a finite size and are themselves affected by the same
factors that make the overall turbulence statistics inhomogeneous. These factors,
which are listed below and have already been discussed in Section 2, do not act in
isolation. As with those affecting the temporal non-localness, they also depend on
the local structure of turbulence (e.g. defined by G and Re) and the type of distortion
(e.g. v3).

In defining our ‘map’ we have to consider the domain of validity of the models
and the boundary conditions that apply.

(i) At a rigid surface (or in the flow of less dense fluid near an inversion layer where
there is a large density difference) the velocity at the surface tends to zero (the no
slip condition). Therefore, as remarked in Section 2, the velocity fluctuations within
a thin viscous layer do not have the same form as fully developed turbulence. On
a smooth surface the typical thickness §y of this layer is of order 10v/u,, where
u, is the characteristic turbulent velocity just outside the layer. Therefore at high
Reynolds number this layer is very small compared to Lx. The main effect of the
boundary is on the normal component u, which is blocked by the surface. In gen-
eral the surface conditions have markedly different effects on the profiles of the three
velocity components, and on their one- and two-point moments depending on the
Reynolds number. These profiles also depend sensitively on whether the magnitude of
the mean shearing/straining flow parallel to the surface is larger or smaller than the level
of velocity fluctuation above the surface (i.e. whether it is ‘sheared’ or ‘shear-free’) (see
Chapter 2). In both cases kinematic analysis shows that the variance of the component
normal to the interface, u%, decreases to zero as x, — 0, for sheared and shear-free
layers. In a shear-free turbulent boundary layer the mean velocity component parallel
to the surface (x; direction) remains finite as x, — 0, in contrast to the situation at
a surface in a sheared boundary layer. There the boundary condition on the turbulent
velocity components 1, u3 depends on the precise nature of the surface. At arigid wall
moving with the mean velocity u}, u3 — 0, but at the free surface of a liquid u?, u3 # 0
(e.g. Thomas and Hancock, 1977).

Recent research shows that, broadly, the direct effect of the rigid surface on the
eddy motions above the surface viscous layer is weakest when there are mean shear
flows parallel to a rigid surface. The integral scale L()?) (for the normal component)
is approximately equal to x,/2, where x, is the distance to the surface. This is /ess
than the length scale AV = | VU | / | VVU | on which the mean shear varies, since
from Eq. (8.38), AY) & x,. It follows that in shear flows the normalised length scale
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Z,()?) ~ 1/2. However, when there is no mean straining, the surface only produces a
blocking effect (assuming the Reynolds number is high enough). It is found that the
anisotropy of turbulence L()?) is much greater than for a sheared boundary layer (forx, >
dw), with the ratio of the variances of the normal to parallel components u% / u% varying
approximately as (x,/Lx)** (for Re > 10°). Within a distance n from the surface of
order Lg?), AP = /| VK| < x, (e.g. in convection and near a free surface where, from

(8.27), A® = u2/|3u2 /ox,|). The integral length scale L is approximately equal to
n (or greater) and therefore I:()?) >1. Thus the turbulence is non-local and the bound-
ary condition has a much greater effect for these ‘shear-free’ flows near boundaries
than in the previous case of sheared flows. In thermal convection, the fluctuating ther-
mal conditions at the rigid surface also have a large effect on the turbulence (Hunt,
1998).

In transition zones between shear layers and external flows the turbulence and mean
shear velocity vary over length scales (defined as A, A(Y)) that can be smaller than
the length scales L, of the turbulence, especially when there is relatively large scale
turbulence outside the shear layer. Examples are free stream turbulence passing over
aerofoil blades with thin boundary layers, or where external turbulence interacts with
the narrow wakes of aerofoils or thin separated shear layers from bluff bodies. Although
approximations for the transport terms of turbulence models (e.g. (8.12)) represent the
tendency for the external turbulent energy to be transported by the eddies into the
shear, they do not model correctly the dominant processes when turbulent flows with
two distinct length scales interact as they do in these flows. For example, it is found
that large scale environmental turbulence diffuses wakes of obstacles in cross flows
much faster than one-point models predict. This is because in k— models the eddy
viscosity or diffusivity, which is determined by the largest length scale Ly, is not
then equal to the expression k*/e, which may be largely determined by eddies with
length scales that are smaller. The same tendency but in reduced form is found in
RSTM. Essentially this error is significant when Ly /A% is of order unity or greater.
There is a second cause of error in applying turbulence models when the external
turbulence has a larger length scale than the thickness of the shear layer, A(Y), i.e. when
Lx/A® > 1. This is caused by the tendency of external eddies to be blocked by the
mean vorticity in the thin shear layer (Wu et al., 1999). Therefore they diffuse into
the layer much more slowly than given by the transport terms. This is very marked
in the initial stages of developing free shear layers (e.g. in wakes of bluff bodies and
aerofoils).

3.3 Mapping the characteristics of the main types of turbulent flows

In Section 3.2 we suggested guideline principles and a ‘map’ for the types of flow
where one-point models are likely to be valid in principle, and reasonably accurate.
Using the dimensionless parameters of the guidelines we now classify the main
types of turbulent flow in Table 8.2. This shows where these ‘types’ should be
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(larger scale and more
-~ non-local in space)

(vii)
(viii) .
()

(i) (i)
1 I

(decreasing energy) (more rapid and non-local
in time — increasing energy)

7 i . R
/ 74 Turbulence with non-local spatial variations

k\\ﬁ Turbulence with non-local temporal variations

Non-local in space and time

Fig. 8.5 Map for the localness of turbulence processes (7;, = Ti./ Tp; A is the sign
of the advective term in the energy equation; Ly = Ly /A). The roman numerals on
the graph refer to particular flow types described in Section 3. A is the appropriate
inhomogeneity scale A®, AV

placed on the ‘localness’ map in Fig. 8.5 corresponding to different ranges of the
parameters 71, Ly, which define temporal and spatial localness of the turbulence.
The coefficient A defines whether the energy is increasing, decreasing or approxi-
mately stationary.

(i) Homogeneous turbulence with a continual input of energy (e.g. by body forces)
is approximately stationary and close to local equilibrium because, if there are no
boundaries, the integral length scale grows only slowly. Hence 7; ~ 1. Here A = 0.
Note that even if initially the probability distribution of large scale turbulence is non-
Gaussian (e.g. consists of discrete energetic eddies), it eventually tends to become
near Gaussian. In general EVM and RSTM methods are valid for these flows but the
former does not predict the normal stress anisotropy at all accurately.
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(i) Homogeneous decaying turbulence is one of the types of flow used to calibrate the
EVM and RSTM models. Although the flow is local spatially, the turbulence decays
with time over a period of order 71, which is why 7. ~ 1, and A < 0. If the initial
turbulence is non-isotropic, the turbulence may or may not tend to isotropy depending
on how itis generated (Townsend, 1976). This dependence on the form of the spectrum
is included in the latest version of RSTM (Craft and Launder, 1996).

(iii) Homogeneous strained turbulence (usually both pure shear and pure irrotational
strain, i.e. § = 0, 1 respectively — see (8.18a)) is also used for calibrating the
strain/shear terms in the k—¢ form of the EVM and the RSTM models (e.g. Durbin
and Pettersson-Reif, 2000; Pope, 2000). Usually the strain rate is low enough in
the experiments and numerical simulations used for calibration that the turbulence
dynamics are approximately local or slowly changing, i.e. T < 1. For higher strain
rates, modified forms of RSTM have been developed (e.g. Jongen and Gatski, 1999).
When the mean strain is purely rotational, i.e. S ~ —1, turbulence decay and its large
eddy structure are affected by the formation for inertial waves (Cambon, 2002), the
usual RSTM models are not appropriate.

@iv) In turbulent boundary layers the validity of one-point models is greatest near the
‘wall’, but outside the viscous/roughness wall layer. Here the turbulence structure is
approximately local in space and time and is approximately Gaussian (at the large
scales). Also the straining is dominated by shear. However, at the outer edge of
the boundary layer the local assumptions are not strictly valid, and the turbulence is
intermittent and non-Gaussian (as discussed in Section 2). Hence the one-point models
are better near the wall than in the outer part. To rectify this deficiency, specific models
for the eddy viscosity v, itself have been proposed for the outer regions of boundary
layers and free shear layers (e.g. Spalart and Allmaras, 1994).

(v) In most free shear flows and separated flows the dynamics of turbulence are not quite
local in space and time. Therefore models with spatial and temporal development are
needed. However, if the mean shear is strong enough (in relation to the turbulence)
locally or globally across the flow, i.e. from (8.18b) S/(up/Lx) > 1, then mixing
length or eddy viscosity models can provide a useful approximation for free shear
flows. In such a flow eddy viscosity models (Section 2.4.2) are the simplest constant
form of modelling for the mean strain and stresses, but do not predict the normal
stress anisotropy at all accurately. Note that the mixing length model (8.22) requires
some physical or numerical adaptation where the mean shear tends to zero.

In flows which are significantly inhomogeneous and in flows over rigid bodies
where the flow separates and there are strong regions of pure strain (i.e. § ~ 1) and
pure rotation (i.e. § ~ —1) the turbulence is not entirely determined by the local
velocity gradient. Consequently non-local EVM or RSTM models have to be applied
to obtain approximately correct predictions. Even then, because of the relatively large
scales of the eddy turbulence (i.e. L, > 1), the mean flow calculations of separated
flows are less accurate (e.g. Murakami et al., 1990).

(vi),(vii),(viii) In highly distorted and inhomogeneous shear-free turbulent flows near
blocking surfaces, the turbulence structure does not, as it does in sheared flows near
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interfaces, have a universal form. For example, whether or not the large scale turbu-
lence is approximately Gaussian near the boundaries largely depends on its structure
away from the boundaries. Thus the Gaussian structure of large scale free stream tur-
bulence differs considerably from the slightly intermittent and non-Gaussian structure
of turbulence near a free surface in open channel flow and the highly skewed large
eddy structure driven by natural convection (Wyngaard, 1979). In these flows the
fluxes of momentum and heat are determined by whole patterns of large scale eddy
motions and not by local gradients, which is why RSTM models are the simplest
level of model to produce even qualitatively correct results (Gibson and Launder,
1978). For reasonable accuracy of calculations of all three turbulent components
especially at high Re, multi-point models (e.g. Hunt, 1984) or numerical simulations
are more reliable (e.g. Schmidt and Schumann, 1989). Note that unsteady RANS
modelling can provide accurate enough predictions if any unsteadiness is well sep-
arated spectrally from turbulence motion (Yao et al., 2002; Kenjeres and Hanjalié,
1999). An extreme example of a flow with high skewness (i.e. G ~ 1) and inho-
mogeneity (L, ~ 1) occurs when there is low intensity turbulence outside a shear
layer (e.g. Veeravalli and Warhaft, 1989). In this case it is found that one-point mod-
els can only describe the profiles of turbulent energy if the coefficient (Cr) in the
model for eddy transport in (8.33) is multiplied by a large factor (~5) (Bertoglio,
1982).

(ix),(x),(x1),(xii) In another broad group of highly distorted flows there are rapid variations
both of the strain (i.e. VU) and of the type of strain (i.e. ) along the mean stream-
lines, so that Tj. > 1. Also in many cases the turbulence is also spatially non-local
so that L, > 1. Many studies (e.g. Murakami et al., 1990) have shown how EVM
models can over-estimate the effect of straining on the growth of k when Ly > 1
near bluff bodies. RST models are better, but still are not able to predict the correct
sensitivity to Lx of the distorted turbulence. A number of modifications to one-point
models have been proposed for such flows, including eddy viscosity models where
V. depends non-linearly on the strain rate (e.g. Hunt et al., 2001).

For these rapidly distorted inhomogeneous flows, upwind boundary conditions
have to be provided even if only one-point statistics are required. This is because
the upwind/initial anisotropy and form of the spectra can significantly affect the
changes in the variances of the three components and in the length scales and dis-
sipation rate (Durbin and Pettersson-Reif, 2000). These sensitivities are greatest
when the mean velocity gradients are closer to pure strain, as they are here (where
S~1.

(xiii) Finally we mention shearing flows with strong swirl because of their widespread
engineering interest; here the turbulence structure varies rapidly depending on the ratio
of the strength of the swirl to the local mean shear (i.e. the values of the parameter S).
For example, strong swirl (§ ~ —1) can suppress the shear stress. Thus simple mixing
length and EVM models are inappropriate, while RST models can be adapted to allow
for how the highly distorted turbulence structure affects the production term (P;;) and
to a lesser extent the transport term ETj.
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4 Refined and alternative modelling approaches
4.1 Modifications on one-point model for ‘difficult’ flows

Different approaches are being adopted to model some of the more ‘difficult’ types
of turbulent flow identified in the previous section, which are briefly reviewed
here — see also Hunt ef al. (2001). The first approach is the modification of one-
point models (of whatever level of complexity) to particular flows or types of
flows, by changing the coefficients in the models, or by introducing new terms or
extra auxiliary equations. Metaphorically, the ‘frontier’ in Fig. 8.5 of the range
of applicability of general one-point models is not being moved outwards, but
at ‘outposts’ specific closure models are constructed for dealing with particular
types of flow, incorporating appropriate aspects of non-local and non-equilibrium
phenomena.

A current example of this approach is to modify the expression for the eddy
viscosity. A limitation of the mixing length model (8.20)—(8.22) is that the shear
stress is predicted to be zero where the mean velocity gradient is zero. In fact the
stress may be finite, which can be estimated by evaluating o;; at each point and
then taking an average value over a scale Ly (e.g. Hunt, 1992). This obviates some
of the difficulties in computing stresses in jets and wall jets. Another way is to
introduce an advective partial differential equation for eddy viscosity (v.), which is
particularly suitable for calculating the mean velocity profiles in boundary layers,
and possibly thin shear layers (Spalart and Allmaras, 1994). Another example is
the ‘v2— f’ model of Durbin (1993) which modifies EVM and RST models so
that the ‘wall-echo’ or blocking effects of a wall are incorporated via a non-local
relaxation. (Here v? = u3 in our notation; f is an auxiliary function for pressure-
strain.) This is particularly valuable when there is significant straining (S ~ 1),
as with a jet impacting onto a wall and/or large spatial inhomogeneity (so that
Lx ~ 1), but because of its computational merits in terms of minimal complexity
and fast convergence, the EVM model with two auxiliary differential equations
is more widely used than the RSTM models which may involve seven. However,
some of the additional information conveyed by these extra equations can be used
to adjust the coefficients used in mixing length or k—¢ models, for example by
noting the results of RST models on the effects of variations in the straining param-
eter S, and then simply adjusting the mixing length in (8.22) (e.g. Belcher et al.,
1991).

A more general and widely used approach for such flows is to use more complex
‘algebraic’ stress relations in place of the simple mixing length formula (8.21), in
combination with the non-linear k—¢ model for the energy and length scale of the
turbulence. Because of the reduced number of auxiliary equations to be solved,
this approach has many of the advantages and improvements of RSTM at far less
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computational cost. See, for example, Launder and Sandham (2002) and Oberlack
and Busse (2002).

These models describe normal stress anisotropy and non-linear responses to
local strain rates far better than any simple linear eddy viscosity scheme, but, like
all classes of EVM and RSTM, they do not describe effects of non-local strain and
boundary conditions. Following the same methodology, some quite simple modi-
fications could be introduced to correct for the errors in these local or quasi-local
models when the turbulence scale is so large that Ly > 1, for example as occurs
with very large free stream turbulence in a boundary layer. In such situations the
only eddy motions that affect the dynamics of mean flow and the decay of tur-
bulence are those with length scales k~! which are less than or of the order of
the inhomogeneous length scales AY), A®) of the shear and turbulent energy (see
Egs. (8.27)). These effects can be approximately described by pressure-diffusion
and non-local pressure-strain correlation as well as the anisotropy of dissipation,
D;;. One must also allow for strain-history related lag-effects, which has so far been
done principally at the mixing length level (e.g. by Johnson and King, 1984), an
approach that has been subsequently adopted at the algebraic stress model (ASM)
and RSTM level of closure (Savill, 1996). Other researchers have relaxed the
assumption of a fixed algebraic relation between k and stress to make the asso-
ciated structure constants a;; = u;u;/k a function of total strain history, e.g. see
Savill (1987) and especially the work of Gatski and co-workers: see Gatski and
Rumsey (2002) and references therein.

An alternative approach to correcting for very large scales in the kinetic energy
equation is to replace k with its ‘dynamically’ significant component k, , where

ka _ f h E(k)dk / / ooE(lz)dlz. (8.41)
k Al 0

ka /k is the fraction of the kinetic energy produced by eddy motions of the order
of or less than the length scale A of the turbulence or mean flow inhomogeneities.
Experimental measurements of spectra (e.g. Britter e al., 1979; Thomas and
Hancock, 1977; Gutmark et al., 1978) show that this is a clear and physically mean-
ingful distinction. The ratio (8.41) could be estimated approximately for practical
calculations by, for instance, the Kolmogorov spectrum.

Also, for large scales, since the eddy viscosity v, or diffusivity «. are defined in
relation to the gradient of the mean velocity and scalar profiles, so the relevant scale
of the eddy motion should be A and not L, where L, > A. Therefore v, ~ kf\ /e.

For very high Reynolds number turbulence where E(k) ~ £2/3k=/3 (for k » L")
it follows from (8.4 1) that,

Ve ~ gAY, (8.42)
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The approach suggested here is a much simplified version of the method proposed
by Hanjali¢ et al. (1980), which also involves dividing the spectrum into two or
more ranges and then computing separately the evolution of the integrals of energy,
and other variances, in these ranges (e.g. for large and small wave numbers, or
large, intermediate and small). With the extensive experimental data, as well as
theoretical two-point and spectral models (e.g. Parpais, 1997; Carlotti and Hunt,
2001; Schiestel, 1987) now available for studying how turbulence changes in these
different parts of the spectrum, such ‘separate sub-range’ methods are becoming
more practical.

The third way in which one-point modelling methods can be improved and
speeded up is by developing more accurate and physically correct models of turbu-
lence near solid boundaries or fluid interfaces. As explained in Section 2, in some
models calculations cover the entire flow field right up to the boundary or interface —
which requires including, in a model for fully developed turbulence, a represen-
tation of random motions near the boundary which are not fully turbulent. The
other approach is to model separately the motions in these ‘boundary zones’. It is
now well understood that the ‘wall-function’ assumptions are not generally valid.
This is because in complex flows the mean velocity or scalar profiles for U(x,) or
®(x,) do not follow the logarithmic—linear form for the turbulent viscous/molecular
sub-layers in the ‘wall’ zone on rigid surfaces (or interfaces with a strong enough
density difference, cf. (8.25)). The errors are greatest where Ly > 1 or T > 1, e.g.
in flows with natural convection (Kenjeres and Hanjali¢, 1999) or very energetic
free stream turbulence, or impinging jets (e.g. Durbin and Pettersson-Reif, 2000).

To avoid this limitation many models now compute the entire unsteady flow
field explicitly for enough realisations (or for long enough time) to derive reliable
statistics. However, the considerable complexity and computational cost involved in
such procedures is not necessary if more use is made of the increased understanding
of the structure of complex turbulent flow near rigid surfaces and flexible interfaces
on the boundary conditions, and how the external flow varies. For example, even
small departures from a constant shear flow caused by accelerating and decelerating
mean flows, or by unstable and stable buoyancy zones in horizontal flows, lead to
large changes in the logarithmic profile (8.25) (Bradshaw, 1971). These effects can
be expressed simply in terms of an empirical coefficient o as

dU . 3
B (1+ﬂ), s~ﬁ(1—(cx—1)ﬂ), (8.43)
dxo  Kkxo L KXo L

where L is the relevant length scale (which may be positive or negative) for these
perturbations (e.g. L oc u3 /(du,/dx;) for accelerating/decelerating flows, and L ~
u/(gFy/0) for flows with a heat flux Fy, Belcher et al., 1991; Hunt et al., 1988).
This approach is currently used more in geophysical than engineering flows.
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Now consider the wall boundary zones in the presence of energetic large scale
turbulence where Ly > 1. This occurs when the shear production at the wall char-
acterised by u, is relatively weaker than that generated by large scale eddying with
velocity ug, such as in horizontal shear flows with strong natural convection (Rao
et al., 1996), separated recirculating flows above a rigid surface (e.g. Wood and
Bradshaw, 1982 and 1984) or shear flows on sloping surfaces or in sloping chan-
nels driven by buoyancy zones. Here, the turbulence, although it is ‘blocked’ by
the surface, is largely driven by the buoyancy forces, and large scale motions in the
local interior. Very close to the surface, the local fluctuating shear dominates in a
thin layer which, at very high Reynolds number, is of thickness L = u3 /s, where &g
is the dissipation rate in the interior of the flow. In such flows, where gy ~ u3/Ly,
L <« Ly. In some cases u, is based on the fluctuations of shearing motions because
the mean stream is very weak (Schmidt and Schumann, 1989). For Lx > x, > L the
eddies that determine the mean velocity and temperature profiles are determined
by the distance (x,) normal to the boundary so that (8.42) becomes

ve ~ 80 %, (8.44)

Thence, from (8.25), since the fluxes u,, Fy tend to be constant near the boundary,

du de Fo'| 23 —a3
a dep |, fe _ 8.45
[dxz dxz} [u u*]go 2 ( )

Within the surface shear layer where x; < L, the usual log-linear wall functions apply
for U, ® (Raoetal., 1996). Such profiles, which have been measured in engineering
and environmental flows, are widespread and could be used more often as suitable
boundary conditions for practical problems to improve the accuracy of one-point
model predictions (especially in very high Reynolds number flows).

As mentioned in Section 3.3 and earlier in this section, some of the most difficult
flows to model occur where the turbulence is highly non-local in space and time,
i.e. Ly > land T > 1.In some cases these non-localness parameters remain large
even near a boundary and therefore have to be considered in matching the interior
flow to the boundary ‘zone’. This is essential where turbulent flows impinge onto
a rigid surface, e.g. at the stagnation point of bluff bodies and aerofoils, imping-
ing jets, or where separation streamlines attach to downstream surfaces. The heat
transfer between the surface and the flow is very high in these regions, whereas
the momentum flux is low. One-point models have produced quite a variety of
results because of the sensitivity of the calculations to upstream boundary condi-
tions and, for heat transfer to conditions at the surface (e.g. ERCOFTAC, 2000;
Durbin and Pettersson-Reif, 2000). However, the turbulence structure is now bet-
ter understood. Theoretical studies based on the non-linear models, computations
and experiments of straining turbulence (Kevlahan and Hunt, 1997) show how
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the vorticity fluctuations and ¢ increase from the outer values (e.g. g9) towards
the surface in these straining flows (i.e. & oc x,~!). But within a thin boundary
layer of thickness §, the mean strain decreases and the dissipation rate reaches an
approximately constant high value 5 >> &¢. Within an even thinner shear boundary
layer of thickness L ~ u> /es, the velocity fluctuations parallel to the wall decrease
to zero.

When the interface bounding the region of turbulent flow consists of a stable
horizontal layer where the density increases downwards (parallel to gravity), it acts
partly like a rigid surface, by blocking the vertical fluctuations (if the density jump is
great enough) and partly like a flexible sheet with waves formed on it. These waves
tend to break down and generate intense local turbulence; some of their energy
may be propagated away towards the stable non-turbulent flow on the other side
of the interface. By modelling K, ¢, U, ® in these interface zones (especially the
effects of wave-turbulent interactions) it is possible to provide boundary conditions
for one-point models which can be applied in the turbulent interior (Uitenbogaard,
1994; Strang and Fernando, 2001). These boundary conditions are needed for both
chemical engineering problems, if they involve ‘stratified’ flows with interfaces
between gas-liquid and liquid—liquid flows, and also for atmospheric, hydraulic
and oceanic flows (Lombardi et al., 1996).

In concluding this brief review of modifications to one-point models for particular
types of flow and types of boundary condition, we should note two points about
how they can be applied.

(i) Within a given complex flow there may be various flow zones, such as boundary layers,
separating shear layers, impinging jets, etc., each having somewhat different types of
turbulence. Here the dimensionless parameters Ly, 7; of non-localness may vary from
being small to quite large. Therefore some modellers choose appropriate turbulence
models for different regions of the flow as defined by their physical location and/or
some physical (e.g. non-localness) parameters. This ‘zonal modelling’ approach, which
is quite standard in meteorological modelling, was advocated for engineering flows by
Kline et al. (1981), but has not been widely adopted because of their geometrical
complexity (see Savill, 1981 and 1987 for further details). An alternative approach has
been more successful in which the turbulence modelling is related to the variations in
the computational mesh especially near boundaries, for example eddy viscosity mesh
models near the wall, and Reynolds stress transport modelling away from the wall.
In many cases the accuracy of CFD predictions is determined more by limitations of
mesh resolution rather than turbulence modelling. For example, in moderate Reynolds
number flow more advanced Reynolds stress transport modelling does not necessarily
produce much better results than low Re k—s modelling. One reason why simpler models
are satisfactory for quite complex flows appears to be that multiple strain effects can
often act together to minimise any large distortions of the turbulence.
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(i) Some of the physical processes and boundary conditions are quite sensitive to variations
in Reynolds number. The form of sensitivity is different at lower Reynolds numbers; near
transition, shear layers exhibit large scale intermittency, whereas at higher Reynolds
number, with a fully developed inertial range spectrum, intermittency occurs at small
scales. This necessitates different forms of the models (e.g. coefficients or even expres-
sions) according to the flow regime, especially those near transition. At very high
Reynolds number, where Rer > 10* and where there is a fully developed and self-
similar spectrum, it is possible to estimate Reynolds number corrections by making an
appropriate Kolmogorov cut-off in the energy spectrum where kx = (v3/g)~!/4, so that
the kinetic energy at finite Re is given in terms of k at very large Re by

kx .
/ E(k)dk
0

k(for finite Re) = k(Re — 00)—Fog—.
/ E(k)dk
0

(8.46)

This is good reason for attempting to understand the very high Re limit for turbulent
flows — a point made cogently by the late A. E. Perry.

4.2 Possible alternative approaches using multi-point models
and simulations

The previous section, 4.1, has indicated how a deeper knowledge of the structure of
complex turbulent flows can, if used appropriately, aid in the selection of one-point
models and the assessment of their applicability for particular types of complex
flow. For example, two-point linearised models (such as rapid distortion theory,
RDT, models) can compute spectra of all the velocity components and pressure
fluctuations most accurately in those types of flow where the one-point models
are least accurate, where T; > 1 and Ly may have any value. Such calculations,
because they are explicit and often analytical, indicate trends and error in one-point
methods, and suggest possible corrections. But note that current RDT methods are
not applicable for the very smallest scales of motion and for the dissipation rate
&, because these are controlled by non-linear processes. Non-linear models of the
time dependent eddy structure provide useful concepts for improving the statistical
models and their boundary conditions very close to rigid surfaces, especially for
low Re turbulence (e.g. Holmes et al., 1996).

With the recent development in models for two-point moments in complex flows
(e.g. Parpais, 1997; Mann, 1994; Hunt and Carlotti, 2001), it should be possible
to understand better and perhaps improve the approximate differential equation
currently used for calculating ¢, especially in flows at very high Reynolds number
and where Ty > 1 (see for example the remarks of Pope, 2000). These methods,
combined with simulations of random Fourier modes, indicate how the non-linear
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processes change with strong stable stratification and rotation, which should
also lead to improvement where current models are limited (e.g. Nicolleau and
Vassilicos, 2000). Renormalisation group (RNG) and eddy damped quasi normal
Markovian (EDQNM) models of turbulence spectra are being applied to homoge-
neous turbulence flows under the influence of various strains/body forces, etc. (e.g.
Kraichman, 1991; Lesieur, 1990). It is not yet clear whether they can improve pre-
diction of one-point statistics in complex, in homogeneous flows. There is another
important type of limiting flow where one-point models also fail, but where approx-
imate and readily computable simulation models can be applied. These occur where
eddies are much larger (and therefore slower) than the small scales of motion defined
by the mean velocity or gradients of turbulence, i.e. Ly > 1, but where 7} is arbi-
trary, for example where large scale free stream fluctuations impinge on a bluff
body or aerofoil (a type of flow which is sometimes computed using gust models),
or large eddy motions driven by natural convection extend throughout the depth of
a container or boundary layer.

For certain situations where the large eddies have a well defined form, e.g. wake
vortices impinging on a downwind aerofoil (Goldstein and Atassi, 1976; Saxena
and Hunt, 1993) or convective eddies interact with simple boundaries (e.g. flat or
vertical walls — Grossman and Lohse, 2000; Hunt, 1998) the eddy motions can
be analysed or calculated quite simply, leading to interesting and useful results
(some of which were used here in Section 4.1). However, more often the inflow
and boundary conditions are quite complex, e.g. in convectively driven flows in
electronic cooling systems, the turbulence statistics can be derived by numerical
simulation of the large eddies, with the effect of the small eddies on the large scales
being computed using one-point (or two-point) models (Kenjeres and Hanjalié,
1999).

So we conclude that there is a useful ‘cascade’ of ideas and methods from sim-
ulations and more elaborate models to help improve one-point closures in general,
as well as to identify the deficiencies of specific EVM and RSTM schemes — see
Fig. 8.4.

The evidence from meteorological and environmental modelling is that progress
is made most rapidly by developing different specific models for the main types
of complex flow (e.g. in different types of cloud) rather than attempting to have a
single model to cover all the cases of interest (Hunt, 1999). One might describe this
as establishing ‘outposts’ along trajectories from the origin of the ‘map’ rather than
broadening the sphere of model influence about the origin — see Fig. 8.6. Although
extending the overall applicability of models does not seem practical in general,
it has been successfully achieved for some classes of low Re transition modelling
(Savill, 1996). There are limitations to the alternative ‘flow-class’ approach for
intermediate cases. It can be misleading to assume (as is often done) that these
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Fig. 8.6 Guideline map for choosing appropriate prediction methods for one-
point turbulence statistics (and mean flows), in terms of the spatial and temporal
localness parameters Ly, Ti.. (Note that A is the sign of the advective term in the
kinetic energy equation.) The line -------- is the ‘frontier’ of standard Reynolds
stress transport models (RSTM), while ------ indicates a typical ‘outpost’ type
of flow where flow specific modelling has been developed (e.g. for trailing edge
regions of aerofoils).

are simply interpolations between ‘known’, well calibrated situations (e.g. in the
transition from stably to unstably stratified boundary layers).

5 Remarks
5.1 Summary of ‘guiding’ principles

This review is not intended as a complete guide to the choice and accuracy level
of calculations currently used for a broad range of practically significant turbulent
flows. However, it has been shown that a useful test for the choice of method can
be based on characteristic localness parameters, Ti, Ly and, to a lesser extent, on
the structural parameters, G and S. Here Ly is the ratio of the typical eddy length
scale to a cross-stream length scale, determined by either the intensity or the rate
of strain of the turbulence, and 7} is the ratio of the ‘memory’ time scale of the
turbulence to the imposed distortion time scale. The relationship between i, Ly
and the regions of applicability of the various models is shown in Fig. 8.6. In other
flows, e.g. with strong buoyancy forces, anisotropy also has to be characterised.
Because these parameters have comparable values (or profiles) in flows of similar
type they can be estimated (without detailed computations or measurements) by a
brief inspection in any given flow or region of a flow, and by comparing with other
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similar flows. This is a quantitative demonstration of how the statistical properties
of turbulent flows do not have universal forms, but do have strong similarities
in flows of similar ‘type’ (convection, shear, rotating, etc.). In boundary layers,
the type of turbulence depends on the range of Reynolds number of the flow. We
have shown that in certain types of flow where the turbulence is close to a rate of
local equilibrium and where shear is the dominant form of mean strain (i.e. S~0),
simple mixing length models are satisfactory; as the turbulence moves slightly away
from local equilibrium, and the strain becomes purely irrotational or rotational, i.e.
| §| ~ 1, then more complex models are needed. To calculate such flows with
reasonable accuracy, progressively more non-local or ‘history’ effects need to be
considered. When the turbulence dynamics are highly non-local, both in space and
time, and especially if the probability distribution is non-Gaussian (i.e. G ~ 1), then
the ‘standard’ one-point k—¢ and RSTM models can be significantly in error. The
physical reasons for this are given in Section 2 and examples of particular flows are
discussed in Sections 4.1 and 4.2.

The sphere of influence on the ‘localness map’ of existing models is being
expanded by introducing corrections to models to allow for non-local/non-
equilibrium effects and other processes and by developing particular approxima-
tions for particular types of flow (e.g. as in meteorology) by making best use of
increased understanding of flow physics.
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Appendix
Invariants of the strain rate tensors and the normalised form

For the mean velocity field U;(x, f), at each point (and moment of time) the second
moment (or quadratic) form of its gradient % can be defined as
J

o _ Ui 8U;
- 3)Cj 3)(,' '
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This is invariant under rotation of axes. It can be expressed in terms of the symmetric

1 /0U; 09U, . aU,
strain (stretching) tensor X;; = — (— + —]) and the vorticity €; = 81,,,,,8—", as

2 8Xj Bx,- Xm
2 1 2
M=% — -Q,
2

where ¥ =3;%; and Q= QQ.
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It is convenient to normalise and rescale IT as the variable S, so that its range is limited.

ThenS‘:l_I/S,
LIPS
where S = F +§Q.

(For further discussion and applications to turbulence modelling see Hunt and Vassilicos,

2000.)
Nomenclature
Nomenclature Super/Subscripts
A Rate of change of eddy O Dimensional variable

kinetic energy
[Bx] [Bs] Boundaries of the domain
under consideration

B;, B, B;; Bodyforce vector, ) Mean
production rate, tensor
C Coefficients in (8.28), (O); Vector component
(8.29), (8.31), (8.35) and
(8.36)
D;; Energy dissipation rate OF Differential operator for
tensor turbulence model
d displacement height for
logarithmic profile
ET, ET;; Eddy transport rate, tensor (ONS Operator for Navier—Stokes
equation
E(k) Energy spectrum Omx Value at maximum
f Auxiliary function for OW Linear
calculating stresses near
wall
Fy; Turbulent heat flux vector ()@ Non-linear
G Measure of non-Gaussianity (). Lagrangian
(higher moments)
I I; Inertial production rate, ()p, 6D Distortion time for velocity,
tensor for scalar
k Wave number ) Dimensionless
ratios/coefficient
k Kinetic energy () Conditional averages (e.g.

relative to moving interface)

l Eddy scale/action distance Ow Wall level for defining
thickness of non-
conforming wall layer

L Length scale for perturbed ~ (A)®»)  Inhomogeneity scales,

shear flows (e.g. Monin— energy and mean defined by

Obukhov) (8.43) turbulent velocity
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Ly, L,
L )( )

M()

P, P;;, P

ijs

p
pro O)

Re
R;;

J

S, S

Xi, OT X, Y, T

X20

X21

J. C. R. Hunt and A. M. Savill

Integral length scale, for a
particular component
Differential operator, e.g.
of turbulence model

nth moment of variable
Pressure, pressure-strain
tensor, magnitude
Fluctuating pressure
Probability distribution for
the variable ()

Reynolds number of
turbulence

Reynolds stress production
tensor

Mean square ‘total’ strain,
normalised strain

Integral time scales

Time

Velocity vector (mean,
fluctuating)
= [dU, /dx,] mean shear

[d?U, /dx,2] mean vorticity
gradient

Viscous production tensor
Viscous diffusion of stress
rate tensor

distance along near stream
lines

Spatial coordinate (x;, x, in
flow, normal directions of a
shear flow or x, y)
Roughness length

Interface height

k)a Kinetic energy associated
with scales A

Ok Reference to processes in
kinetic energy equation

(s Surface layer

Mathematical

V() Denotes gradient operator

Greek

104 Coefficient for mean shear
in perturbed flows

B Exponent in developing
flows

) Thickness of boundary layer

dij Kronecker delta (=1 if i =
=0ifi#j

A() Change in a variable (e.g.
over a certain distance)

€ Energy dissipation rate

Ke Thermal diffusivity

K Von Karman contstant

0,0 Temperature
(mean/fluctuating)

A, gy Ae Coefficient for estimating
eddy viscosity (8.21),
threshold values of energy
and dissipation

A Inhomogenety length scales

V, Ve Viscosity, eddy viscosity

1 Invariant for strain moments

0 density

—0j; Reynolds stress tensor

x? Strain rate of the mean flow
(squared)

T Reynolds shear stress

D;; k) Energy spectrum tensor

Q? Vorticity of the mean flow

(squared)
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